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PREFACE 


THE present volume has been written in the same spirit that 
animated the first. The author has not intended to write a 
treatise or a manual; he has aimed rather to reproduce his uni- 
versity lectures with necessary modifications, hoping that the 
freedom in the choice of subjects and in the manner of presenta- 
tion allowable in a lecture room may prove helpful and stimulating 
to a larger audience. 

A distinctive feature of these Lectures is an attempt to develop 
the theory of functions with reference to a general domain of 
definition. The first functions to be considered were simple 
combinations of the elementary functions. Riemann in his great 
paper of 1854, Ueber die Darstellbarkeit einer Function durch 
eine trigonometrische Reihe,” was the first to consider seriously 
functions whose singularities ceased to be intuitional. The re- 
searches of later mathematicians have brought to light a collection 
of such functions, whose existence so long unsuspected has revolu- 
tionized the older notion of a function and made imperative the 
creation of finer tools of research. But while minute attention 
was paid to the singular character of these functions, practically 
none was accorded to the domain over which a function may be 
defined. After the epoch-making discoveries inaugurated in 1874 
by G. Cantor in the theory of point sets, it was no longer neces- 
sary to consider a function of one variable as defined in an in- 
terval, a function of two variables as defined over a field bounded 
by one or more simple curves, etc. The first to make use of this 
new freedom was C. Jordan in his classic paper of 1892. He 
has had, however, but few imitators. In the present Lectures the 
author has endeavored to develop this broader view of Jordan 
persuaded that in so doing he is merely carrying a step farthe 
the ideas of Dirichlet and Riemann. 

Often such an endeavor leads to nothing new, a mere statement 
for any n of what is true for n= 1, or 2. A similar condition 
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prevails in the theory of determinants. One may prefer to treat 
only two and three rowed determinants, but he surely has no 
ground of complaint if another prefers to state his theorems and 
demonstrations for general m. On the other hand, the general 
case may present unexpected and serious problems. For example, 
Jordan has introduced the notion of functions of a single variable 
having limited variation. How is this notion to be extended to 
two or more variables? An answer is far from simple. One was 
given by the author in Volume I; its serviceableness has since 
been shown by B. Camp. Another has been essayed by Lebesgue. 
The reader must be warned, however, against expecting to find 
the development always extended to the general case. This, 
in the first place, would be quite impracticable without greatly 
increasing the size of the present work. Secondly, it would often 
be quite beyond the author’s ability. 

Another feature of the present work to which the author would 
call attention is the novel theory of integration developed in 
Chapter XVI of Volume I and Chapters I and II of Volume II. 
It rests on the notion of a cell and the division of space, or in fact 
any set, into unmixed partial sets. The definition of improper 
multiple integrals leads to results more general in some respects 
than yet obtained with Riemann integrals. 

Still another feature is a new presentation of the theory of 
measure. The demonstrations which the author has seen leave 
much to be desired in the way of completeness, not to say rigor. 
In attempting to find a general and rigorous treatment, he was 
at last led to adopt the form given in Chapter XI. 

The author also claims as original the theory of Lebesgue 
integrals developed in Chapter XII. Lebesgue himself considers 
functions such that the points e at which a<f(x) <8, for all a, b 
form a measurable set. His integral he defines as 


lim 31,¢!, 

n=o 1 
where 1, <f(r)<1,4, in em whose measure is e!,, and each 
Ent — ‘m= 9, as m=0oo. The author has chosen a definition which 
occurred to him many years ago, and which to him seems far 
more natural. In Volume I it is shown that if the metric field S) 
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be divided into a finite number of metric sets 6,, 6,--- of norm d, 
then 


Si f=Maxdms, , He f=Min=M8, 


where m,, WM, are the minimum and maximum of f in 6. What 
then is more natural than to ask what will happen if the cells 
5, 5,-++ are infinite instead of finite in number? From this 
apparently trivial question results a theory of Z-integrals which 
contains the Lebesgue integrals as a special case, and which, 
furthermore, has the great advantage that not only is the relation 
of the new integrals to the ordinary or Riemannian integrals 
perfectly obvious, but also the form of reasoning employed in 
Riemann’s theory may be taken over to develop the properties 
of the new integrals. 

Finally the author would call attention to the treatment of 
the area of a curved surface given at the end of this volume. 
Though the above are the main features of novelty, it is hoped 
that the experienced reader will discover some minor points, not 
lacking in originality, but not of sufficient importance to em- 
phasize here. 

It is now the author’s pleasant duty to acknowledge the in- 
valuable assistance derived from his colleague and former pupil, 
Dr. W. A. Wilson. He has read the entire manuscript and 
proof with great care, corrected many errors and oversights in 
the demonstrations, besides contributing the substance of §§ 372, 
373, 401-406, 414-424. 

Unstinted praise is also due to the house of Ginn and Com- 
pany, who have met the author’s wishes with unvarying liberality, 
and have given the utmost care to the press work. 


JAMES PIERPONT 
New Haven, December, 1911 
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FUNCTION THEORY OF REAL 
VARIABLES 


CHAPTER I 
POINT SETS AND PROPER INTEGRALS 


1. In this short chapter we wish to complete our treatment of 
proper multiple integrals and give a few theorems on point sets 
which we shall either need now or in the next chapter where we 
take up the important subject of improper multiple integrals. 

In Volume I, 702, we have said that a limited point set whose 
upper and lower contents are the same is measurable. It seems 
best to reserve this term for another notion which has come into 
great prominence of late. We shall therefore in the future call 
sets whose upper and lower contents are equal, metric sets. When 
a set 9 is metric, either symbol 


MX or A 


expresses its content. In the following it will be often con- 
venient to denote the content of % by 

%. 
This notation will serve to keep in mind that % is metric, when 
we are reasoning with sets some of which are metric, and some 


are not. 
The frontier of a set as 2, may be denoted by 


Front 2. 
2. 1. InI, 713 we have introduced the very general notion of 


cell, division of space into cells, etc. The definition as there 
1 
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given requires each cell to be metric. For many purposes this 
is not necessary ; it suffices that the cells form an unmixed divi- 
sion of the given set 2. Such divisions we shall call unmixed dt- 
visions of norm 8. [I, 711.] Under these circumstances we have 
now theorems analogous to I, 714, 722, 723, viz: 

2. Let B contain the limited point set A. Let A denote an un- 
mixed division of B of norm &. Let Us denote those cells of B con- 
taining points of A. Then 

lim W; = 1. 
5=0 

The proof is entirely analogous to I, 714. 

3. Let B contain the limited point set WU. Let f(a, +++ Lm) be 
limited in A. Let A be an unmixed division of B of norm 6 into 


cells §,, 5, -+-. Let Mt, m, be respectively the maximum and mini- 
mum of fin 6, Then 


lim S, = lim =M,6, = | fd, qd 
5=0 5=0 7% 
lim S, =lim =m,6,= {| fd. (2 
8=0 5=0 x 


Let us prove 1); the relation 2) may be demonstrated in a similar 
manner. In the first place we show in a manner entirely analo- 
gous to I, 722, that 


Si< | fdAU+e, 5< 6. (8 
bY | 
The only modifications necessary are to replace 6,, 6’, 6,, by their 


upper contents, and to make use of the fact that A is unmixed, to 
establish 5). 


To prove the other relation 


Ma > f Fae mi 3irmrt You (4 


we shall modify the proof as follows. Let # be a cubical division 
of space of norm e<e,. We may take e, so small that 


eo ® 





€ 
a G3 
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The cells of H containing points of & fall into two classes. 
1° the cells e,, containing points of the cell 6, but of no other cell 
of A; 2° the cells ef containing points of two or more cells of A. 
Thus we have od 

Sp = 2Me. + 2M, 
where M,,, M', are the maxima of f in e,, ef. Then as above we 
have 


Sp<EMeutF € <6p5 (6 
if e, is taken sufficiently small. 
On the other hand, we have 
Sy — TMi ae )8, — Le,x|. 








Now we may suppose 6,, e) are taken so small that 
Son lin 


differ from % by as little as we choose. We have therefore for 
properly chosen 4), é, 


[Ss — TMere| <7 


This with 6) gives : 
= oe 
Sa E 2 
which with 5) proves 4). 
4. Let f(a, ++*%m) be limited in the limited field XU. Let A be 
an unmixed division of X of norm 6, into cells 8, g:°:- Let 


Ss =F =m, Ss = =MS., 


where as usual m,, M, are the minimum and maximum of f in 6.. 
Then i see. 

f fd% = Max Ss, f (fd = Min Ss. 

et W 


The proof is entirely similar to I, 723, replacing the theorem 
there used by 2, 3. 

5. In connection with 4 and the theorem I, 696, 723 it may be 
well to caution the reader against an error which students are apt 
to make. The theorems I, 696, 1,2 are not necessarily true if f 
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has both signs in %. For example, consider a unit square S 
whose center call C. Let us effect a division # of S into 100 
equal squares and let 9{ be formed of the lower left-hand square s 
and of C. Let us define f as follows: 


f=1 within s 
= —100 at @ 
For the division £, 
Sp=—1+7qi0= — i 
Hence, Min Sp < — #35. 


On the other hand, lim 5S, = The 


The theorems I, 728, and its analogue 4 are not necessarily true 
for unmixed divisions of space. The division A employed must 
be unmixed divisions of the field of integration 2. That this is 
so, is shown by the example just given. 


6. In certain cases the field {{ may contain no points at all. 
In such a case we define 
S f= 
pt 


T. From 4 we have at once: 
Let A be an unmixed division of UX into cells §,, §,, ++ Then 
Y= Min S6,, 
with respect to the class of all divisions A. 


8. We also have the following : 


Let D be an unmized division of space. Let d,, day +++ denote those 
cells containing points of XN. Then 


U= Min Ed, 
with respect to the class of the divisions D. 


_ For if we denote by 6, the points of % in d, we have obviously 
8,<d.. 


Also by I, 696, &% = Min Fé, 
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with respect to the class of rectangular division of space H = {e,}. 
But the class # is a subclass of the class D. 
Thus Ps Px 
Min 36, < Min 2d, < Min e,. 
A D =y 


Here the two end terms have the value I. 


3. Let f (2, ++: 2m), J(2 ‘+ Im) be limited in the limited field Q. 
We have then the following theorems: 


1. Let f =g in Y except possibly at the points of a discrete set D. 
Then, ash 


For let | f|, |g |< M. Let D be a cubical division of norm ad 
Let M,, N, denote the maximum of f, gy in the cell d.. Let A de- 
note the cells containing points of ©, while A may denote the 
other cells of p>. 


Then, 2Md. = =Mad, + 2M, ; 
Nd. = =>Md,+ =Nd.. 
or 4 a 
Hence, | =Md.— =a, \<=|M-M Ia, <2M2d,, 
BYE Dy 4 4 


and the term on the right = 0 as d= 0. 


2. Let f>g in U except possibly at the points of a discrete set D. 
Then 


For let Ser A erasy, 


Then Staff fo=Sg. 


But in A, fSg, hence : 3 
Sf2Sio by I, 729. 


The theorem now follcws at once. 
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gulyre = 0} Ser- (fe 


Put 00). a's (irae | amet) 
For in any cell d, 
Max - cf =c Max f; Min ¢f = ¢Miny, 
when c>0; while 


Max - ef =e Min f; Min- ef=c Max f 
when ¢<0. 


4. If g is integrable in A, 
+= f+ fg. 1 
J F+D=S +S 9 ( 
For from 


Max f + Ming < Max (f +9) < Max f + Max g, 


Sit fo<[r+n <SPtJo re; 
But g being integrable, 


Soo= Sue 
Sf+f0=Lrto, 


which is the first half of 1). The other half follows from the 
relation 
Min f + Min g< Min (f+ 9) < Min f + Max g. 


we have 


Hence 2) gives 


5. The integrands f, g being limited, 
= = 
SF+ DSS t+ fo<Sor+o). 


For in any cell d, 


Min( f+ g)< Min f + Maxg< Max (f +g). 
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6. Let f=gth, |A|<H a constant, in &. Then, 
je |= HX. 


For 
—-H+g<fSg+H. 


Then by 2 and 4 


or 


4. Let f (a, ++ Um) be limited in limited A. Then, 


S7\< Sih a 
Ses \L7} 2 
-Siris Ses Sis @ 
-Siris [rs Sit C 


Tf \f | <M, we have also, 
Sis\< ua. © 


Let us effect a cubical division of space of norm 6. 
To prove 1) let N. = Max |f| in the cell d,. Then using the 


customary notation, 


BN ty Nee 
Henee _ sd, < Emad, < 2Md. < Na. 
Letting §= 0, this gives 


- fii <frs fis 


which is 1). 
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To prove 3), we use the relation 


—|f|<fS|F\- 
Hence a a a 
S-WVis {rs firth 


from which 8) follows on using 38, 3. 
The demonstration of 4) is similar. 
To prove 5), we observe that 


=Md,< Md... 


5. 1. Let f> 0 be limited in the limited fields B, ©. Let U be 
the aggregate formed of the points in either B or ©. Then 


dee ike a 


This is obvious since the sums 


=Md, , 2M, 
B c 





may have terms in common. Such terms are therefore counted 
twice on the right of 1) and only once on the left, before passing 
to the limit. 


Remark. The relation 1) may not hold when f is not > 0. 


Example. Let %=(0, 1), 8=rational points, and © = irra- 
tional points in Y%. Let f=1 in B, and —lin€. Then 


Sfa+ S,fat Sf=-1 
and 1) does not now hold. 


2. Let Ube an unmixed partial aggregate of the limited field B. 
Lt C=B-YA. FF 


then > S 
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So =f 9 +f by 1,728. 
So-fh vy 
fg 


For 
But 


and obviously 
= 0. 


8. The reader should note that the above theorem need not be 
true if % is not an unmixed part of B. 


Example. Let % denote the rational points in the unit square 
B. 


be Paescal | NCE 


Sfa-1. Syg=-) fig=0. 


4. Let & be a part of the limited field B. Let f = 0 be limited in 
Y. Let g=finA and =0inC=B— YU. Then 


fe-Ke a 
S f= So 2 


For let MU, N. be the maxima of f, g in the cell d,. Then 
SN. = 2Nd,+ 2M. 
B 1 


Then 


Seed 
Passing to the limit we get 4 
To prove 2) we note that in any cell containing a point of & 
Min f > Min g. 


6. 1. Let f (21+ %m) e limited in the limited field U. Let By 
be an unmixed part of % such that B,=Uasu=0. Then 


{pee (Ff. a 


u=0 
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For let | f|< Ming. Let €,=A—-—B,. Then 


fle =f, a + ff hes: 


But a an 
| Sof |< MB» by 4, 1), 6). 


Hence passing to the limit u=0 in 2) we get 1). 


2. We note that 1 may be incorrect if the %, are not unmixed. 
For let & be the unit square. Let %,, be the rational points in a 
concentric square whose side is 1—w. Let f=1 for the rational 
points of 9 and = 2 for the other points. Then 


ie Tile 


Bu 


7. In I, 716 we have given a uniform convergence theorem 
when each %, <9. A similar theorem exists when each %, > %, 
V1Z.: 


_ Let BL < By fu<w. Let Ube apart of each B,. Let B= 
Xasu=0. Then for each e>0, there exists a pair uy, dy such that 


Bu0—-U<Bin—-U<g uw<uyd<d, 
For B,, << X+ 5° Uy sufficiently small. 


Also for any division D of norm d < some d). 


Bo D < B+ z 
But a “ 

8... p< Bu,, D9 if U <a Ug: 
Hence 


Be poe f toe: 


8. 1. Let & be a point set in m=r+8 way space. Let us set 
certain coordinates as 2,4)-++%,=0 in each point of Y. The 
resulting points 8 we call a projection of Y. The points of 
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belonging to a given point 6 of %, we denote by @, or more shortly 
by ©. We write 
A= B-G, 


and call B, © components of A. 
We note that the fundamental relations of I, 733 


rehire 7 


hold not only for the components z, §, etc., as there given, but 
also for the general components %, B. 

In what follows we shall often give a proof for two dimensions 
for the sake of clearness, but in such cases the form of proof will 
admit an easy generalization. In such cases B will be taken as 
the x-projection or component of Q. . 


2. If X=B -C is limited and B is discrete, W 2s also discrete. 


For let % lie within a cube of edge 4 C>1 in m=r-+8 way 
space. Then for any d < some dj, 


€ 


Bo< GG" 


Then Ap <A C'Bp <€. 


3. That the converse of 2 is not necessarily true is shown by 
the two following examples, which we shall use later: 


Example 1. Let & denote the points z, y in the unit square 
determined thus: 


For 
z= n=1, 2, 3, «+, m odd and < 2°, 
let 1. 
Vy an 


Here 9 is discrete, while 8 = 1, where B denotes the projection 
of %& on the z-axis. 


4. Example 2. Let & denote the points z, y in the unit square 
determined thus: 
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m, n relatively prime, 


Then, 8 denoting the projection of % on the z-axis, we have 


A= 0, BY=1. 


9. 1. Let X=B-C be a limited point set. Then 


a< fE<i 


¢! 


For let f=1 in &. Let g=1 at each point of & and at the 


other points of a cube A= B- C containing A, letg=0. Then 


By I, 733, bial gral 
Sas SJSo<J5 9 

But by 5, 4, = ea a 
eer 
efi fo<f (fF 

Thus = = 


which gives 1), since 
Jee 
2. In case X is metric we have 
Df =f 
and © is an integrable function over B. 


This follows at once from 1). 


Q2 
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8. In this connection we should note, however, that the converse 
of 2 is not always true, z.e. if © is integrable, then % has content 
and 2, 2) holds. This is shown by the following : 

Example. In the unit square we define the points a, y of 9 thus: 


For rational z, O0<y Za. 


For irrational z, l<y<l 


Then © =} for every cin B. Hence 


Bat H=0, W=1. 


10. 1. Let f(2, +++ %m) be limited in the limited field U= B - €. 


Sie a f Sif< f. el 


eM Bae fa bar (2 


Let us first prove 1). Let %, 8, © lie in the spaces R,,, KR, Re 
r+s=m. Then any cubical division D divides these spaces into 
cubical cells d,, di, di! of volumes d, d', a" respectively. Ob- 
viously d=d'd". D also divides $ and each © into unmixed cells 
se, 6’. Let M= Max/f in one of the cells d,, while Ml’ = Maxf 
in the corresponding cell 6’. Then by 2, 4, 


fi <2Miel smal, 
since M, M'>0. Hence 


$8, [ f< 3d 2M" == Ma. 
B “eC B 


Letting the norm of D converge to zero, we get 1). We get 
2) by similar reasoning or by using 8, 3 and 1). 
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2. To illustrate the necessity of making f > 0 in 1), let us take 
% to be the Pringsheim set of I, 740, 2, while f shall =— 1 in YW. 
Then 


On the other hand - 
jose 


Hence Lite a 


and the relation 1) does not hold here. 


Iterable Fields 


11. 1. There is a large class of limited point sets which do not 


have content and yet ye 
A= . ‘al 
8) 


Any limited point set satisfying the relation 1) we call zterable, 
or more specifically tterable with respect to B. 





Example 7. Let % consist of the rational points in the unit 
square. Obviously 


so that 9% is iterable both with respect to B and €. 


Example 2. Let %& consist of the points z, y in the unit square 
defined thus: 
For rational glet O<y<i. 


For irrational z let 0<y<1. 
Here &=1. 


Thus Y is iterable with respect to © but not with respect to B. 
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Example 8. Let & consist of the points in the unit square de- 


fined thus: 4 ’ 
For rational z let O<y<. 


For irrational z let }<y< 1. 
Here %=1, while 


SEa8 S8=1. 


Hence Y is iterable with respect to € but not with respect to B. 


Example 4. Let % consist of the sides of the unit square and 
the rational points within the square. 
Here 9% =1, while 


S=0, S=1 


and similar relations for ©. Thus % is not iterable with respect 
to either $ or G. 


Example 5. Let %& be the Pringsheim set of I, 740, 2. 
Here %=1, while 


fE=o JB=0. 


Hence 9{ is not iterable with respect to either or €. 
2. Every limited metric point set is iterable with respect to any of 
its projections. 


This follows at once from the definition and 9, 2. 


12. 1. Although % is not iterable it may become so on remov- 
ing a properly chosen discrete set D. 


Example. In Example 4 of 11, the points on the sides of the 
unit square form a discrete set ®; on removing these, the deleted 
set 9* is iterable with respect to either B or G. 

9. The reader is cautioned not to fall into the error of suppos- 
ing that if %, and %, are unmixed iterable sets, then %=%, + % 
is also iterable. That this is notso is shown by the Example in 1. 

For let %,=%*, A,=D in that example. Then D being dis- 
crete has content and is thus iterable. But %=%,+%, is not 
iterable with respect to either % or @. 
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13. 1. Let & be a limited point set lying in the m dimensional 
space R,,. Let B, € be components of & in &,, KR, r+s=m 
A cubical division D of norm & divides ®,, into cells of volume 
dand &, and ®, into cells of volume d,, d,, where d=d,d,. Let 
b be any point of %, lying ina cell d, Let aa, denote the sum | 


of all the cells d,, containing points of alee projection is 6. 
Let Sd, denote the sum of all the cells containing points of A 








dr 
whose projection falls in d,, not counting two d, cells twice. 
We have now the following theorem : 


If U is iterable with respect to B, 


lim >d,{ 2d, — 2d, = 0. qa 
0B od, 
Hos (2a DE 
6 Tr 
Hence 
ae Nise ue zd, ee pana Pe 
ds 


Let now +0. The first and third members = Y, using I, 699, 
since % is iterable. Thus, the second and third members have 
the same limit, and this gives 1). 


2. If YU is iterable with respect to B, . 
lim =d,2d, = . 


0 Bo 


This follows at once from 1). 


3. Let X= B-C be a limited point set, iterable with respect to B. 
Then any unmixed part © of XU is also iterable with respect to the 
B-component of &. 


For let =a point of 8; ©! points of & not in ©; C,= points 
of @, in &, Ch = points of ©, in &. Then for each 8>0 there 
exist a pair of points, 6,, 6,, distinct or coincident in any cell d, 
such that as b ranges over this cell, 


C,=MinG,+8', G,=Max@,+A, |A'|, |B <8. 
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Let S denote, as in 13, 1, the cells of =d, which contain points of ’, 


and F the cells containing points of both &, ©’ whose projections 
fallin d,. Then from 


O,,+ O.<O,4+8<6,4+8<3d,4F 
we have 
©, < Oh, + G, < Min G+ 6’ + S< Max C+ 8" + S<2d,+F 
Multiplying by d, and summing over § we have, 
rd,6, < =d, Min C, + =B'd, + & < 2d, Max 0, + 2A''d, + Gb 


<Up+24,F. a 
Passing to the limit, we have 


H< [T+ +c f Orn" + Ext (2 


the limit of the last term vanishing since @, @’ are unmixed parts 
of Y. Here 7’, 7’ are as small as we please on taking 8 sufficiently 
small. From 2) we now have 


S,7=4-€ =E 


4. Let X= B-C be iterable with respect to B. Let B be a part 
of B and A all those points of UX whose projection falls on B. Then 
A is iterable with respect to B. 


For let D be a cubical division of space of norm d. Then 


Y% =lim Ap =lim { Ay + Sd, -d,\, qd 
d=0 r,s 


d=0 


where the sum on the right extends over those cells containing 
no point of A. Also 

xy=— | C=li © € 9 

{= [\T=lim {34,5 + 2a}, ( 
where the second sum on the right extends over those cells d, 
containing no point of B. 

Subtracting 1), 2) gives 
0=lim { epee =d,C } + lim { Yd,d,— +4,c\. 
d B d=0 ‘r,s r 


4) 
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As each of the braces is > 0 we have 
A= fF. 
B 
14. We can now generalize the fundamental inequalities of I, 


733 as follows: 


Let f (ay +++ Lm) be limited in the limited field I = B - G, tterable 
with respect to B. Then 


ibe eff ibe < Sr fal 


For let us choose the positive constants A, B such that 
J. As 9; f-B<9, in A. 
Let us effect a cubical division of the space of 8, of norm 6 into 
cells d. As in 13, this divides 9}, , into cells which we denote, 
as well as their contents, by d,, d,. Let 6 denote any point of B. 
As usual let m, M denote the minimum and maximum of f in the 
cell d containing a point of Y. Let m’, M’ be the corresponding 
extremes of f when we consider only those points of 2 in d whose 
projection isd. Let |f| <F in YX. 
Then for any 6, we have by I, 696, 


S(m! — Byd,< fi (f— B)= ff — BE, 


So SS Sa J, f, (2 


or 


since m> mI. 
In a similar manner 


JS f< SMa, + A(2d, —6). GB 

Thus for any 6 in , 2), 3) give 
— B(2d. {Oyen (Ge _& : 
(2d, — © + Emad, J fS2Md,+AGd-©. 


Let 8>0 be small at pleasure. There exist two points 6,, 6, dis- 
tinct or coincident in the cell d,, for which 


S.f=5+ 8 S f= 748 
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where | 8,|, |8,|<8 and G,, and ©, stand for @,, ©,, and finally 
where 


ie Min f ifs v= Max {7 
for all points 6 in d,. 
Let c= Min€ in d,, then 4) gives 
Bee —c)+ BU + B,<J+ y= > Ma, + ANH —c) 
where the indices 1, 2 indicate that in = we have replaced 6 by 
polars 


Multiplying by d, and summing over all the cells d, containing 
points of %, the last relation gives 


_ BSd,(2d,—¢) + Sd,3md, < Yd, + Bd, 
B 1 Bo. al B B 


< 3Jd,+ 2B,d, < Sd,ZMd, + AZd,(Zd,—c). (5 
B B SB 2 B 2 


Now as 6=0, Zd,2d, =U, Sd,2d, = A, by 18, 2. 
1 oes 


zd, = fé =A, since is iterable. 
B oe 


Thus the first and last sums in 5) are evanescent with &. On 
the other hand 


| =(d,Zd,m — Zd,m) | < FSd,(2d,— =d,) 
B ds 1 B ds 1 
=0Qas 6=0, by 18, 1. 


ee Gnd sd f 6 
Sq es Oi alee: ( 


limp Ed,24,M = S, f (1 


Hence passing to the limit 5=0 in 5) we get 1), since 2A,d,, 
>A,d, have limits numerically <S€ which may be taken as small 
as we please as 8 is arbitrarily small. 
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2. If 9 is not iterable with respect to B, let it be so on remov- 
ing the discrete set D. Let the resulting field A have the coin- 
ponents B, C. Then 1 gives 


StS, SSSA 


since = 


3. The reader should guard against supposing 1) is correct if 
only % is iterable on removing a discrete set D. For consider 
the following : 


Example. Let the points of %=%, + lie in the unit square. 
Let %, consist of all the points lying on the irrational ordinates. 
Let D lie on the rational ordinates such that, when 


C=, m, n relatively prime, 
n 


—s 


Gyo. 
n 
Let us define f over % thus: 
f= i erm WU, 
f=O, an) ®. 


The relation 1) is false in this case. For 


Sf-h 
S, Sf 0. 


15. 1. Let f(w, +--+ x,,) be limited in the limited point set Y. 
Let D denote the rectangular division of norm d. All the points 
of %, except possibly those on its surface are inner points of . 
[I, 702.] 


The limits li oe 7, 
ele teeny a 


while 


exist and will be denoted by 


Wire Fhe e 


and are called the ¢nner, lower and upper integrals respectively. 
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To show that 1) exist we need only to show that for each e>0 
there exists a d, such that for any rectangular divisions D’, D" of 


norms < dy) = a 
_— Ap: — D" 





To this end, we denote by F the division formed by superimpos- 
ing Don D'. Then Fis a rectangular division of norm < d). 


Let 
Ue—-Uy =A, Ae— My = A" 


If d, is sufficiently small, Al, Al <n, 


an arbitrarily small positive number. Then 


(iad Ube 


if » is taken small enough. 


Ji 


A= & ae <eé 


if 




















2. The integrals = 
fee (7 
2 at 


heretofore considered may be called the outer, lower and upper in- 
tegrals, in contradistinction. 


3. Let f be limited in the limited metric field U. Then the inner 
and outer lower (upper) integrals are equal. 


For &, is an unmixed part of such that 


Cont%,=A%, asd=0. 


Then by 6, 1, eet 
lim{ f=f/f. 


d=0Y Ap CA 


But the limit on the left is by definition 
(* 
Set 
<~N 
4. When & has no inner points, 


JS’ 7=0. 
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For each %, = 0, and hence each 


Jes 


Point Sets 

16. Let X= B+ EC be metric. Then 
Y= V+. el 
For let D be a cubical division of space of norm d. The cells 
of %, fall into three classes: 1°, cells containing only points of B; 
these form Bp. 2°, cells containing points of €; these form Gp. 


3°, cells containing frontier points of B, not already included in 1° 
or 2°. Call these fp. Then 


W, = Bp+ Cy + fp. @ 

Let now d=0. As % is metric, fp=0, since fp is a part of 
Front % and this is discrete. Thus 2) gives 1). 

17. 1. Let A, B,C -- qa 


be point sets, limited or not, and finite or infinite in number. 
The aggregate formed of the points present in at least one of the 
sets 1) is called their union, and may be denoted by 


UA, B, & --), 
(A, B, € ---). 
If & is a general symbol for the sets 1), the union of these sets 
may also be denoted by Usa}, 
iW. 


If no two of the sets 1) have a point in common, their union 
may be called their swm, and this may be denoted by 


M+ B+ C4 + 


The set formed of the points common to all the sets 1) we call 
their divisor and denote by 


Do(A, B, € +), 


or more shortly by 


or even more briefly by 
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5 
eee Dv$ Xi, 


if & is a general symbol as before. 
2. Hxamples. 
Let % be the interval (0, 2); the interval (1,0). Then 
U (A, B) =O, &), Dv(t, B) =, 2). 


Be %,=(0,1), %=(,2)- 
pes U (yy %y = (0s ©), 
TROL wal, 10. 
Let ab, %=GP, %=Gd- 
an U My y= O%, 1), 
Do 0s 
Let g=h1), %=G1p, %=G1p~ 
Then T (ys Wy = (0*, 2"), 
Dv Uy Xp = Ay 
3. Let U> UX, > % > %y > fel 
a D = Dy Uys yy“) 
< 1 =H, + Gy Uy = Wet Gy 
Then 


Let us first exclude the = sign in 1). Then every element of 
% which is not in D is in some Y%,, but not in %,.,- Itis therefore 
in €,,, but not in ©19Ss+8) °° The rest now follows easily. 


4. Some writers call the union of two sets. A, B their sum, 
whether 9, @ have a point in common or not. We have not done 
this because the associative property of sums, Viz. : 


e+(B—-yY=(@+8)—-4¥ 


does not hold in general for unions. 
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Example. Let 9 = rectangle (1234), 


B=(5678), 
€=(58aP) = Dv(t, B). 
Then U (4, (8 — ©)), ¢! 
ane (Ul, B)- ©), @ 


are different. 
Thus if we write + for U, 1), 2) give 
W4+(S6—-—G)+A+ B)-E. 


18. 1. Let A, >A, = Az -+ be a set of limited complete point 
aggregates. Then 
BS) = Dv, A, 469) 0. 
Moreover 8 is complete. 
Let a, be a point of %,, n= 1, 2, ..-- and Y% = 4, Ag, Ag ++ 
Any limiting point a of { is in every %,. For it is a limit- 
ing point of 


Amy Un+1s AIm+o5 °° 


But all these points lie in %,,, which is complete. Hence @ lies in 


2. and therefore in every ,, %, --- Hence «@ lies in B, and 
> 0. 
B is complete. For let 8 be one of its limiting points. Let 
bi 05> bee 08. 


As each 6,, is in each 9f,, and Q, is complete, 8 is in %,. Hence @ 
is in %. 


2. Let U be a limited point set of the second species. Then 


Do(X', x", a”, S55) es (I 


and 13 complete. 
For {” is complete and >0. Also %™ > y+), 
19. Let 1, U, --- lie in B; let Y= Ujt,t. Let A, be the com- 


plement of Y, with respect to 8%, so that A,+%,=8. Let 
A=DviA,}. Then A and ¥ are complementary, so that A+ A= ¥. 








Libreng 
1.U.P, Poh ae SE ag | 
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For each point 6 of % lies in some Y,, or it lies in no Y,, and 
hence in every A,. In the first case 6 lies in , in the second in 
A. Moreover it cannot lie in both A and Y. 

20. ike Let pi Ss SI —= A, ae GL 


be an infinite sequence of point sets whose union call &. This 
fact may be more briefly indicated by the notation 


A= VO = 1, =A; +). 
Obviously when % is limited, 
YA > lim A,. (2 


That the inequality may hold as well as the equality in 2) is 
shown by the following examples. 


Example 1. Let &, = the segment (= 1). 


eS) 
n 


Then X= Uf} = (0*, 1). 
Y= 1. re a a 
n 





Example 2. Let a, denote the points in the unit interval whose 
abscisse are given by 


a=, m<n=1, 2, 3, ++ m, n relatively prime. 
n 


tea A, =a, +--+ a). 
Here X= Uj, 
is the totality of rational numbers in (0*, 1*). 
As W = 1 and A, = 0, we see 
X > lim %,. 
2. Let Bie ee (3 


Let % be their divisor. This we may denote briefly by 
B= Do(B, > B, 2): 
Obviously when , is limited, 
B < lim S,. 
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1 
Example 1. Let $, = the segment (0, a 


Then B = Dvs B,} =(0), the origin. 
Here H=0. lim S, =lim> =, 
and § =lim H,. 


Example 2. Let %, be as in 1, Example 2. Let 6, =%—,. 


8p Piya ian, 
plore % = the segment (1, 2) and %, =2. 
Hence 


B < lim &,,. 

8. Let B,<B,< ++ be unmixed parts of A. Let 8, =X. Let 
B=U{B,}. ThnG=A-B is discrete. 

For let X= B, + ©, ; then G, is an unmixed part of Q. Hence 

A= B,+ €,. 
Passing to the limit n = o, this gives 
lim €, = 0. 
Hence & is discrete by 2. 


4. We may obviously apply the terms monotone increasing, 
monotone decreasing sequences, etc. [Cf. I, 108, 211] to sequences 
of the type 1), 3). 


21. Let C=A+B. MA, B are complete, 
C=A+B. qa 
8= Dist (A, B) > 0, 


since A, B are complete and have no point in common. Let D be 
a cubical division of space of norm d. If d is taken sufficiently 
small >, 8p have no cells in common. Hence 


Cp =Ayp+ Bp. 
Letting d= 0 we get 1). 


For 
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22. 1. If AU, Bare complete, so are also 
C= (1.9), D = Dv (A, B). 


Let us first show that © is complete. Let ¢ be a limiting point 
of ©. Let ¢,, ¢, ++: be points of © which=ec. Let us separate 
the c, into two classes, according as they belong to I, or do not. 
One of these classes must embrace an infinite number of points 
which +c. As both 9% and % are complete, ¢ lies in either 2 or 
%. Hence it hes in @. 


To show that D is complete. Let dy, d,, -- be points of D which 
=d. Aseach d, is in both & and Q, their limiting point d is in 
A and B, since these are complete. Hence @ is in ®. 


2. If U, B are metric so are 
C=2,8) D=Do(A, B). 


For the points of Front € lie either in Front & or in Front %, 
while the points of Front D < Front & and also < Front 8. But 
Front & and Front % are discrete since A, B are metric. 


23. Let the complete set W have a complete part 8. Then how- 
ever small «> 0 is taken, there exists a complete set € in A, having no 
point in common with B such that 


T>A-B-e. a! 

Moreover there exists no complete set 6, having no point in common 
with B such that E> HB. 

The second part of the theorem follows from 21. To prove 1) 
let D be a cubical division such that 

HysU tice mais Et o's (6 OSM Ke ¢ 2 


Since B is complete, no point of B lies on the frontier of Bp: 
Let © denote the points of 2 lying in cells containing no point of 
8. Since A is gomplete so is 6, and B, © have no point in common. 


ae p= B+ Eo. (3 
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But the cells of Gy may be subdivided, forming a new division A, 
which does not change the cells of Bp, so that Bp = Ba, but so that 


CraG el el 0a clere (4 
Thus 2), 3), 4) give 
Te = Ree +67 e",” 


or C=A-B-(el + el"), 


24. Let U, B be complete. Let 


Y=, 3), D= D(A, B). 
Then 


A+ B=u+. ad 
For let cere ve 
Then A contains complete sets C, such that 
Co 30 — €, (2 
but no complete set such that 
O>i-4, 3 
by 23. On the other hand, 
B=A+D. 
Hence A contains complete sets C, such that 
C>Sa=o (4 
but no complete set such that 
C>S-D. (5 


From 2), 3), and 4), 5) we have 1), since e€ is arbitrarily small. 


25. Let S) = Dv, ee ge ace) 


each U,, being complete and such that XU, > some constant k. 


Then D = a 
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For suppose la — os) > 0: 


Let l=e+7; e, n> 0. 


Then by 23 there exists in %, a complete set @,, having no point 
in common with D such that 
Cy = A, = D = 
(Sear 


= D(A, EG), W= Ay C)- 


or as YU, >, such that 


Let 


Then by 24, 


Thus ie Bie eeea 
2% +G,-% 
>%,+@,-D-9-%W=%-D-E 
>k-D-eE 
2 1- 


Thus %, contains the non- -yanishing complete set ©, having no 
point in common with D. In this way we may continue. Thus 
Y,, WU, “> contain a non- -vyanishing complete component not in D, 
which is fated 


Corollary. Let X=(A,<%< .++) be complete. Then A, = A. 
This follows easily from 28, 25. 


CHAPTER II 
IMPROPER MULTIPLE INTEGRALS 


26. Up to the present we have considered only proper multiple 
integrals. We take up now the case when the integrand f(a, --- v») 
is not limited. Such integrals are called improper. When m=1, 
we get the integrals treated in Vol. I, Chapter 14. An important 
application of the theory we are now to develop is the inversion 
of the order of integration in iterated improper integrals. The 
treatment of this question given in Vol. I may be simplified and 
generalized by making use of the properties of improper multiple 
integrals. 


27. Let be a limited point set in m-way space &,,. At each 
point of Wf let f(a, ---%,) have a definite value assigned to it. 
The points of infinite discontinuity of f which lie in & we shall 
denote by §. In general ¢ is discrete, and this case is by far the 
most important. But it is not necessary. We shall call $ the 
singular points. 


Example. Let & be the unit square. At the point Ges 
n 
v= -, these fractions being irreducible, let f=ns. At the other 


points of W let f=1. Here every point of is a point of infinite 
discontinuity and hence ¥ = A. 

Several types of definition of improper integrals have been 
proposed. We shall mention only three. 


28. Type I. Let us effect a division A of norm 8 of §,, into 
cells, such that each cell is complete. Such divisions may be 
called complete. Let %s denote the cells containing points of 9, 
but no point of $, while %{ may denote the cells containing a 
point of 3. Since A is complete, f is limited in 5. Hence 5, 
admits an upper and a lower proper integral in {%s. The limits, 


when they exist, B. 
lim f : lim 
8=0 Jane : 8=0 Ja a 
30 
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for all possible complete divisions A of norm 6, are called the 
lower and upper integrals of f in %, and are denoted by 


ff faX, S, fd, (2 


ib elke 


When the limits 1) are finite, the corresponding integrals 2) 
are convergent. We also say f admits a lower or an upper improper 
integral in Y. When the two integrals 2) are equal, we say that 
f is integrable in { and denote their common value by 


Sfax or by Sf (3 


We call 3) the improper integral of f in X; we also say that 
f admits an improper integral in &% and that the integral 3) is 
convergent. 


or more shortly by 


The definition of an improper integral just given is an extension 
of that given in Vol. I, Chapter 14. It is the natural develop- 
ment of the idea of an improper integral which goes back to the 
beginnings of the calculus. 

It is convenient to speak of the symbols 2) as upper and lower 
integrals, even when the limits 1) do not exist. A similar remark 
applies to the symbol 3). 

Let us replace f by |f| in one of the symbols 2), 3). The 
resulting symbol is called the adjoint of the integral in question. 


We write = os 
Sisl=aaiSt ete. (4 


When the adjoint of one of the integrals 2), 8) is convergent, 
the first integral is said to be absolutely convergent. ‘Thus if 4) is 
convergent, the second integral in 2) is absolutely convergent, etc. 


29. Type II. Let A, p>. We introduce a truncated func- 
tion f,, defined as follows: 
Fan =F (Hy Pm) When —AS FSH 
=—n2X when f<—2 
=p when f > pu. 
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We define now the lower integral as 


fia ae if Fru 


A similar definition holds for the upper integral. The other 
terms introduced in 28 apply here without change. 

This definition of an improper integral is due to de la Vallée 
Poussin. It has been employed by him and R&R. G. D. Richardson 
with great success. 


30. Type I. Let a, B>0. Let %,, denote the points of 2 


at which —a< f(a, ++ Im) <B. 
We define now 
ie va dim Saf ; ihe a out Sa? si 


The other terms introduced in 28 apply here without change. 
This type of definition originated with the author and has been 
developed in his lectures. 


31. When the points of infinite discontinuity $ are discrete 
and the upper integrals are absolutely convergent, all three defini- 
tions lead to the same result, as we shall show. 

When this condition is not satisfied, the results may be quite 
different. 


Example. Let X be the unit square. Let ,, %, denote respec- 
tively the upper and lower halves. At the rational* points %, 


pe — Y= = in %,, let f= ns. At the other points © of Y%,, let 
f=—2. In let f=0. 
1° Definition. Here = Y,. 


3 
Hence al 
= 0. 
Sf 
2° Definition. Here 


Sf=-1, Sfate, 


* Here as in all following examples of this sort, fractions are supposed to be 
irreducible. 
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3° Definition. Here %,, embraces all the points of %,,@ and a 
finite number of points of 8 for «> 2, 8 arbitrarily large. Hence 


Sfan} S fan 


and thus 


32. In the following we shall adopt the third type of definition, 
as it seems to lead to more general results when treating the im- 
portant subject of inversion of the order of integration in iterated 
integrals. 

We note that if f is limited in Y, 

lim et = the proper integral Hoy. 
a, B= J 7 YI 


For «, 8 being sufficiently large, A. = A. 
Also, if %& is discrete, 


Sr= [to 


For %,, is discrete, and hence 


f f=0. 


91,5 


Hence the limit of these integrals is 0. 


33. Let m= |Minf| , M=|Maxf| in &. 


Then = = 
lim "f f= lim { ts m finite. 
ay po Wag p=o Um, B 
lim f{ f=lim ff M finite. 
a, p= 8 a=o I, M 


For these limits depend only on large values of a, B, and when 
(SEMIS Une=%ne » foralla>m. 
Similarly, when JM is finite 
We=A,u » for all 8 > M. 
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Thus in these cases we may simplify our notation by replacing 
Na, M b) Ung 


Dy ) ’ We ? 
respectively. 


2. Thus we have: 


C = li ( : when Min f ts finite. 
Sf = lim Ag fis fi 


p= 
> — lim when Maxf ts finite. 
Si t lim ff f is fi 


3. Sometimes we have to deal with several functions f, g, --- 
In this case the notation %{,, is ambiguous. To make it clear we 
let %,, 4, denote the points of 9{ where 


—a<f<p. 
Similarly, %y, 2,3 denotes the points where 
—a<g<B, ete. 


34. if f is a monotone decreasing function of « for each B. 
Uae 
if f is a monotone increasing function of B for each a. 
If Max f is finite 
I F are monotone decreasing functions of «. 
If Min f is finite 
iy ‘ Jf are monotone increasing functions of B. 
Let us prove the first statement. Let a! >a. 


Let D be a cubical division of space of norm d. 
Then £ being fixed, 


f f=lim> md, ad 
alee d=0 Wag 
f f=lim Im! d', 2 
Ua'p d=0 a's 


using the notation so often employed before. 








GENERAL THEORY 35 


But each cell d, of %.¢ lies among the cells d of Aag. Thus we 
can break up the sum 2), getting 
=mld! = Tmidi + Zmi'dl. 
Aap Wop 
Here the second term on the right is summed over those cells 
not containing points of %..- It is thus <0. In the first term 
on the right m/<m,. It is thus less than the sum in 1). Hence 


=m d! < =md.. 
XW, 'p Ao8 
Thus 
jf =< if} 9 a! > & 
Ww Df 


““a'B — **aB 
In a similar manner we may prove the second statement; let 
us turn to the third. 
We need only to show that 
f is monotone decreasing. 
Wo 
Let a’ >a. Then 


f =lim 2Md. e 
Se d=0 ee 
f = lim 3M! (4 
thee p a0 Lhe 
As before SM id! = SM id! + SMI. (5 
AS, 27 


But in the cells d,, M'=M.. Hence the first term of 5) is 
the same as = in 3). The second term of 5) is <0. The proof 


follows now as before. 


35. If Max f is finite and f f are limited, Je f is convergent and 
ale, I as 


Si f< i vi 


If Min f is finite and ofa limited, J f is convergent and 


Si F< Set 
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Jee Set 


are limited monotone functions. Their limits exist by I, 211g 8: 


For by 34 


36. 1f M= Max f is finite, and Ai is convergent, the correspond- 
=a) 
ing upper integral is convergent and 


Sts Sf < Mim I 


where f > —a tn U_,. 
Similarly, if m= Min f is finite and i. f is convergent, the corre 


sponding lower integral is convergent and 
im A, < ff <= f 7 < Bin Ag. 
mlim Us < Jif S ey f= Binrt, 


Let us prove the first half of the theorem. 
We have 


vm SP < S . i < Mi... 


We have now only to pass to the limit. 


37. iff ts convergent, and B < A, 


je 


does not need to converge. Similarly 
Sof 
does not need to converge, although { f does. 
w 


Example. Let Ube the unit square; iet B denote the points 
for which z is rational. 
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Let 


when z is irrational 


when z is rational 


Then 


On the other hand, 


ih = [idx = log B. 


Hence f fi 
=li = lim lo = +0 
/S ace Bs 8 Raa 


is divergent. 


38. 1. In the future it will be convenient to let denote the 
points of where f > 0, and % the points where f <0. We may 
call them the positive and negative components of U. 


2. Pais converges, $0 do {of 


If J Ff converges, 80 do) f. 


For let us effect a cubical division of space of norm d. Lt 
B'>B. Let e denote those cells containing a point of Pas e' 
those cells containing a point of Pg but no point of Pg; 6 those 
cells containing a point of %,, but none of Bar 


ad=0 


Then 3 
ip —lim{SMt e+ =M,-e + 2M : 5. 
ap! 


f =limjEM,-e + 2M,,-¢ + 2M, 8. 
Wap  d=0 


Obviously M>M, Mi=M, , M,<°. 


9 


d=) 


Hence -A s 
f af = lim{S(ML— Me + 2 Mie! — 2 Me + et 
Wap! Was 
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We find similarly 


S-S.- lim {ML — Me + 2M Le. a 


Now | aff 


for a sufficiently large a, and for any 8, Q’ > By. 
Hence the same is true of the left side of 1). 








i |< 


a8! 


As corollaries we have: 


3. If the upper integral of f is convergent in A, then 


Srsfy  P<8. 


If the lower integral of f is convergent in A, 


{reir N<%. 
{esi ell ete. 


4. Iff >0 and I: J is convergent, so ts 


For 


(one 


Moreover the second integral is < the first. 


This follows at once from 8, as Y= §. 


39. fs and Sot converge, so do ife 


We show that {, f converges; a similar proof holds for. To 


this end we have only to show that 


Sout 


e>0; «, B>0; 








hs Sera = oll B= Bl Bd 
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Let D be a cubical division of space of norm d. Let Pp , Ber 
denote cells containing at least one point of Yas, Wag” at which 


f>0. Letts, ta denote cells containing only points of ag» 
Ayer at which f<0. We have 


2d. mach : hh See = 
Wa'p’ $a" ny 


Subtracting, 
Md, —>Md,|\<|=Md. — 2M, =Md, — : 
|3Md, — EM, |<| Bid, — BMa| +|3MA— FMA. C 
Let M! = Max f for points of 3t in a. Then since f has one 


sign in YJ, 


|S Md,— 3M, | <|2Mid,— 2Md,|. re 
Ma’ My" Na! Na’ 


Letting d=0, 2) and 3) give 


Ll Slt E Soot. 


Now if Bis taken sufficiently large, the first term on the right is 
<e¢/2. On the other hand, since f is convergent, so is f Ff by 
36. Hence for « sufficiently large, the last term on the right is 
<e/2. Thus 4) gives 1). 

40. If f is integrable in %, it is in any B <A. 


Let us first show it is integrable in any Woe 


Let A= J a 


Let D be a cubical division of space of norm d. 


Then A.g=lim Zod,» o,= Ose f in d,. 


d=0 Uap 


Let a >a, B’ >B. Then 


Aus , — Ajg = lim {Zaidi — — Yo,d,}. 
d=0 yp Map 
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Now any cell d, of A, is a cell of Aa, and in d,, of >o@,. 
Hence A,g: > A,g- Thus A,g is a monotone increasing function 
of a, 8. On the other hand 


lim A,,= 0, 








by hypothesis. Hence A,,= 0 and thus f is integrable in Yq. 
Next let f be limited in %, then |f|<some y in %. Then 

B<A,, But f being integrable in YL, ,, it is in B by I, 700, 3. 
Let us now consider the general case. Since f is integrable in A 


Ilse a fie 
both converge by 88. Let now P, I be the points of $, MN lying 
in 8. Then a /e 
Sr< Se > Sls Let 
Thus (C 
ee 


both converge. Hence by 39, 


Sof 


both converge. But if B,,, denote the points of 8 at which 








ait <2), = 6, 
= lim A 
{ke a, b=0 uc 
by definition. 
But as just seen, f = f 
“Bao Bad 


Hence yh fa fe 8 


and f is integrable in ¥. 


41. As a corollary of 40 we have: 


1. Tf is integrable in U, it admits a proper % : 
; ; per integral in any part 
of in which f is limited. ee 


2. Iff is integrable in any part of L in which f is limited, and if 
og. the lower or upper integral of J in L is convergent, f is integra- 
le in Y. 
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For let = Z 
fs = lim jp ad 


exist. Since = 


necessarily 
S alin J, FI (2 


exists and 1), 2) are equal. 


42. 1. In studying the function f it is sometimes convenient to 
introduce two auxiliary functions defined as follows : 


G=f where f = 0, 
=) where f <0. 
=—f where f <9, 
= 0 where f > 0. 

Thus g, h are both > 0 and 
f=g-h, 
Ifl=g+h. 


We call them the associated non-negative functions. 


2. As usual let Uap denote the points of %X at which —a<f <B. 
Let Ug denote the points where g <B, and X, the points where h 0 


Th <2 = 
a {FANE a 
J h ree: Su (2 
ifs ga ie OP by 5, 4. 


Letting «, B=, this last gives iy 
A similar demonstration establishes 2). 


For 


8. We cannot say always 
=li ; h=lim h 
Si 7 Epi me : Si a, B= iE : 


as the following example shows. 
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Let f =1 at the irrational points in &%=(0, 1), 


Mm - 
=—n, for z=— in A. 
n 


Then 
Sg-9 5 i Gal. 








Again let f =—1 for the irrational points in Y, 


= n for the rational points 7 = x 
Then 
h=0, hel: 
a Jap 

43. 1. 

1 = ; = ; 2 

> Say! Se= Sf 
3) Shan J gee Phe ffs (4 


provided the integral on either side of the equations converges, or 


provided the integrals on the right side of the inequalities converge. 


Let us prove 1); the others are similarly established. Effecting 
a cubical division of space of norm d, we have for a fixed f, 


J. g= lim {EM 4+ 30+ d,} 
A, a=0 Bp 


=lim=Md= [{ f 6 
Be 


eaters 


Thus if either integral in 1) is convergent, the passage to the 
limit 8 =o in 5), gives 1). 


Zain fs f Ba 78 convergent, fg converge. 


16? if f is convergent, Si converge. 


This follows from 1 and from 38. 
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3. If J, f is convergent, we cannot say that if f is always con- 
N 


vergent. A similar remark holds for the lower integral. 
Borel f =1at the rational points of X= (0, 1) 


= at the irrational points. 
x 
Then “ oa 
fF =1 3 oa =—O. 


MN 


4, That the inequality sign in 2) or 4) may be necessary is 
shown thus: 


Let 1 
f = — for rational z in A= (0, 1) 
Vax 
=— aA for irrational z. 
£ 
Then 
Sg =0 , f= 2 
“5 
: (icaihs Fi h, 1 
44, 1 LF fg Jim So ( 
ae ey 2 
SS = wus Jo, J Sie C 


provided, 1° the integral on the left exists, or 2° the integral und the 
cimit on the right exist. 


For let us effect a cubical division of norm d. The cells con- 
taining points of 2% fall into two classes : 


a) those in which f is always <9, 
b) those in which f is > 0 for at least one point. 
In the cells a), since f=g—A, ' 
Max f = Max(g—4)= Maxg— Minh, (3 
as Maxg=0. In the cells b) this relation also holds as Minh = 0. 


Thus 3) gives = 3 
Ie =Sig = Sif G 


44 IMPROPER MULTIPLE INTEGRALS 


Let now a, @=oo. If the integral on the left of 1) is conver- 
gent, the integral on the right of 1) is convergent by 48, 2. Hence 
the limit on the right of 1) exists. Using now 42, 2, we get Ls 


Let us now look at the 2° hypothesis. By 42, 2, 


Thus passing to the limit in 4), we get 1). 
2. A relation of the type 
= —jh 
Se StI, 
does not always hold as the following shows. 


Example. Let f =n at the points z= a 


=— forg=—_ 
a ~ 92n+1 


= — 1 at the other points of Y= (0, 1). 


Then Sf=-} Sg=0 Sn=0. 


45. If f SF is convergent, it is in any unmixed part B of A. 
Laat 


Let us consider the upper integral first. By 48, 2, 
fg 
fog 
exists. Since X= B+ is an unmixed division, 
Sea’ So, * Sa} 
Hence J, h< f h. 


ap = Mag 


exists. Hence a fortiori, 


qd 
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As the limit of the right side exists, that of the left exists also. 
From this fact, and because 1) exists, 


jee 
exists by 44, 1. 


A similar demonstration holds for the lower integral over 8. 


46. If U1, Uy Um form an unmixed division of I, then 


(ei etee (ie el 


provided the integral on the left exists or all the integrals on the 
right exist. 


For if Wn,2s denote the points of ag in Xn, we have 


SS %, abo ° 


Now if the integral on the left of 1) is convergent, the integrals 
on the right of 1) all converge by 45. Passing to the limit in 2) 
gives 1). On the other hypothesis, the integrals on the right of 
1) existing, a passage to the limit in 2) shows that 1) holds in 
this case also. 


47. If ff and ike converge, 80 does Si\th and 


fre Pale a 
is tp if; 
=e a 4 &. 2 
ip g if ( 
For let A, denote the points of where 
0<|f|<B. 
Then since ifl=g+ hy 


iyefoomeleds 
< fat fh 3 


Cae by 43, 1. 4 
< Si f sf 7. by ( 
Passing to the limit in 8), 4), we get 1), 2). 
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48. 1. rs |f| converges, both Sf converge. 


For as usual let $ denote the points of 9% where f>0. 


Then = n 
Sif= Sql 
is convergent by 38, 3, since S, | f| is convergent. 


LD= male 


is convergent. The theorem follows now by 39. 


ie, Ah e converges, so do 
yf  lelemiinar sted ia 
: h. 
Se! Se 
St 
Cee 
both converge. The theorem now follows by 48, 2. 


3. For = 
Se 


both to converge it is necessary and sufficient that 


Sis 


Similarly, 


For by 1, 


as convergent. 


For if 3) converges, the integrals 2) both converge by 1, 


On the other hand if both the integrals 2) converge, 


Seanh? 


converge by 38, 2. Hence 3) converges by 47. 
4. If f is integrable in X, so ts AE 


For let Ag denote the points of 9{ where 0 <|f|<8. Then 


Sif tim fv 


and the limit on the right exists by 3. 


a 


Q 


(3 
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But by 41, 1, fis integrable in Az. Hence || is integrable in 


A, by I, 720. Thus 
Slfl=linS, ll: 


49. From the above it follows that if both integrals 
St 
“A 
converge, they converge absolutely. Thus, in particular, if 


Il 


converges, it is absolutely convergent. 


We must, however, guard the reader against the error of sup- 
posing that only absolutely convergent upper and lower integrals 
exist. 


Example. At the rational points of % =(0, 1) let 


1 
a 
IVa 
At the irrational points let 
ut 
if (2) he ° 


Here = 
Serer nn adele 


Thus, f admits an upper, but not a lower integral. On the 
other hand the upper integral of f does not converge absolutely. 


For obviously C 
=+o. 
Si 
50. We have just noted that if 
coe Ln 
Sf a ) 


is convergent, it is absolutely convergent. For m = 1, this result 
apparently stands in contradiction with the theory developed in 
Vol. I, where we often dealt with convergent integrals which do 
not converge absolutely. 
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Let us consider, for ada 


Taf 


lf we set x= =f we get 
U 


sin u 
Taf : du, 
1 U 


which converges by I, 667, but is not absolutely convergent by 
I, 646. 

This apparent discrepancy at once disappears when we observe 
that according to the definition laid down in Vol. I, 


sin= 





Z de =f fae. 











pat Fein b fake, 
a=) “a 
while in the present nae 


= lim ig hse 


a, B= 


Now it is easy to see that, taking @ large at pleasure but fixed, 
f fda = of as 8 = oo, 
a 
so that J does not converge according to our present definition. 


In the theory of integration as ordinarily developed in works 
on the calculus a similar phenomenon occurs, viz. only absolutely 
convergent integrals exist when m > 1. 


51. 1. Tf f isl 18 convergent, 


Ss |s fu a 


For %., denoting as usual the points of & where —a<f<£ 


we have 
Sts Sis Sis 


Passing to the limit, we get 1). 
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7 oad ff a | f | ts convergent, if f are convergent for any B<X%. 


For i) J | is convergent by 38, 4. 
Sf 
<8 


Hence 


converge by 48, 3. 


49 


onely, 1°; if | f| is convergent and Min f ts finite, or tf ks Sy 18 


convergent and Max f is finite, then 


fil 
is convergent. 


This follows by 36 and 48, 3. 


52. Let f>0 in. Let the integral 


converge. If fr-$ Pp 


then for any unmixed part B< Yt, 


ie =f +a’, 


where 0<al<a. 


el 


(2 
(3 


For let L=B+C6. Then A,= Bete is an unmixed division. 


Also 


Liat 
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Hence a a a a re! 
+ + a. 
Asti ih* ep 
From 2) ras = 
see 
ae (enti by 4 
u if Ay, y 4) 
<4, 
which establishes 3). 
53. If the integral iE lt | qd 
converges, then = 
e>0, o>0, G7 |<e (2 
for any 8B <A such that iz 
B>o. (3 


Let us suppose first that f>0. If the theorem is not true, 
there exists, however small o+0 is taken, a % satisfying 3) such 


that = 
I. tae (4 


Then there exists a cubical division of space such that those 
points of YM, call them G, which lie in cells containing a point of 
%, are such that €<o also. Moreover & is an unmixed part of %. 
Then from 4) follows, as f > 0, that 


S.fee (5 


also. 
Let us now take 8 so that 


rate 
s 
‘ 


B 
Then = 
== UY 
en Je, * % 
and 0<al<a 
by 52. But 7 
J, < BE, < Be 
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Let now Bo <e, then 


f <6, 
&, 
which contradicts 5). 
Let us now make no restrictions on the sign of f. We have 


ef (yh 
peel (eA 
But since 1) converges, the present case is reduced to, the pre- 


ceding. 


Lt Se Let J | f | converge. 


Let as usual Ug denote the points of U at which —a<f < Bele, 
A,, be such that each A.g lies im some A,, in which latter f is limited. 
Let Dap = Ag — Ung and let a,b =~ with «a, B. Then 





lim D,3= 0. 
a, B=” 
For if not, let “ae 
lim, .¢-= 4, l>0. 
a, B=» 
Then for any 0<A’</J, there exists a monotone sequence Tae cos 
such that 


DanBa > » for n > some m. 
Let p,= Min(e,, Bn), then |f| 2 Mn in Danpu and p,z= 0. 


Hence 
SF) Emre or @ 


anBn 


But Dane, being a part of 


ena ie 


by 38, 3. This contradicts 1). 
2. Definition. Wesay Aq,» 18 conjugate to Ap with respect to f- 
55. 1. As usual let —a<f <8 in Arp Lett 0< f <P im Up. 


Let Ay, be conjugate to Aaa with reference to f; and A, conjugate 
to Up, with respect to | f|. 
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Ff, 1, a 
lim ls 
tim J, I 
or uf, 2°, = 
ij 
lim S,,If | 
exist, then, ~ a 
i = ; ] 
ue, Ie SF ¢ 


For, if 2° holds, 1° holds also, since 
Se, f1< Jib 98 es Ae 
Thus case 2° is reduced to 1°. Let then the 1° limit exist. 


We have = = 
Ag die de ¢ 


as 4) in 44, 1 shows. Let now 


Then, x 


< : 3 
ISS, s+ fg ¢ 


But Dis = 0, as a, B=, by 54. Let us now pass to the limit 
a, 8=0 in 3). Since the limit of the last term is 0 by 53, 54, we 
get 


hi == ]) ‘ 
a, me = a, a i J G 
Similarly, 
lim i= =i h. 
a,B=o a, co Uh © 


Passing to the limit in 2), we get, using 4), 5), 
= liz 
Sof = im Saud valet 


= lim i 
a, b=a VY Aad 


In a similar manner we may establish 1) for the lower integrals. 
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2. The following example is instructive as showing that when 
the conditions imposed in 1 are not fulfilled, the relation 1) may 
not hold. 


—_=+0, 
ve 


Example. Since ft re 
0 


there exists, for any 6,>0, a 0<4j44< On; such that if we set 


then G,=G.= nie —=—=1005 
as 6,=0. Let now 


f =1 for the rational points in A= (0, 1); 


ee) for the irrational. 
x 
Then fea 1 
ote 308 
Let 1ldx 
JS, 2 = Oncsbe ails 


Let A, denote the points of W in (6,) 1) and the irrational points 
The Ae PE 
Then 1 Saft oy ce ree 


But obviously the set A, is conjugate to %,. On the other hand, 
=, 
Sf 


lim f fate 


n=O — 


while 


56. If the integral 


ile | a 


e>0, o>0, Sr 


for any unmixed part B of U such that 
B <o. 


converges, then 
<e (2 
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Let us establish the theorem for the upper integral; similar 
reasoning may be used for the lower. Since 1) is convergent, 


Ss G 


and r= lim i h (4 
yi 


a, p=oe ap 


exist by 44,1. Since 3) exists, we have by 58, 
le € 
a = 5 
Os Jud a! ¢ 


for any B< % such that B<some a’. 
Since 4) exists, there exists a pair of values a, 6 such that 


M=P ken | Ong, 
me) O75 4 


(6 


since the integral on the right side of 4) is a monotone increasing 
function of a, 6. 
Since A = B + € is an unmixed division of A, 


af ches fis tats Ne h. 


Since h> 0, and the limit 4) exists, the above shows that 


= lim Bo, po lim h 
a, p=0 JB, a, B=» YE 
exist and that 
A=E+y. ci 
Then a, 6 being the same as in 6), 
[= h+', 8 
iG ¢ 
and we show that 
0<m'<n (9 
asin 52. Let now e>a, b; then 
h<cB<f 
Fy 7 | ay = 4 10 
if we take Bee 
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Thu 
“ B<Z- 


a St=So-# 


by 44,1. Thus 2) follows on using 5), 11) and taking o <o!, 0”. 


(1 


57. If the integral Ne f converges and B, is an unmixed part of 
W such that B, = Yas u=0, then 


lim {es - ff al 


For if we set A= G,+,, the last set is an unmixed part of 2 
and @,=0. Now 


SiS. Se: 


Passing to the limit, we get 1) on using 56. 
58. Ls Let Das = DvL jag Wap W rag, ap)° 
Tf, 1°, the upper contents of 
fas = Was = Dap se) Sagi A, ap Dag ’ Dae a Wrso, ap Dap qd 


=OQO asa, 8=0, 


and if, 2°, the upper integrals of f, 9, f +9 we convergent, then 
Sten <Sot + Seo Q 


Tf 1° holds, and if, 2°, the lower integrals of f, 9, f +g are conver- 


gent, then 
Str Sa < Su f+ 9: GB 


Let us prove 2); the relation 8) is sihiilarly established. Let 
D,, p be a cubical division of space. Let Gcg denote the points of 
Des Taine in cells of D.g, containing no point of the sets 1). Let 


Oop = — Wy, ap Eup: 
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Then D,, may be chosen so that fas = 0. 


Now 7 f fi ~ 
Wy ap ©. ap 


since the fields are unmixed. By 56, the second integral on the 
right =0 asa, 8=0. Hence 
iia f= lim ff. 
Ga, 


a, B=x Wy, ap a, B=a B 


Similar reasoning applies to g and f+ g. 


<< . - 
Jb agus: ave sem eee 
Thus, letting «, 8 =oo we get 2). 


Again, 


2. When the singular points of f, g are discrete, the condition 1° 
holds. 


3. If g is integrable and the conditions 1°, 2°, 3° are satisfied, 


So amt) =fs +f9- 


4. If f, 9 are integrable_and condition 1° is satisfied, f +g is in- 


tegrable and 
S,F+n =St+ Lo. 
@ JS f+ O=S t+ Clim Yop 
provided the integral of f in question converges or r8 definitely infinite. 
For 7 ro 
THO) = : 
ae ; S,f+So.0 


lim Dap = lim Wap 


Also 
where %,, refers to f. 


6. When condition 1° 


is not satisfied, the relati : 
may not hold. » the relations 2) or 3) 
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Example. Let % consist of the rational points in (0, 1). 


Let 
f=lin , g=l-—n 


at the point z = ae Then 
n 
af ob I= 0, in A. 
ck el ae 


embrace only a finite number of points for a given a, 8B. On the 
other hand, 


Now 


Ss Wars ap — ) | for B = De 


Thus the upper content of the last set in 1) does not = 0 as 
a, 8 =o and condition 1° is not fulfilled. Also relation 2) does 
not hold in this case. For 


Sifan=2, Sf=0, Sg =0. 


, then (of=e(_f, 1 
59 Ifc>0, then St of A ( 
; = 2 
ife <0, then J of St ( 
provided the integral on either side is convergent. 
For = a 
facf f ife>0 GB 
ot pt 
cf, aB cf, aB 
=c fagnal ¢ <0. (4 
Se ap 
Let e> 0. Since 
—a<f<8 in Uy, op 
therefore 
fe eee fi B in this set. 
c c 


Hence any point of Y.y, ag) 18 @ point of Wf, 2.8 and conversely. 


Thus Woop = Uy, 2.8 when c>0. 
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Similarly Wy op = Uy 2,2 when ¢c <0. 
Thus 3), +) give 
= c i c> 0 
a, 2,8 
cj, a8 ‘MG GC 
mlx AS 7 pes 


We now need only to pass to the limit a, B= 0. 


60. Let one of the integrals 


ie , fa re 


converge. If f=, except at a discrete set D in A, both integrals 
converge and are equal. A similar theorem holds for the lower 
integrals. 


For let us suppose the first integral in 1) converges. Let 
A=A+D; 


Sr=St+S r= Sr @ 
Seo im fi gating 


9g, 8 9, a8 


= lim fi ey = fr (3 


Thus the second integral in 1) converges, and 2), 3) show that 
the integrals in 1) are equal. 


61. 1. Let p) ( 
os Ihe a 
converge. Let f > except possibly at a discrete set. Let 


Das = DA, eMy op) 3 F=UA,se—Dep 3 Gap= A, ap — Dag: 
If 


then 


then 


Now 


fos = 0, Gag = 0, asa, Bo, 


ihe > fo.  @ 
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For let G, be defined as in 58, 1. Then 


S, £2 Seg 


Let «, 8 =o, we get 2) by the same style of reasoning as in 
58. 


2. If the integrals 1) converge, and their singular points are dis- 
crete, the relation 2) holds. 

This follows by 58, 2. 

3. If the conditions of 1 do not hold, the relation 2) may not 
be true. 

Example. Let % denote the rational points in (0*, 1*). Let 


f=n at o= = in A. 
gai in 
Then frg in W. 
But 
= 0 =1. 
ak eae 


Relation between the Integrals of Types I, L, TI 


62. Let us denote these integrals over the limited field & by 
Oy, Vas Pa 


respectively. The upper and lower integrals may be denoted by 
putting a dash above and below them. When no ambiguity arises, 
we may omit the subscript 9. The singular points of the inte- 
grand f, we denote as usual by %. 


63. If one of the integrals P is convergent, and } is discrete, the 
corresponding C integral converges, and both are equal. 


Loe Px= Px, cb Pu, using the notation of 28, 


= Oy, + Pay 
AE Py=0 as 520 by 56. 
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Hence Py =lim Cu, 
§=0 
= Cy, by definition. 


64. If Cis convergent, we cannot say that P converges. 
similar remark holds for the lower integrals. 
Example. For the rational points in = (0, 1) let 
1 
f(@) =—>; 
: 2V2 
for the irrational points let 


fa)=—t. 


Then bet = : 
Cx = lim ff (@) dx =lim [Vz]! =1. 
a=) “a a 


On the other hand, 2 = 
a, B=o Wag 
does not exist. For however large 8 is taken and then fixed, 


f=—o as a= 00. 
Wap 








65. If C is absolutely convergent and 4 is discrete, then both 'P 


converge and are equal to the corresponding C integrals. 


For let D be any complete division of {{ of norm 8. Then 


pel eancial. 
Aap “Wap, s ap, 8 


using the notation of 28. Now since 


Cu|f| converges,  Oyr|f|=0 as 80. 

Le 
aB,6 

Again, D being fixed, if «8, are sufficiently large, 


f= Ou,f a> a, B> Bo: 
Yop, $ 


But 


<Jy [F[= Cw, | F1< Con|s| = 0. 
Wig, 8 
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Hence 1), 2) give 


cf f= Cx, +¢ le|< 


€ 
L 5 for any 5<some 4). 


On the other hand, if 6, is sufficiently small, 
Cy = Cy, + eile TOTO <a Op: 
Hence f f= Cg tel! \ell"| <e. 
ag 


Passing to the limit «, 8 =, we get 
P=0. 
66. If Vaf is absolutely convergent, the singular points } are 
discrete. 


For suppose §>0. Let 8 denote the points of %& where 
|f|>8. Then B > ¥ for any 8. Hence 


SF lp2 JS, le 88 203 => 
as B= o unless ¥=9. 


67. If Vuf is absolutely convergent, 80 18 C 


For let D be a cubical division of space of norm d. 


Then 
| f |<some f in Wa 


Hence Seis Selle Salt 


Hence @ is absolutely convergent. 


68. Let f>0. If Vaf is convergent, there exists for each e>0, 
ao >0 such that - 
Vaf <e qd 


for any B such that 2 
B<o. (2 
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For — c ee 
Vaf=Sftd » 0<¢<§, 


for \ sufficiently large. Let A be so taken, then 
Ven fie (Gi " ii 2S 
Pof = Si frte see <3: (3 
Also. eC ~ € 
: Sis 2B<S, Cd 


if o is taken sufficiently small in 2). 
From 8), 4) follows 1). 


69. If Vaf is absolutely convergent, both C converge and are 
equal to the corresponding V integrals. 


For by 67, Cis absolutely convergent. Hence (converge by 65. 


Thus = a ere 
Ouf= fi fa , |a'<£ for some d. 
Also = Ya 
Vu = Si Suu pa, S| Be for some A, mM. 
Hence 


n= Gat— Tah =S f- Shut (eA). a 
Nox Sina fut f ji 


But iL Pn 


and TS if d is sufficiently small, and for any d, p, by 68. 








S Soy |Ful < Peal f= 


Taking a division of space having this norm, we then take r, MA 
so large that 


div =f in Ma. 
Then 
i 8B mays 
and hence 
|n|<e. 


From this and 1) the theorem now follows at once. 








ITERATED INTEGRALS 63 


Iterated Integrals 


70. 1. We consider now the relations which exist between the 


integrals ae 
{ise a 


SaSet e 


where X= B+ G lies in aspace R,, m= p+ q, and Bis a projection 
of % in the space &,. 

It is sometimes convenient to denote the last g codrdinates of a 
point w= (ay *** Lp Lyi ** Lpsa) by y,-" Yq Thus the codrdinates 
az, ++ a, refer to B and y, -* Yq to 6. The section of 2% correspond- 
ing to the point 2 in 8 may be denoted by 6, when it is desirable 
to indicate which of the sections © is meant. 


2. Let us set = 
ba, m= Lf (3 


So (4 


It is important to note at once that although the integrand f is 
defined for each point in 2%, the integrand ¢ in 4) may not be. 


and 


then the integral 2) is 


Example. Let % consist of the points (z, y) in the unit square : 


mie 9 ene 
n n 


Then 9 is discrete. At the point (@, y)in A, let 


Then S f=0 by 82 


On the other hand 
ti) (x) = J, ifs =+0, 


for each point of 8. Thus the integrals 2) are not defined. 
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To provide for the case that ¢ may not be defined for certain 
points of 8 we give the symbol 2) the following definition. 


SS f= 3m SSF (5 


where  =€ when the integral 3) is convergent, or in the con- 
trary case I’ is such a part of € that 


—a< fF<B, (6 


and such that the integral in 6) is numerically as large as 6) will 
permit. 
Sometimes it is convenient to denote I‘ more specifically by Tag. 
The points B,, are the points of & at which 6) holds. It will 
be noticed that each %,, in 5) contains all the points of 8 where 
the integral 3) is not convergent. Thus 
B= VU § Bag}. 


Hence when % is complete or metric, 


lim Baa == 9 (7 


a, B= 
Before going farther it will aid the reader to consider a few 
examples. 
71. Example 1. Let U be as in the example in 70, 2, while f = 2 
ata=~. We see that 
n 


Sf =0- @! 


On the other hand ,, contains but a finite number of points 


for any a, 8. Thus 
SSF = Q 


Thus the two integrals 1), 2) exist and are equal. 


Example 2. The fact that the integrals in Ex. 1 vanish may 
lead the reader to depreciate the value of an example of this kind. 
This would be unfortunate, as it is easy to modify the function so 
that these integrals do not vanish. 
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Let % denote all the points of the unit square. Let us denote 
the discrete point set used in Ex. lL by D. We define f now as 
follows: f shall have in D the values assigned to it at these points 
in Ex.1. At the other points A = % — , f shall have the value 1. 


Then 
S-S+S,-S=1 (3 


On the other hand %,¢ consists of the irrational points in 8 anu 
a finite number of other points. Thus 


fifrer ‘ 


Hence again the two 3), 4) exist and are equal. 
Let us look at the results we get if we use integrals of types I 
and II. We will denote them by Cand V as in 62. 
We see at once that 
Cy = Vy =P =1. 


Let us now calculate the iterated integrals 


Cg Ce, (5 
and Vg Ve. (6 
We observe that 
Oc=1 for z irrational 


=-+o for z rational. 


Thus the integral 5) either is not defined at all since the field 
%,; does not exist, or if we interpret the definition as liberally as 
possible, its value is 0. In neither case is 


Cy a Cy C¢. 
Let us now look at the integral 6). We see at once that 
VgVe 


does not exist, as Ve =1 for rational 2, and =+0 for irrational 
z. On the other hand 


VaVe=1 , VaVe=t+@ 


Hence in this case 


Vu = VaVe- 
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Example 8. Let %& be the unit square. 
Let 


™m 
f=n for2z=— m even 
n 


=—n forrz=™ n odd. 
n 
At the other points of % let f = 1. 


Then 
fr-S Sra 


Here every point of % is a point of infinite discontinuity and 
thus § = Y. 

Here Cy is not defined, as Y%; does not exist; or giving the 
definition its most liberal interpretation, 


Cy = 0. 


The same remarks hold for Cy Cg, 
On the other hand Vg Bishi, 


while 
Vy Ve 


does not exist, since m 
v Ve =—- 2 for Cas 
n 


= 1 for irrational 2. 
Moreover = 
VeaVe=—2 , VyVgato. 


Example 4. Let % denote the unit square. Let 


f= forrz=™, n even, 0<y<4 
n n 
=—n? forz =™, nm odd, o<y<l. 
n Rn 


At the other points of % let f= 1. 


Then 
Srr-Sfr 
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Let us look at the corresponding C and V integrals. 
We see at once that 
Cy = Vy = 1. 
Again the integral Cy Cg does not exist, or on a liberal interpre- 
tation it has the value 0. Also in this example 


Cy Cg and Oy Cg 
do not exist or on a liberal interpretation, they = 0. 
Turning to the V integrals we see that 
VaVeg=— 2 > VaVe=+™ 


while Vg Ve does not exist finite or infinite. 


Example 5. Let our field of integration % consist of the unit 
square considered in Ex. 4, let us call it ©, and another similar 
square %, lying to its right. Let f be defined over € as it was 
defined in Ex. 4, and let f = 1 in %. 


Then 
Hee 
Also On = Vy = 2. 
Then Oem, 
while VaVig does not exist, 
and VaVe=—-2 » Vg Vg= +. 


72. 1. In the following sections we shall restrict ourselves as 
follows: 
1° % shall be limited and iterable with respect to B. 


9° % shall be complete or metric. | 
3° The singular points 3 of the integrand f shall be discrete. 


2. Let us effect a sequence of superposed cubical divisions of 


space 
Dy Dy 
whose norms d, = 0. 
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Let 1, = %,-©, denote the points of %& lying in cells of D, 
which contain no point of 3. We observe that we may always 
take without loss of generality 

B, = B. 


For let us adjoin to %& a discrete set D lying at some distance 
from % such that the projection of D on R, is precisely B. 


Let A=A+9D=H-C , C=C+e , c=0. 
We now set g=f in 
Then a ie 


Similarly ie =So+So=fon= fr 


Hence 


3. The set ©, being as in 2, we shall write 
G=€,+¢,. 


73. Let B,,,, denote the points of B at whiche, >o. Then if % 
is tterable, with respect to B, 


lim De n = 0. (O 
For since is iterable, % 


a ={,€ by definition. 


Hence € considered as a function of x is an integrable function 


in %. 
i. = fe, 


Similarly 
and G, is an integrable function in ¥. 
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We have n ai) Se ; 
am CHC cls. fee 0 


as G,, c, are unmixed. Hence ¢, is an integrable function in %. 
But 
%-U,=-( G+i)-LE 
at De tS 
{fe 
1B 
As the left side = 0 asn=o, 


ap n ( 


As the left side = 0, we have for a given o 


lim BS. ==10. 
which is 1). 


74. Let X%=B-C be iterable. Let the integral 


pie nay 1 
Mes ( 
be convergent and limited in complete B. Let ©, denote the points 
of B at which me 
( f<e (2 
“cn 
Then lim 6, = 8. (3 
For let o> age 1 0. 


Since B,,,=0 as n=o by 48, we may take v, so large, and 
then a cubical division of #, of norm so small that those cells con- 
taining points of B,,, have a content <7/2. let the points of 
% lying in these cells be called B,, and let B= B-—B, Then 
B,, 8, form an unmixed division of $ and 


%, is complete since G is. 
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We may now reason on %, as we did on &, replacing 7/2 by 7/2. 
We get a complete set $< 8B, such that 
B, > B, — 7/2? 
Continuing we get eons ony ee. 








Tish come ge (eee 
>B-—7 

Let now b= Dv§ B,}. 

Then b>B—y (4 


by 25. 

Let b, denote those points of 6 for which 2) does hold. Then 
b={b,j. For let 6 be any point of b. Since 1) is convergent, 
there exists a o, such that 


at 6, ff 6, 
—C 


for any ¢ such that ¢<o,. Thus 3 is a point of by, and hence of 
{b,{. Thus b,=b as b is complete. But ©, >b,. 

Hence lint &, >, 
which with 4), gives 3). 


75. Let = B-C be tterable. Let the integral 


fe ee 


be convergent and limited in complete 8. 


Then 7. 
diel a ae a 
For let D be a cubical division of R, of norm d. 
Then 3 = 
i Sf a ii rae sae iis 2 Be Sa 


Let a! denote those cells of D containing a point of ©, where &, 
is defined as in 74. 
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Let d!' denote the other cells containing points of 8. Then 


Sy< Sdle+ Za!'M, 
where 


0< fem. 


Si<eBp + M(8p— Gn, p)- 
Letting d= 0, we get 


Hence 


if: ff<& + M(% — &,). 


Letting now noo and using 3) of 74, we get 1), since € is 
small at pleasure. 


76. Let L=B-C be iterable with respect to B, which last ts com- 
plete or metric. Let the singular points X of f be discrete. Then 


eG ele elere (7 a 


pace Wels ar ie (2 


Here any one of the members in 1) may be infinite. Then all 
that follow are also infinite. A similar remark applies to 2). 


Let us first suppose : ” 
f>0 , Biscomplete , (Mal ag is convergent. 


Wel by 14, cITs 7a 
e have by (eles iss 


Passing to the limit gives 


Thine lim ff © 
ee tim ff. mali , finite or fauaitel (4 


Now e>0 being small at pleasure, there exists a G, such that 


Seales 0<G,<G4. 6 
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‘ = 
But for a fixed n fi is limited in %. 


Hence for G sufficiently large, 


[Lee ite , at each point of &, Gj<G. 


Then 


UE dG Ue odie 


where I’, y, are points of Tin G,, c,. 





Hence a, =e 


Ailes ihall dl 


(6 


(7 


(8 


Now $, may not be complete; if not let By be completed %,. 


As % is complete, = 
iS PSSS 


We may therefore write 8), using 5) 





sonnei eaiieeat I 
ee pale ele BY Cr —— Ya) 


By 75, the last term on the right=0asn+o. Thus passing 


to the limit, 


SSF Stim [La 


since e>0 is small at pleasure. 


(9 


On the other hand, passing to the limit G@ =o in T), and then 


n=c, we get m= is 
lim fo Se, < So Je 


Thus 3), 10), 9), and 4) give 1). 


(10 


Let us now suppose that the middle term of 1) is divergent. 


We have as before 


Shy S< lim ie be 


Hence the integral on the right of 1) is divergent. 
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Let us now suppose $ is metric. We effect a cubical division 
of #, of norm d, and denote by B, those cells containing only 
points of 8. Then B, is complete and 

lim B,= 8. 
d=0 

Let A, denote those points of 1 whose projections fall on By. 
Then A, is iterable with respect to By, by 18, 3, and we have as 


in the preceding case a3 
< << 3 
jpeedly “C Ny en 


If the middle integral in 11) is divergent, Sis divergent and 1) 


holds, also if the last integral in 11) is divergent, 1) holds. Sup- 
pose then that the two last integrals in 11) are convergent. 


Then by 57 en o 
limf, Jem Sode: 
im Se 


Thus passing to the limit d= 0 in 11) we get 1). 


Let us now suppose f >—G, A>. 


Then 
G=f50 2%, 


and we can apply 1) to the new function g. 


Thus So- SL fas Sy (12 


Now Peni Ga (18 
(hah 
by 58, 5, since % is discrete. Also by the same theorem, 
(en ee eres [i 4-0 14 
S9= [f+ 4 tim Sf+ or ( 
denoting by 6, the points of € where 
els SY] 


and setting 
T = lim G,. 


y= 
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Sasf Ses fo 


Now for any n 


Hence yp ae C C2Gii CE. 
hirer Le 
or Y= lim [&- (15 
n=n AB 


Now for a fixed n, y may be taken so large that for all points 
of B, 








y 2G, 
Hence y ne, J 
¢>lim 6, >, 
y=n2 
Hence We be (eel wor, 
P| ee =a). > J& of 
Hence i= e ips (16 


and thus I is integrable in %. 
This result in 14) gives, on using 58, 3, 


Su Se9 = Sy Sf + (7 
From 12), 13), and 17) follows 1). 


77. As corollaries of the last theorem we have, supposing % to 
be as in 76, 


1. If f is integrable in UX and f >— G, then 


Segall 
If f < G, then (eats 
uw BIE 
2. Iff>—G and S, is divergent, then 
SJ 


are divergent. 
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3. If f>—G and one of the integrals f Sf is convergent, then 
AAG 


(f 


78. Let L=B-6 be iterable with respect to B, which last 18 com- 
plete or metric. Let the singular points ¥ be discrete. If 


J, St ad 
LA : 


both converge, they are equal. 


ts convergent. 


For let D,, D, --- be a sequence of superimposed cubical divisions 
as in 72,2. We may suppose as before that each %, = &. 
Since 1) is convergent 


en a Le - me 


Since f is limited in %,, which latter is iterable, 


a 


This shows that f (5 
Cn 





<e N<N. (3 


is an integrable function in @, and hence in any part of B. 


From 8), 4) we have 


S-S,Sol <3 ay (6 
We wish now to show that 
SS -SoSe.| <3 peg e 


When this is done, 6) and 7) prove the theorem. 
To establish 7) we begin by observing that 


S, S.-i Soade 
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Now for a fixed n, a, 8 may be taken so that I’ shall embrace all 


the points of ©, for every point of B. Let us set 


T=, + Yn: 
Th 
= reer 
As 5. = %, 


es by I, 724. 
Lae 
On the other hand, 


Soave ehh, Wee = Usb IF <fJ Il 


Thus 7) is established when we show that 


SS iti<§ rsa 














To this end we note that || is integrable in % by 48, 4. 


by 77, 1, 


Lin =SL far 
Sl =S, Se lv 


From 10), 11) we have for n > No 


SiS SSI SS iti <é 


since the left side = 0. 


oor LSS, Sis 


Passing to the limit G@ = oo gives 


SSF l= =S, Je f+ SS It 


This in 12) gives 9). 


Also by I, 734, 


(8 


(¢:) 


Hence 
(10 


ql 


(12 








CHAPTER III 
SERIES 


Preliminary Definitions and Theorems 


79. Let a, a, a, --- be an infinite sequence of numbers. 


The symbol A=a,+a,+ag+-° qa 

is called an infinite series. Let 
A, = 0 + Ag+ 0° +O, (2 
If lim A,, (3 


is finite, we say the series 1) is convergent. If the limit 3) is infi- 
nite or does not exist, we say 1) is divergent. When 1) is conver- 
gent, the limit 3) is called the swm of the series. It is customary 
to represent a series and its sum by the same letter, when no con- 
fusion will arise. Whenever practicable we shall adopt the fol- 
lowing uniform notation. The terms of a series will be designated 
by small Roman letters, the series and its sum will be denoted by 
the corresponding capital letter. The sum of the first n terms of a 
series as A will be denoted by A,. The infinite series formed by 
removing the first n terms, as for example, 


Anti + Gn+2 + An+3 Taleo Ce 


will be denoted by A,, and will be called the remainder after n 
terms. 

The series formed by replacing each term of a series by its nu- 
merical value is called the adjoint series. We shall designate it 
by replacing the Roman letters by the corresponding Greek or 
German letters. Thus the adjoint of 1) would be denoted by 


A= 0, +0,+0,+ += Adj A (5 
where Oy = |Ap|- 
7 
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If all the terms of of a series are $0, it is identical with its 
adjoint. 
A sum of p consecutive terms as 


An+1 = An+2 AP pe + n+p 
we denote by A,, »- 


EY BS - 6  Oero  lg oe 

be the series obtained from A by omitting all its terms that vanish. 
Then A and B converge or diverge simultaneously, and when conver- 
gent they have the same sum. 


For pee 


‘n* 


Thus if the limit on either side exists, the limit of the other side 
exists and both are equal. 

This shows that in an infinite series we may omit its zero terms 
without affecting its character or value. We shall suppose this 
done unless the contrary is stated. 

A series whose terms are all >0 we shall call a positive term 
series; similarly if its terms are all <0, we call it a negative term 
series. If a,>0,n>m we shall say the series is essentially a pos- 
itive term series. Similarly if a,<0, n>m we call it an essen- 
tially negative term series. 

If A is an essentially positive term series and divergent, 
lim A, = +0; if it is an essentially negative term series and di. 
vergent, lim A, = — o. 

When lim A, = + 0, we sometimes say A is + 0. 


80. 1. For A to converge, it is necessary and sufficient that 


€> OP iy A | — 6 it tty nl toes qd 
For the necessary and sufficient condition that 
lim A, 
n=o0 
exists is 
e>0, mM, |A,—A,|<e, Vv, n>™M. (2 
But if y=n+p 


A, — Ava Ay =e nig t + + nap 
Thus 2) is identical with 1). 
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2. The two series A, A, converge and diverge simultaneously. 


When convergent, A 
cA =A ct. (3 


For obviously if either series satisfies theorem 1, the other 
must, since the first terms of a series do not enter the relation iL ye 
On the other hand 

Ag = A, st A,, p° 

Letting p+ we get 3). 


3. If A is convergent, A, = 0. 


For lim A, = lim (A = A.) 


= A—lim A,=A-—A 
=i). 
For A to converge it is necessary that a, = 0. 


For in 1) take p =1; it becomes 
ey hoc n>m 


We cannot infer conversely because a, = 9, therefore A is con- 

vergent. For as we shall see in 81, 2, 
ie te 

is divergent, yet lim a, = 0. 

4. The positive term series A is convergent if A, is limited. 

For then lim A, exists by I, 109. 

5. A series whose adjoint converges is convergent. 

For the adjoint A of A being convergent, 


o> ONee [Ad lias 2 p =i, 2,. 302° 
But 


An p= %nt1 + &n+2 Bete Ones | naa + Ant + tous Gn+o| ms | An, ol: 


Thus | Ag i <é 


and A is convergent. 
Definition. A series whose adjoint is convergent is called 


absolutely convergent 
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Series which do not converge absolutely may be called, when 
necessary to emphasize this fact, semply convergent. 


6. Let A=4,+%+-° 
be absolutely convergent. 
Let B=, -4,+ Agi 3 bylg< Ee 


be any series whose terms are taken from A, preserving their relative 
order. Then B is absolutely convergent and 


|B|<A. 
For |By| < Bele ae a 


choosing n so large that A, contains every term in B,. Moreover 
for m>some m'’, A, —B,, >some term of A. Thus passing to the 
limit in 1), the theorem is proved. 


1. Let A=a,+a,+ > The series B= ka, +kagt+ +, k#0, 
converges or diverges simultaneously with A. When convergent, 
fase fase 
Hoe en. 


We have now only to pass to the limit. 

From this we see that a negative or an essentially negative term 
series can be converted into a positive or an essentially positive 
term series by multiplying its terms by k=— 1. 


8. If A is simply convergent, the series B formed of tts positive 
terms taken in the order they occur in A. and the series U formed of the 
negative terms, also taken in the order they occur in A, are both 
divergent. 


If B and Care convergent, so are B, I. Now 
A,=B,,+T N=, + Ng. 


Hence A would be convergent, which is contrary to hypothesis. 
If only one of the series B, C is convergent, the relation 


Ana Ba Gs 
shows that A would be divergent, which is contrary to hypothesis. 
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9. The following theorem often affords a convenient means of 
estimating the remainder of an absolutely convergent series. 


Tet A=a,+a,+ °° be an absolutely convergent series. Let 
B=b,+6,+ -- be a positive term convergent series whose sum 28 
known either exactly or approximately. Then of |a,|<b,,n 2m 


PA Bee B. 
ae View ae 
es be: 

Pad £9 ea a} 


Letting p= gives the theorem. 


EXAMPLES 
81. 1, The geometric series is defined by 
G=l+gtgtgyt- @ 


The geometric series is absolutely convergent when |g\<1 and dt- 
vergent when |g|>1. When convergent, 


1 


G = ——. (2 
> tag 
When g #1, 
1 =t a: 
ae Pg +: gas ae 
ey Hor? g i-g 
Hence n 
(ee ee 
= gu pling 


When |g|<1, limg” =9, and then 
lim Ga = = ° 
When |g| 21, lim g” is not 0, and hence by 89, 3, G is not conver- 
gent. 


2. The series ie Dip ee ae. 5 
(IGE merrier ( 
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is called the general harmonic series of exponent m. When »p=1, 
it becomes MPs VB Hoa hanes Pe (4 
the harmonic series. We show now that 

The general harmonic series is convergent when 4 >1 and is dt- 
vergent for w<1. 

Let w»>1. Then 








es a eT Sete hg 
ont Bu ~ Op + On Sie fel a gat. 
1.1.18 tier (pate 
et be! Ges ieee 0 due de gs 
1 (ee ay oo ies ee 
Gece”. duties Sekine MMMNUIR RG gt Gee gaa 


Let n< 2”. Then 


1 
H,<1 ng TER ae ae eee 
<td tints ee Ua min 


Thus lim H, exists, by I, 109, and 
H - 
i eT (5 





Let w<1. Then 1 a 
ni 

Thus 8) is divergent for w< 1, if it is for w=1. 

But we saw, I, 141, that 

lim J, = 0, 

hence J is divergent. 

It is sometimes useful to know that 

J, 








lim —*—- =1. (6 
log n 
In fact, by I, 180, 1 
oe oe ee ee | 
log n log n — log (n — 1) log ( n ) 
Bel 
Sly 


log @ - ~\* 
n 
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Since * n> logn >/,n--- we have 


Gee ees ee 


re is Sher Ss lh C7 
Another useful relation is 
i aN 1 
H,=14+=+=4+--4+=- , 
gah act tee log (act 1) (8 
i 1 
For log (1+ m) —logm = log(1+—)<—. 
m m 


Let m=1, 2---n. If we add the resulting inequalities we 
get 8). 


3. Alternating Series. This important class of series is defined 
as follows. Let a, >a,>4,;>:: =9. 


‘Then A=, — A+ 43-44 = (9 
whose signs are alternately positive and negative, is such a series. 
The alternating series 9) is convergent and 
|An|< nai: (10 
For let p>3. We have 
Anp=(—1W)"ansr— Ante + (= DP ante 
=(—1)"P. 
If p is even, 
P= (agi — Ania) + 0 + Cnepet — Ants): 
If p is odd, 
P = (Ggut — Ong) + 11° + Cnt p-2 — Onsp-1) + Instn 
Thus in both cases, ‘ 
P > Gns1 — Ansa > 9- ql 
Again, if p is even, 
P = dyy1 — (Ont — Ants) — *1* — Ant p-2 — Ansp-1) — Ants" 


* In I, 461, the symbol ‘‘lim”’ in the first relation should be replaced by lim. 
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If p is odd, 
P= Gy44 — nae = Inga) = SC Gntp-1 > Gat): 
Thus in both cases, 
P< Gn41 — (Ont2 — Uns3) < Anat (12 
From 11), 12) we have 
0 < Gia no | An, »|<4n41 — (Ansz — Un4a)+ 
Hence passing to the limit p = 0, 
0< |A,|< An+1 3 
moreover, =. 
Example 1. The series 
Le ata mon eee (13 
being alternating, is convergent. The adjoint series is 
sO ies eee 


which being the harmonic series is divergent. Thus 13) is an 
example of a convergent series which is not absolutely convergent. 


Example 2. The series 
gee Zz ee)! bd 1 a i es 
Vol V2 al 73 l/s aad 


is divergent, although its terms are alternately positive and nega- 
tive, and a, = 0. 


For 





m 1 1 2 
As == a Py ae, 
st ae aay 2 eai 


s=2 





=21 45+ toh )ee. 


If now A were convergent, 


lim A,= lim As. 
by I, 108, 2. 
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4. Telescopic Series. Such series are 


A = (4, — 42) + (az — Mg) + (4g — 4) + 
We note that 
A, = (a — 4) + + + (@, — An+1) 

= A, — Ant}: (14 

Thus the terms of any A, cancelling out in pairs, A, reduces to 
only two terms and so shuts up like a telescope. 

The relation 14) gives us the theorem : 
A telescopic series is convergent when and only when lim a, exists. 
Let 


Then 


A=a,+4,+ -- denote any series. 
a,=A,—A,-; » A)=9. 
A= (A,— Ap) + (A, — Ay) + (Ag — 4g) + 


This shows us that 


Hence 


Any series can be written as a telescopte series. 


This fact, as we shall see, is of great value in studying the 
general theory of series. 





Example 1. A= 


Thus A is a telescopic series and 
Tea a 


n 


Example 2. Let ay, % 43) ** > 0. Then 


wo 


an 
A=2G +a,)-- (1 + ay) 





Shares (+a,,) (+a)--A+4,) : i 

is telescopic. Thus 

1 

0< A, =1-—- —————_}. < ab 
qai+ a) ++ (1+ 4,) 


and A is convergent and < 1. 
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= 1 
: a ee ae z+#0, —1, —2, --- 
Example 3 A 2 Eee ’ 


is telescopic. 
82. Dini’s Series. Let A=a,+a,+- be a divergent positive 


term sertes. Then 


ts divergent. 








For De = Am+] ay 595 ft Intp 
; Amey m+p 
a 
Th (Gms + °° + Onin) 
m+p 
A A 
= m, Dp = 1 je m 
Bhs =F a Pp rbbever 


Letting m remain fixed and p+, we have D,,>1, since 


Ansp=~0. Hence D is divergent. 
Let A=14+1+1+... Then A,=n. 
Hence D=1+4+44144 ..- is divergent. 
Let ASI ee 
Then 


abl, i) 1 1 
— + —_ = 
1° 203) rate reerGy QnA 


is divergent, and hence, a fortiori, 


1 
> nAres 





But A,_, > log n. 
Hence $ 1 sled 
nlogn 2log2' Blog8° 


is divergent, as Abel first showed. 
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83. 1. Abel's Series. 
An important class of series have the form 
B= ajty + Agt, + Agtg + °° @! 


As Abel first showed how the convergence of certain types of 
these series could be established, they may be appropriately called 
in his honor. The reasoning depends on the simple identity 
(Abel’s identity), 


Tees = tnitAn, rsx tri2(An,e ps An 1) 1 ae bop on, p_ A, A) 
= AS 1Cnt1 i= tno) SP areal p-1'ntp—1 — tap) tees Ae Pp? (2 


where as usual A, ,, is the sum of the first m terms of the re- 
mainder series A,. From this identity we have at once the fol- 
lowing cases in which the series 1) converges. 


2. Let the series A=a,+a,+ - and the series =| trai — tal 
converge. Let thet, be limited. Then B= ayt, + Agta + + converges. 


For since A is convergent, there exists an m such that 


(A, oh ¢; n>m, p= A, 2,3... 
Hence 
Ebel <$€ 4 | tar tn+2| =f \tnaa — tn4s| a 000 a lien lee 


3. Let the series A=a,+4,+ - converge. Let t,, ty tz --+ be a 
limited monotone sequence. Then B 18 convergent. 


This is a corollary of 2. 


4, Let A=a,+a_+ +: be such that |A,|<G@, m=1, 2,+-- Let 
=| tri — €,| converge and t,=0. Then B is convergent. 


For by hypothesis there exists an m such that 
| tn+t a tna ha \tn+2 — tn+a| + tank ee» | <é 
for any n>m. 


5. Let |A,|<G@ andt, >t >t, >. =0. Then Bis convergent. 


This is a special case of 4. 
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6. As an application of 5 we see the alternating series 
Be=t,-—tht+h--- 
is convergent. For as the A series we may take A=1-—-1+41- 
1+ -- as |A,|<1. 
84. Trigonometric Series. 
Series of this type are 
C=a,+ 4, cos z+ a, cos 24+ a4, cos 32+ + él 
S=a,sing+a,sin2z+agsindxz+ -° (2 


As we see, they are special cases of Abel’s series. Special cases 
of the series 1), 2) are 





T=4+cosa+cos22+cos3x2+-- (3 
L=sinz+sin22+sindaz+- (4 
It is easy to find the sums [,, =, as follows. We have 
: : in me 1 
2 sin ma sin 4 2 = cos es u x — COS i te 
Letting m = 1, 2, --- n and adding, we get 
: 2 
2sind 2-2, = cos }x—cos eae (5 


od 


Keeping z fixed and letting n = 0, we see &, oscillates between 
fixed limits when x #0, +27, -:- 


Thus > is divergent except when z= 0, +7, «> 
Similarly we find when z+ 2 mz, 


p =sin(r—})e (6 


Hence for such values TI’, oscillates between fixed limits. For 
the values x = 2 mm the equation 3) shows that I, = + 0. 

From the theorems 4, 5 we have at once now 

If =| a,,;—a,| converges and a, = 0, and hence in particular if 
ad, >, > + = 0, the series 1) converges for every x, and 2) converges 
for x#2mr. 

If in 3) we replace x by «+7, it goes over into 


A=4-—cosx+cos2xz—cos32+4+..- (7 
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Thus A, oscillates between fixed limits if r#+(2m-—1)7, 
when n=oo. Thus 


If Z| a,4, + 4,| converges and a, =0, and hence in particular if 
a, >a,> --- =0, the series a, —a,cosx+ a,cos 2x2 —a,cos32+4 -- 
converges for x#(2m—1)r. 

85. Power Series. 

An extremely important class of series are those of the type 

Paata(e—a)+a(e—a+a(e—a+. A 
called power series. Since P reduces to a, if we set 2 = a, we see 
that every power series converges for at least one point. On the 
other hand, there are power series which converge at but one 


point, e.g. 
a, +1!(@—a) + 2!@—a)?4+3!(@—a)P+ -- (2 


For if za, lim n! |x —a|"= 0, and thus 2) is divergent. 

1. If the power series P converges for x = b, it converges absolutely 
within Diya el 

If P diverges for x = 6, it diverges without D,(a). 


Let us suppose first that P converges at 6. Let 2 be a point in 
D,, and set |z —a|=€. Then the adjoint of P becomes for this 


point TI = a) + a, & + a8 + 0&4 + 
2 8 
=a) + @r- + ar? (£) +ap?. (&) nee 
But 


lim «,A" = 0, 


since series P is convergent for x = 6. 
anes ara<M n>, 2,-- 


Thus ceank -) ti, 
,<M(1+*+ ag Baal: 
xr 


and II is convergent. 

If P diverges at x=, it must diverge for all 6’ such that 
(0) a| >A. For if not, P would converge at 6 by what we have 
just proved, and this contradicts the hypothesis. 
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2. Thus we conclude that the set of points for which P con- 
verges form an interval (a—p,a+p) about the point a, called 
the interval of convergence; p is called its norm. We say P is 
developed about the point a. When a=0, the series 1) takes on 


the simpler form dy + dye + aga + + 
which for many purposes is just as general as 1). We shall 
therefore employ it to simplify our equations. 


We note that the geometric series is a simple case of a power 
series. 


86. Cauchy’s Theorem on the Interval of Convergence. 


The norm p of the interval of convergence of the power series, 


P=a,+ a,x + aga? + -- 





as given b an 
2 y is lim Va, OC, == 1c 
p 
We show II diverges if E>p. For let 
Shoe 
p S 
Then by I, 388, 1, there exist an infinity of indices ty, tg +++ for 
which 
Vv 0, > B- 
Hence «,, > B, 
and thus ‘ ‘ 
«,,£° >(E8)"*>1, 
since £8 >1. Hence Sa,,£" 


is divergent and therefore IT. 


We show now that II converges if &<p. For let 
1 


Sy ee 


Then there exist only a finite number of indices for which 
V On > B. 
Let m be the greatest of these indices. Then 


Va, <8 n>m. 
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Hence 
an = B", 
and en <(B 
0,57 ae 
Thus ; fed 
lige EOE ++ imag? <(BEY™ LL + (BE) + oo + (BEY 
EGOEs 
1— pe 
and II is convergent. 
Example 1. 
ar Whe 
Sane is 
ote Ege eee | jadi aT 85 )4. 
el 
Hence p= and the series converges absolutely for every 2. 
Example 2. x a B ae 
13-509 
Here pm ne 


Hence p= 1, and the series converges absolutely for |v|<1. 


Tests of Convergence for Positive Term Series 


87. To determine whether a given positive term series 
A= 4, +\a, + °- 


is convergent or not, we may compare it with certain standard 
series whose convergence or divergence is known. Such com- 
parisons enable us also to establish criteria of convergence of 


great usefulness. 
We begin by noting the following theorem which sometimes 


proves useful. 
1. Let A, B be two series which differ only by a finite number of 
terms. Then they converge or diverge simultaneously. 


This follows at once from 80, 2. Hence if a series A whose 
convergence is under investigation has a certain property only 
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after the mth term, we may replace A by A,» Which has this 
property from the start. 


2. The fundamental theorem of comparison is the following : 


Let A=a,t+4,+ °°, B=Oy+ b, + ++. be two positive term series. 
Let r>0 denote a constant. If a,<rb,, A converges if B does and 
A<rB. Ifa,>rb,, A diverges if B does. 

For on the first hypothesis 

A 7b, 

On the second hypothesis 

A>? Be 

The theorem follows on passing to the limit. 

3. From 2 we have at once: 

Let A=a,+ 44+ +, B=b, +6, + ++ be two positive term series. 
Let r, 8 be positive constants. If 


or of 


exists and is #0, A and B converge or diverge simultaneously. If 


B converges and : = 0, A also converges. If B diverges and On = 00, 
A also diverges. . : 

4. Let A=a,+a,+ +, B=b,+ 6,4 --- be positive term series. 
If B is convergent and 


ntl < Ontt n= 1, Be. 3 AE 
an b, 








A converges. If B is divergent and 








Andy > Patt. 
4 a, b, 
A diverges. 


For on the first hypothesis 
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We may, therefore, apply 3. On the second hypothesis, we 
have 





Pees 
SS es 
b, 0, 
and we may again apply 3. 
; ake. 1 1 
Example 1. 1 rer een 


is convergent. For 


1 


aot a 
pele 
ee 1. pe 


1s: § : : 
and » ate convergent. The series A was considered in 81, 4, Ex. 1. 
n 


Example 2. A=e-*cosxte”cos24+>:-- 
is absolutely convergent for a> 0. 
For 1 
lan|< we 


which is thus < the nth term in the convergent geometric series 


L+atat 
Ci ee 
1 n+1 
-ample 8. A= 108 ao 
Example a oo ay, 
is convergent. 
For log (142) =3—% Ono nat, 
Minn 
Hence (ae 1 — On oy 
n> n ne 


Thus A is comparable with the convergent series ya, oF 


88. We proceed now to deduce various tests for convergence 


and divergence. One of the simplest is the following, obtained 


by comparison with the hyperharmonic series. 
LeteA =, dg ES: be a positive term series. It is convergent of 


lima,nt<0o , pol, 


and divergent if 
lim na, > 0. 
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For on the first hypothesis there exists, by I, 338, a constant 
G> 0 such that 
ee n=1, 2, eee 
nt 
Thus each term of A is less than the corresponding term of the 


1 
convergent series a> ace 


On the second hypothesis there exists a constant ¢ such that 
ies (al ney OD 
n 


and each term of A is greater than the corresponding term of the 


: . u 
divergent series ¢> = 
n 





1 
Example 1. A= > legen m>0. 
Here Phe EE Eh Ne LS 
log™ n 
Hence A is divergent. 
al 
Example 2. A= 
iat 2 nlogn 
Here 1 
ra, = — = 
log n 


Thus the theorem does not apply. The series is divergent 
by 82. 


Example 8. 
L=31,=Slog(i+#+%) , rl, 
\ n Ti 


where p is a constant and |6,|< G@. 
From I, 413, we have, setting r=1+s, 


1 6 z 
In (wt ot) Seu + oe Onc eral: 
n n ith 


Hence Me poo, Te 0, 
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and ZL is divergent. If »>0, L is an essentially positive term 
series. Hence L=+o. Ifw<0, L=—o. 


Tet »=0. Then 
1, = So(1 — 28s) Qe eral? 
n 


which is comparable with the convergent series 


>= A tee 1: 


Thus ZL is convergent in this case. 
Example 4. The harmonic series 
1+44+3+°:> 


is divergent. For heii Se 





Example 5. 1 - 
A = > elocan B ar itrary. 
Here Ss, 
na, = m = 00) 1, (ai<e 1 
log? n 


by I, 468, 1. Hence A is divergent for «<1. 


Example 6. 1 
a yy Vn 
cone Fe ee ee by 1, 195, Hoey 
n 
~ logn n 


Here, if p> 9, 


log(1 aR a 1 
me jeronnee So (1 + \" = 00 
nitta, = nite re w 108 ’ 


1x 
since n“ > log m and (1 + *) = C 


Hence A is divergent. 
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89. D’Alembert’s Test. The positive term series A= a,+4,+- 
converges if there exists a constant r<1 for which 
Bee n=1, 2, + 
an 
It diverges if 


Gnt+t J, 
an 


n 


This follows from 87, 4, taking for B the geometric series 
l+trt+r4r+ 


Corollary. Let Ont =I. If 1<1, A converges. If 1>1, it 
a, 
diverges. 


Example 1. The Exponential Series. 


Let us find for what values of x the series 


ze. 


isconvergent. Applying D’Alembert’s test to its adjoint, we find 


PP fea 


_ | 2 
n! gr : 


n 


An+4 
an 

















Thus # converges absolutely for every z. 
Let us employ 80, 9 to estimate the remainder #,. Let x>0. 
The terms of Hare all>0. Since 





grtP gv” gvP = ( “ y 
a a ee) gf et ee De Bee : 
(n+p)! nl n+1-n4+2---n+p7 ni\n+1 
we have nih > mol a 
— <H, <— . 
7 Pan, (2 


However large 2 may be, we may take n so large that x<n+1. 
Then the series on the right of 2) is a convergent geometric series. 

Let x<0. Then however large |z| is, #, is alternating for 
some m. Hence by 81, 3 for n>m, 


|E<l2t (3 
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The Logarithmic Series. 


Example 2. 
Let us find for what values of z the series 
2088 4 
jp eae eee eee 
ie oP sees 


is convergent. The adjoint gives 





eo ae a 
a, | n+1 Ja | =I. 


Thus L converges absolutely for any |2|<1, and diverges for 


ia as 
When zx=1, L becomes 
eects Aaa 


which is simply convergent by 81, 4. 
When x= —1, LZ becomes 
Leet dead ohate 


which is the divergent harmonic series. 





Ay 
As A is convergent when p>1 and divergent if «<1, we see 
that D’Alembert’s test gives us no information whenl=1. Itis, 


however, convergent for this case by 81, 2. 


Example 4. 
< n! 
> z>0. 
7 (1t+2)- +2) 


Here One4 a n a al v2 1 
a, n+t+l+e j 








and D’Alembert’s test does not apply. 


Example 5. 
A = >n"a". 


Ont = (42S iel=lel- 


n 


Here 
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Thus A converges for|z|<1 and diverges for |x| >1. For 
|z| =1 the test does not apply. For «=1 we know by 81, 2 
that A is convergent for » <—1, and is divergent for uw —1. 

For x= —1, Ais divergent for w= 0, since a, does not=0. A 
is an alternating series for « <0, and is then convergent. 


90. Cauchy's Radical Test. Let A=a,+ a,+ -+- be a positive 
term series. If there exists a constant r<1 such that 
SS n= 1, 2, +: 
A is convergent. If, on the other hand, 


Wael 
A is divergent. 


For on the first hypothesis, 
Caste 


so that each term of A is < the corresponding term in 
r+r+r24---a convergent geometric series. On the second 
hypothesis, this geometric series is divergent and a, > 7". 


Corollary. If lim Va,=l, and1<1, A ts convergent. Ifl>1, 
A is divergent. 


Example 1. The series 


ee |! 
Toma pias eye eee 
Des n 


is convergent. Yor 





Vv a, = 1 =0 
log n 
Example 2. 
=> nm 

(+1) 
is convergent. For 

(n+1)* (1 rs y € 

n 


Example 8. In the elliptic functions we have to consider series 
of the type 


A(v) = 142 Fg” cos 2 mnv Q—g<l. 
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This series converges absolutely if 


+ 44 9 nse 
does. But here Pa eos 


Va, = Vg" = qr=0. 
Thus 6(v) converges absolutely for every v. 
Example 4. Let 0<a<6<1. The series 
A=a+0?4 a34+ O44 


is convergent. For if 9 
n=aom 


Vay, =" /5™ = d. 


Ya,= VE aa. 
Thus for all Ze 
os Metab 


Let us apply D’Alembert’s test. Here 


2m—-1 
ust — 3(2) = 0 n=2m+1, 


An a 


=a(f)" 0 n=2m. 


Thus the test gives us no information. 


91. Cauchy’s Integral Test. 
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Let $(a) be a positive monotone decreasing function in the interval 


(a,0). The series 
= $0) +92) +484" 
is convergent or divergent according a8 
f¢ (x) dx 
is convergent or divergent. 
For in the interval (”, n + 1); n>m > a, 


p(n t1)<o@) SOM- 
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Hence 


b(ntI<f" bde<$@). 


Letting n=m, m+ 1, ---m+p, and adding, we have 


m+p 
D354 ap pdx < Po. age 


Passing to the limit p = ®, we get 
©,<f ode< Pn a 
which proves the theorem. 


Corollary. When ® ts convergent 


Cle <& Sf $de. 
Example 1. We can establish at once the results of 81,2. For, 
taking ¢(@) = uy 
ae 


f Mis ay n dix 
al Lak 


is convergent or divergent according as w>1, or w<1, by I, 
635, 636. 
We also note that if 





then Ae< st SLB nielap alee ‘ 


Example 2. The logarithmie series 


1 
mn Nynlyn --- 1, nlin 





s=1, 2,--- 


are convergent if w>1; divergent if w<1. 
We take here 1 
$ )i= See 
wl,x +++ 1, alta 
and apply I, 637, 638. 
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92. 1. One way, as already remarked, to determine whether 
a given positive term series A =a,+ a+ °° is convergent or 
divergent is to compare it with some series whose convergence or 
divergence is known. We have found up to the present the 
following standard series S: 

The geometric series 


l+gtgt+- el 
The general harmonic series 
ib oa enya! 9 
1 ae Ou se Bu ar oC @ 
The logarithmic series 
1 
iar © 
nlin 
1 
el at eet + 
> nlynlin’ ( 
Seat inae é 
nl, nlynlsn 


We notice that none of these series could be used to determine 
by comparison the convergence or divergence of the series follow- 
ing it. 

In fact, let a,, 6, denote respectively the nth terms in 1), 2). 
Then for g<1, p>9, 


—nilogy 
b, 1 e nf! 


pon by I, 464, 
n+1 











or using the infinitary notation of I, 461, 
bas 


Thus the terms of 2) converge to 0 infinitely slower than the 
terms of 1), so that it is useless to compare 2) with 1) for conver- 
gence. Let g>1. Then 





Us a, 0, 


This shows we cannot compare 2) with 1) for divergence. 
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Again, if a,, 6, denote the nth terms of 2), 3) respectively, we 
have, if uw >1, ; 
Fg hl ae ess iyo Th, UES 





On log” n 
or in > dp 
If p=1, is 
— = log n = 00, 
oe depeaee 


Thus the convergence or divergence of 3) cannot be found 
from 2) by comparison. In the same way we may proceed with 
the others. 


2. These considerations lead us to introduce the following 
notions. Let A=a,+a,+---, B=b,+6,+-: be positive term 
series. Instead of considering the behavior of a,/b,, let us gen- 
eralize and consider the ratios A,: B, for divergent and A,: B, 
for convergent series. These ratios obviously afford us a measure 
of the rate at which A, and B, approach their limit. If now A, 
B are divergent and eps 


we say A, B diverge equally fast; if 
A, < B,, 


A diverges slower than B, and B diverges faster than A. From 
I, 180, we have: 
Let A, B be divergent and 


lim” = 1. 


According as 1 is 0, #0, «, A diverges slower, equally fast, or 
faster than B. 
If A, B are convergent and 


A, a ‘Be 
we say A, B converge equally fast; if A converges and 


B, << A, 
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B converges faster than A, and A converges slower than B. From 
T, 184, we have: 


Let A, B be convergent and 


lim 2 = 1. 


nr 


According as 1 is 0, #0, 0, A converges faster, equally fast, or slower 
than B. 


Returning now to the set of standard series iS, we see that each 
converges (diverges) slower than any preceding series of the set. 
Such a set may therefore appropriately be called a scale of con- 
yergent (divergent) series. Thus if we have a decreasing positive 
term series, whose convergence or divergence is to be ascertained, 
we may compare it successively with the scale S, until we arrive 
at one which converges or diverges equally fast. In practice such 
series may always be found. It is easy, however, to show that there 
exist series which converge or diverge slower than any series 
in the scale § or indeed any other scale. 


For let A B, C, a (= 


be any scale of positive term convergent or divergent series. 
Then, if convergent, 


Te Sa SIRE 


if divergent, eR Oe 


Thus in both cases we are led to a sequence of functions of the 
Ne fila > flr) >So) > 


Thus to show the existence of a series © which converges (di- 
verges) slower than any series in >, we have only to prove the 
theorem : 


3. (Du Bois Reymond.) In the interval (a, oo) let 
Ai@)> h@) > i 
denote a set of positive imereasing functions which =o ag z=. 


Moreover, let frh>rt> 
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Then there exist positive increasing functions which = slower than 


ung Fn: 

For as f, > fy there exists an a,;>a such that f;>f,+1 for 
a>a,. Since fy> fy there exists an a,> a, such that So>Sfgt+2 
for x>a,. And in general there exists an a,>4,_1 such that 
Sn>FSautn forv>a,. Let now 


g@) = f,(@) + 7 in (Q,-1 an). 
Then g is an increasing unlimited function in (a, 0) which 


finally remains below any f,,(2) +m—1, m arbitrary but fixed. 


Thus g(@) g(x) Fim+1 +m 
0<h lim ————_. < lim -“™41 ——___ = 0. 
pe hi ACI a Pa nde ee ell 


Hence g < fm: 


93. Krom the logarithmic series we can derive a number of 
tests, for example, the following: 


1. (Bertram’s Tests.) Let A=a,+a,+ --- be a positive term 
series. 


Let 1 y 

eae nln + ln 

pa LN ae ee wasikieil = wee = 
Oa) = ee s=1, 2, (n=l. 

If for some s and m, 

Un) aes 1 n>=m, ad 

A is convergent. If, however, 
Qa) <1, 2 


A is divergent. 
For multiplying 1) by J,,,, we get 


L,4in - Q,(n) > Hl, 442, 
or 


1 
ee Le ent: 
© a,nl,n se La # log ln = log In. 
Hence , 
SMO Pig Bie 9? CUE 
a,nlyn +++ 1, sn 
or 
a, = —— reel 


~ nbn «+ 1, len” 
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Thus A is convergent. 
The rest of the theorem follows similarly. 


2. For the positive term series A=a,+ a,+ -- to converge at is 
necessary that, for n = ©, 


lim a,, ==); lim na, =0, lim na,lyn = 9, lim na,1,nl,n = 0, «+ 
We have already noted the first two. Suppose now that 
lim nan +++ ln >. 
Then by I, 338 there exists an m and ac >0, such that 


na,ln-s-ln>e , n>mM, 
or p 
a, > ———_ 
nln -+- Un 
Hence A diverges. 


Example 1. ie ie 
Ny p2 n* log? n 


We saw, 88, Ex. 5, that A is divergent fore <1’ For «= 1, 
A is convergent for 8 >1 and divergent if 8 21, according to 
91, Ex. 2. 


If «>1, let nee aa As 


Then if 6 =0, roeee, 


ay 


= ——___<— n > 2, 
n* log? n* 


and A is convergent since >S 4 is.) lf 8 — 9, let 


B=-8' o) BiSid: 


Bee «alate 1 
n* n* 
But log?’ n <n” by I, 463, 13 


: - Loe 
and _ A is convergent since > —,; is. 
n* 
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Example 2 i > 1 

2a ba) A yen 

Here 1 
ee ea 1 H, 
OTs sea + » log n+ 
01 In In 

= "982 | p—1+ A, | = po by 81, 6). 

In log n 


Hence A is convergent for 1 >0 and divergent for ~<0. No 
test for w= 0. 


But for » = 0; 1 
boo 
One 8a nln Hf, — ln —1,n 
ce eee lan 
a Tn ep 
=—o, 


since ln >l,n. Thus A is divergent for p= 0. 


94. A very general criterion is due to Kummer, viz.: 

Let A= a,+a,+ --- be a positive term series. Let k,, kg, +++ be a 
set of positive numbers chosen at pleasure. A is convergent, if for 
some constant k>0. 





Ky, = hy = Tiny DR = 1, 2, + 
n+] 
A is divergent if 
Lael. 
($35 4. = 5 occ 
aes 


ais divergent and 
he << 0 1) SS ib 2. coe 


For on the first hypothesis 
ih 
a = (kya, — hq) 


1 
ag< k (Kya, — kgag) 


ay <> (hy 1%n-1 a k nds) 


TESTS OF CONVERGENCE FOR POSITIVE TERM SERIES 107 


Hence adding, 


0<A,<a,+ Cae — kydn) < a,(1 + 2), 


and A is convergent by 80, 4. 
On the second hypothesis, 





an ve Kent 
—= 9 
An+1 k,, 
or = 
An+y > kindy 
RE Og od 


Hence A diverges since £ is divergent. 


95. 1. From Kummer’s test we may deduce D’Alembert’s test 


at once. For take 
k,=k,= +: =1. 


Then A =a, + a, + --- converges if 





K,=—*--12>k>0, 
An+] 
t.e. if e 
an 


Similarly A diverges if sam Zab 


2. To derive Raabe’s test we take 
k, =. 
Then A converges if 
K, =n —(n+1)>k>9, 


An+y 





t.e. if 





n( On 1)>t>1. 


An+4 


Similarly A diverges if 


n( i 1)s 1. 
An+4 
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965 15 Le A=a, +a, -- be a positive term series. Let 


Ay(n) = n( eB 1) 


An+1 








A,r) = bn {n( f= 1)— 1 


An+1 
AC i? Lyn |" es - 1) _ 1|- 1} 


Then A converges tf there exists an s such that 


A(n)ZS>1 = for some n>m; 


tt diverges uf n(n) <1 orem. 
We have already proved the theorem for X,)(n). Let us show 
how to prove it for X,(v). The other cases follow similarly. 
For the Kummer numbers &, we take 





k,,=nlogn. 
Then A converges if 
k, =nlogn. 2 — (n+1) log (n+1)>k>0. 
n+] 
As 1 
n+1= n( + *), 
n 


Ki, = r4(n) — log(1 qe ~)' — log (1 + *) 
= ,(n) — log € + are 
=,(n) —-(1+ 24) a>Q0. 


Thus A converges if A,(n) >8>1 for n>m. 
In this way we see that A diverges if Ay) <1, n>m. 


2. Cahen’s Test. For the positive term series to converge it ts 


necessary that inn ( . 
imnin -—1)—1b = +o. 
ak An+y1 
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For if this upper limit is not + ©, 


nf nf an -1)-1}<@ 
An+{ 


Ar) < log”. gq. 
n 





for alln. Hence 


But the right side +0. Hence A4(v)<1 for n>some m, and 
A is divergent by 1. 


Example. We note that Raabe’s test does apply to the harmonic 
series 





tf 3 cl 
Here 
nf See 1) = 1. 
An+ 1 
Hence Das 0, and 
lim. = 0: 


Hence the series 1) is divergent. 


97. Gauss’ Test. Let A=o,+ 4% 4°" be a positive term series 


h that 
SUC a hp —nt+an t+ Se or 


Os ont 4b be 





where 8, a, ++: 5, ++: do not depend on n. Then A is convergent uf 
a,—6,>1, and divergent if a,—6,<1. 


Using the identity I, 91, 2), we have 
Pn as back pet 





On+1 dee baer 
n 


Thus limd,(v)=4,— 8, Hence, if a,—6,>1, A is conver- 
gent; if a,—6,<1, it is divergent. If ay—})= 1, Raabe’s test 
does not always apply. To dispose of this case we may apply 
the test corresponding to A,(%)- Or more simply we may use 
Cahen’s test which depends on ),(”). We find at once 


lim P, =a, — 6, -—0,< © 3 
and A is divergent. 
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98. Let A=a,+a,+ °° be a positive term series such that 


Meoyeg haa tele w>l, 8,<o. 
An+1 fo ir 
Then A is convergent if «>1 and divergent ae 


For 





Aon) = n( On -1\=0+ Diea, 


u—l 
n+1 n 


and A converges if « > 1 and diverges ifie 2 18 Wl itec=sl5 





NGS RONG) 1 Eta eRe 


ntl 
and A is divergent. 


EXAMPLES 
99. The Binomial Series. Let us find for what values of # and 
p the series 
-p—1 pop—l-p—2 
sD RR on al ack 
converges. If wis a positive integer, B is a polynomial of degree p. 
For »=0, B=1. We now exclude these exceptional values of u. 
Applying D’Alembert’s test to its adjoint we tind 


fun} [Rote |x| = |a|. 


Thus B converges absolutely for |z| <1 and diverges for |z|>1. 
cid =) ee ner 


Rai Bopbesly tie ba ges ee 
Mate ae ore” 


Here D’Alembert’s test applied to its adjoint gives 


SY OE 
An nN 








As this gives us no information unless »<—1, let us apply 
Raabe’s test. Here 





nf a — 1)= ace , for sufficiently large n 








n 
=1+uh. 
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Thus B converges absolutely if »>0, and its adjoint diverges 
if 4<0. Thus B does not converge absolutely for »<0. 

But in this case we note that the terms of B are alternately 
positive and negative. Also 





On+y| yi 4), 
as n 











so that the |a,| form a decreasing sequence from a certain term. 
We investigate now when a,+=0. Now 





OS jase cathe Se ase = Been Sy (= 


ia 22 So G00 97) 


In I, 143, let w=—p, 8=1. We thus find that lim a, = 0 only 
when p»>—1. Thus B converges when p>— 1 and diverges 
when p<—l. 


LTetx=—1. Then 
a sorted barney 
Pole e e 


162 te 2.3 
If »>0, the terms of B finally have one sign, and 
ak 


Hence B converges absolutely. 


Un 





—1)=1tm 








An+y 


If »<0, let p= —2d. Then B becomes 
Naavebe we tke ee 4 








tase a eee 
Here ( 1) 1-r> =4_y 
nN —_— = — ° 
. An+y oe ee 
n 


Hence B diverges in this case. Summing up: 

The binomial series converges absolutely for |x|<1 and diverges 
for |z|>1. Whenz= 1 it converges for p> —1 and diverges for 
w<—l1; tt converges absolutely only for p>0. When c=— 1, wt 
converges absolutely for p> 0 and diverges for »<. 
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100. The Hypergeometric Series 


ant a-8 a:a+1-B-B+1 . 
E> Bs: 2) Se ray ie aa ee aT 4 


er City STE Ea Gots As ee 
Le 2 Soyer? y +2 








Let us find for what values of x this series converges. Passing 
to the adjoint series, we find 
An+2 | (a+n)(B +n) -|2|=|a}. al 
Ans (n+1)\(y+n) 











Thus F' converges absolutely for |2|<1 and diverges for |x| > 1. 
Letx=1. The terms finally have one sign, and 


Oy Vtnd+y+y7. 
Aso N+n(a+ B)+ a8 
Applying Gauss’, test we find # converges when and only when 
Cp Y= 0: 


Letx=—1. The terms finally alternate in sign. Let us find 
when a,=0. We have 


hoes tees C+): G@+nB+l) (B+n)- 
y (+41): (l+n)(y+1)-:- (y +n) 


«+m=m(1+45) ; B+m=m(1+8), 


™ 








ii 1 
1+— ghee Tae 
m 


where o,, = 1, t,, = ry? as m= oo. 
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and thus 


L=lim log | @qi9| = 2y lm 
1 


Now for a, to = 9 it is necessary that L,=—o. In 88, Ex. 3, 
we saw this takes place when and only when @ + B-y-1<9. 
Let us find now when | a,.1|<|4n|- Now 1) gives 


An+2 


a= 148+ 8— yo? yo 


n2 








Ant 


Thus when «+ 8—y—1<9, ldnia|<|@ni1|- Hence in this 
case F is an alternating series. We have thus the important 


theorem : 


The hypergeometric series converges absolutely when \x|\<1 and 
diveryes when li 1. When x=1, F converges only when «+ B 
—y<0 and then absolutely. When c=—1, F converges only 
when a+ B—y—1<0, and absolutely if «+B—7<9%. 


Pringsheim’s Theory 


101. 1. In the 35th volume of the Mathematische Annalen 
(1890) Pringsheim has developed a simple and uniform theory of 
convergence which embraces as special cases all earlier criteria, 
and makes clear their interrelations. We wish to give a brief 
sketch of this theory here, referring the reader to his papers for 
more details. 

Let M, denote a positive increasing function of whose limit 
is +0 forn=o. Such functions are, for example, # > 0, 


nm , logen , vn 4 Lynlyn ++ 1,_ynle n 
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A“, where A is any positive term divergent series. 


B,-" where B is any positive term convergent series. 


a nm 
eum, (e") ' (ce ) : an etn 


It will be convenient to denote in general a convergent positive 


term series by the symbol 
C= Cy 4. Cy a 


and a divergent positive term series by 


D = d, + d, + oe 
2. The series 


Se ee eee 
(= Pannier => (ag ae ye c 


is convergent, and conversely every positive term convergent series 
may be brought into this form. 


For 





and Cis convergent. 


Let now conversely C=c,+ e+ +: be a given convergent 
positive term series. Let 





Coals 
Then gon sk, ii 1 
| n Mey 
38. The series 
D=3(M,,,— M,) (2 


v8 divergent, and conversely every positive term divergent series may 
be brought into this form. 


For 


D, = (My — My) 


= M,.,-M,= +0. 
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Let now conversely D=d,+d, + --- be a given positive term 
divergent series. Let 
g ies e De 


eR ei M. 


102. Having now obtained a general form of all convergent 
and divergent series, we now obtain another general form of a 
convergent or divergent series, but which converges slower than 
1) or diverges slower than 101, 2). Let us consider first con- 
vergence. Let M, < M,, then 


1 vi 
Sn m,) f 

is convergent, and if Mj, is properly chosen, not only is each 
term of 1) greater than the corresponding term of 101, 1), but 1) 
will converge slower than 101, 1). For example, for Mj, let us 
take M“,0<p<1. Then denoting the resulting series by 
C' = ce, we have 

a Me, — ME MM 

C,  MéM%,, Mau—M, 








1 — 7" 
= 1 Ee 
aon nt+1 








ele (2 


Thus (’ converges slower than C. But the preceding also 
=] Wes 
shows that C@’ and > M..—-M, 5 

Miaglls 
converge equally fast. In fact 2) states that 
cl ~c, Mi". 


Since M, is any positive increasing function of m whose limit 
is «0, we may replace M, in 3) by 1,M,, so that 


1M, — 1M, 





L Mat MM, 
is convergent and a fortiori 
> ae ee pases oy ue (4 
My 


is convergent. 
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Now by I, 418, for sufficiently large n, 


Ts Mn+ oa s = Mn+ = iby 
Hs bre Mea 





log M,.. — log M, = — log( 


Replacing here M, by log M,, we get 


log M,., — log M, = Mwy —- Me, 
log Mn+1 M,,+1 log M+ 





1,Mn+1 iat IM, = 
and in general 


; JU ee oe M,, 0 5 
LM v1 ~ pM, a Massy Mass = 1,7 Mn 





Thus the series 
Mera M, 


(6 
MiMi Pee Ly My Mie 





converges as is seen by comparing with 4). We are thus led to 
the theorem : 


The series 
pe nesta oe Lh +4 — +n Vs Gi 
M, ee id bel 7 he 
= NYE AYE 


n+] n r= 1, 2, acng p> 0 
1 UU) ae Been pete Lote Tee 


form an infinite set of convergent series; each series converging 
slower than any preceding tt. 


The last statement follows from I, 463, 1, 2. 


Corollary 1 (Abel). Let D=d,+d,+ ++ denote a positive term 
divergent series. Then 

dy 

Wie 





w>9 


28 convergent. 
Follows from 3), setting M,,, = D,. 
Corollary 2. If we take M, =n we get the series 91, Ex. 2. 


Corollary 3. Being given a convergent positive term seri-s 
ay, . ‘ 
C= cy + C,+ +++ we can construct a series which converges slower 


than C. 
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For by 101, 2 we may bring C to the form 


pe n+] M,. 


MM... 


Then any of the series 7) converges slower than C. 


103. 1. Let us consider now divergent series. Here our 
problem is simpler and we have at once the theorem : 


The series 5 
p= > Mn=™ — 3a, qa 
1 n 
diverges slower than 
> (M1 — M,) = =d,. @ 


That 1) is divergent is seen thus: Consider the product 


: Mee iG aye i. 
= fe = |i (ae 
ee (1+ Mn ) 


ght 


= Mins 
M, 
which obviously = 2. 
De P,= (+ dA ay) A+ ae) 
=14+(d@,4+--+4,) + (dd, + dydg + -**) 
+ (diddy +) +0 + Aydg sd 
<1+D,+5Di+ +h Dice cet, 
Hence D, = © and D is divergent. 
As Grp = 0 
d, M, 
we see that 1) converges slower than 2). 
2. Any given positive term series D=d,+d,+ +: can be put in 
the form 1). 


For taking M,>0 at pleasure, we determine M,, M,--- by the 


relations DET ed pes ice 
oo n 


nT 
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Then M,,, >, and 


Moreover M,=o. For 


My (14 d,) «(1 +s) 
M, 

SACI AROSE 
But.) =2'co. 


8. The series > (eilhee ee M,) = Pais 
1 


pee BL Sh Ss 
1 M, LM, aa LM, 


form an infinite set of divergent ser.es, each series divergent slower 


than any preceding it. 1,M,=M,. 





Hee log M,,,, — log M, = log ( ve ee) 
< Mn — M, R 


n 


This proves the theorem for r=0Q. Hence as in 102 we find, 
replacing repeatedly M, by log M,, 





Mn, — UM, 
Vp de Mg See oe 3 
rt1t*nty +4 << W1,M,--1,M, G 


Corollary 1. If we take M,=n, we get the series 91, Ex. 2. 
Corollary 2 (Abel). Let D=d,+d,+ --- be a divergent positive 
term series. Then q 
27, 
ts divergent. 
We take here M, = D,,. 


Corollary 3. Being given a positive term divergent series D, we 
ran construct a series which diverges slower than D. 
For by 101, 3 we may bring D to the form 
2(M,.— M,). 
Then 1) diverges slower than D. 
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104. In Ex. 3 of I, 454, we have seen that M,,, is not always ~ 
M,. In case it is we have 


1. The series 


M,, 
> B>O , Miiy~M, 


is convergent. 
Follows from 102, 3). 


2. The series 





ea My ~M, 
is convergent if w>0; it is divergent of w< I. 
For Cn ee Mew MS i 0: 
ey MyM, < MyM, 
oh My, a Me? . 
If <0 Mass = Te X Mey — Mo 


8. Tf Muy ~ My we have 


M4—, May — lM, 
1 M, Tas Li M,,~ n+] n n+] n 
a et ie M, rE L af, eeMie 1, Moe L Me 


For by 102, 5), 103, 3), 
LiMn - UM, 





Zé M +1 we M,, 
M,1,M, a 1M, 


M4—M, 
x L eM pelea’ 
Mh Mir ote pled be ie >. ie 


Now since M,,,~ MU, we have also obviously 


Un ~ Un Ms m= 1, 2,-+-7. 





105. Having obtained an unlimited set of series which converge 
or diverge more and more slowly, we show now how they may be 
employed to furnish tests of ever increasing strength. To ob- 
tain them we go back to the fundamental theorems of comparison 
of 87. In the first place, if A= 4+ %+ .is a given positive 
term series, it converges if 


2<Q@ G@>0. da 


= IF 
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It diverges if ie Q 


n 


In the second place, A converges if 


An+y = Cr+) <A 0, (3 
An, Cn < 
and diverges if 
3 Aney _ Insy 0: (4 
Ay dn 


The tests 1), 2) involve only a single term of the given series 
and the comparison series, while the tests 3), 4) involve two 
terms. With Du Bois Reymond such tests we may call respec- 
tively tests of the first and second kinds. And in general any 
relation between p terms 


Any An+49 °°" Untp-1 
of the given series and p terms of a comparison series, 


Cas Onis “aeenspay mn Ol Ins Gatyeet* Inip 
which serves as a criterion of convergence or divergence may be 
called a test of the p™ kind. 
Let us return now to the tests 1), 2), 3), 4), and suppose we 
are testing A for convergence. If for a certain comparison 


series C’ 
a not always <@G@ , n>m 


it might be due to the fact that c, = 0 too fast. We would then 
take another comparison series C'= Xc}, which converges slower 
than C. As there always exist series which converge slower thati 
any given positive term series, the test 1) must decide the con- 
vergence of A if a proper comparison series is found. ‘To find 
such series we employ series which converge slower and slower. 
Similar remarks apply to the other tests. We show now how 
these considerations lead us most naturally to a set of tests which 
contain as special cases those already given. 


106. 1. General Criterion of the First Kind. The positive term 
series A=a,+a,+ +: converges if 
“rece | etd PZE 
Tin} Soo. i 
Mis ae M, ‘ ( 
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It diverges if : M, 

it <a 

lim Mf... a, > 0. (2 
This follows at once from 105, 1), 2); and 101, 2; 108, 1. 
2. To get tests of greater power we have only to replace the 
series 
pees ‘ yeas” 
Moet, M, 


just employed in 1), 2) by the series of 102 and 103, 3 which con- 
verge (diverge) slower. We thus get Liem. L: 


The positive term series A converges uf 





—- M,,,M* 2) BP OA ae F 
lini, ——241—2— a, or lim —"1—# ro] nt] rr 8g, <<. 
Mi aa M, ; Maa a M, -e be 
eT: lim MlM, 1M, a0, 
—— n+1 n 


Bonnet’s Test. The positive term series A converges se 
lim nl,n --- U,_ynlittn -d,500 5 BS 0. 
Tt diverges if 
gay lim nln + Uns a, > 0: 


Follows from the preceding setting M,=n. 


3. The positive term series A converges or diverges according as 


et Mne, 
ee 3 
n+] — n M+ ~~ Wi be 
gress 
For in the first case 
Ws = Mot. uM ’ Vd Z 0, 
and in the second case < 
i Meas =a wen 


The theorem follows now by 104, 2. 


4. The positive term series A converges if 





Ms My. — Mn Wy bE Nee 

a ; Mi, 1,M, +++ Man On 
lim = >0 or lim >0. 
—— M, a ae Le1 nh 
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It diverges if 





Mihov = M,, a ea NU 
ae «1B WT Mages delete Le 
lim ve KG 0 or lim (oF Ma Lata wee 


Here r =0, 1, 2,-++ and as before 1,M, = M,. 
For taking the logarithm of both sides of 3) we have for con- 


vergence log Mn elt 


a 
See ee A 
q UM, aaa 


As wis an arbitrarily small but fixed positive number, A con- 
verges if limg>0. Making use of 104, 3 we get the first part 
of the theorem. The rest follows similarly. 


Remark. If we take M,=n we get Cauchy’s radical test 90 
and Bertram’s tests 93. 


For if log ely = 
On = log (ees log Va, >" >0, 
n n 
it is necessary that eet 
Also if ; ; 
it 
ee a ee log — 
“ a,nln +++ ln os °8 a,nln ++ l,_n de ln 
L442 Lyn 
Sane annlyn --+lr i> p> 0, 
bun 
it is necessary that 1 
log ——_—_——__ 
a nln ee l,_yn = et iss 1, 
Lat m 


107. In 94 we have given Kummer’s criterion for the conver- 
gence of a positive term series. The most remarkable feature 
about it is the fact that the constants k,, k++» which enter it are 
subject to no conditions whatever except that they shall be positive. 
On this account this test, which is of the second kind, has stood 
entirely apart from all other tests, until Pringsheim discovered its 
counterpart as a test of the first kind, viz. : 
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Pringsheim’s Criterion. Let py, pa: be @ set of positive numbers 
chosen at pleasure, and let P,=py+-' + Pn The positive term 
series A converges if 








log Pn 
lim p >0. qd 
For A converges if r 
log Mas a M, 
lim a >0 , by 106, 4. (2 


But M,,,— VM, = dn is the general term of the divergent series 
D=d,+d,+ >> 
Thus 2) may be written 





log 
og (a 
li Le 0, 
i D, a 
Moreover A converges if 
Sn >r>I, 
an 
that is, if lim “= >0 
eer 


where as usual C= c,+¢,+-* is a convergent series. 
Hence A converges if Cn 


lim 22 >0. 4 
gee ( 


But now the set of numbers py, P, °° gives rise to a series 
P=p, +p," which must be either convergent or divergent. 
Thus 3), 4) show that in either case 1) holds. 


108. 1. Let us consider now still more briefly criteria of the 
second kind. Here the fundamental relations are 8), 4) of 105, 
which may be written: 








Cant 4 _¢, >0 for convergence; Os 
An+4 
dast an _ qd, <0 for divergence. (2 


An+4 
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Or in less general form: 


The positive term series A converges if 








lim (es a ry cn) > 0. G 
n+] 
It diverges if 
iim (dae eae a,)< 0. (4 
An+1 


Here as usual C=c,+¢,+ --- is a convergent, and D=d,+d,+-: 
a divergent series. 


2. Although we have already given one demonstration of 
Kummer’s theorem we wish to show here its place in Pringsheim’s 
general theory, and also to exhibit it under a more general form. 
Let us replace c,,¢,,, in 1) by their values given ing L0t 32: 
We get 

Maca te eee Mn 9, 


n+2 Any i 
ince 
ee May > Me, 
Mog = Mn} an i Mi. <s M, > 0, 
n+1 An+4 n 
or by 103, 2 


dyer ee OR 


n+] 





where D=d,+d,+ + is any divergent positive term series. 
Since any set of positive numbers ky, ky, «++ gives rise to a series 
ky +k, + +» which must be either convergent or divergent, we see 


from 1) that 5) holds when we replace the d’s by the k’s. We 
have therefore: 


The positive term series A converges if there exists a set of positive 
numbers k,, ky -+. such that 


Un 





Keniy—*- — kh, > 0. (6 
Bn+y 


It diverges if 





ane dao 


An+4 


where as usual d, + d, + +. denotes a divergent series. 
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Since the #’s are entirely arbitrary positive numbers, the rela- 
tion 6) also gives 
A converges if 


a 
ka — ky S03 
An+y 





as is seen by writing 

w 1 

7 
ki, 


reducing, and then dropping the accent. 


ke, 


3 From Kummer’s theorem we may at once deduce a set ot 
tests of increasing power, Viz.: 


The positive term series A is convergent or divergent according as 


Miro Mwy 3 Ca May = M, 
Mayo vee UM Uti MLM 1M, 
is > 0 or is <0. 





For ky, k, ++ we have used here the terms of the divergent 
series of 108, 3. 


Arithmetic Operations on Series 


109. 1. Since an infinite series 


A=, + 4+ 43° a 
is not a true sum but the limit of a sum 
A=limA,, 
n =o 


we now inquire in how far the properties of polynomials hold for 
the infinite polynomial 1). The associative property is expressed 
in the theorem : 

Let A=a,+a,+ °* be convergent. Let b= a+" + On,» 
Oa RR wae ines Pe a Then the series B=6,+ by + +17 18 con- 
vergent and A= B. Moreover the number of terms which b, em- 
braces may inerease indefinitely with n. 


For prey 


and lim A . 
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This theorem relates to grouping the terms of A in parentheses. 
The following relate to removing them. 

2. Let B= 6b,+6,4+ --- be convergent and let by =a,+ --- + Ans 
bb =Anar te Hams Tf 1° A=a,+a,+ --- 78 convergent, 
Meer: 2° If the terms a,>0, A ts convergent. 3° If each 
Myz—Mn_1 <p a constant, and a, = 0, A is convergent. 

On the first hypothesis we have only to apply 1, to show 
A= 8. On the second hypothesis 

e>0, mM, B, <e, n>m. 


Then B-—A,<e, 8 >™M,. 


On the third hypothesis we may set 
A, = Bio), 


where 0}, denotes a part of the a-terms in 6,4, Since 6,,, con- 
tains at most p terms of A, 0/.,,= 0. 


Hence hives lime Ont 1 


Example 1. The series 
B= aby (eter (aye 
is convergent. The series obtained by removing the parentheses 


A=1-—-1+41-14... 
is divergent. 


Example 2. 


1 1 1 1 iL 
A =1— -— 
(es Pe a es aye ee 


Da lespme ee wee 


n(n-+a) 














As B is comparable with ee it is convergent. Hence A is 
n 
convergent by 3°. 


110. 1. Let us consider now the commutative property. 


Here Riemann has established the following remarkable 
theorem : 
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The terms of a simply convergent series A= a,+a,+ “can be 
arranged to form a series S, for which lim S, is any prescribed 
number, or +0. 


For let Reseach a 
C=e,+%+ -- 
be the series formed respectively of the positive and negative 
terms of A, the relative order of the terms in A being preserved. 
To fix the ideas let J be a positive number; the demonstration 
of the other cases is similar. Since B,= + ©, there exists an m, 
such that 
B,, > |. el 


Let m, be the least index for which 1)is true. Since C,=—, 
there exists an m, such that 


Bay + Ong < U- @ 


Let m, be the least index for which 2) is true. Continuing, 
we take just enough terms, say m, terms of B, so that 


By: Cog Brig, ms > 
Then just enough terms, say m, terms of CO, so that 
Bry + Cm + Bram, + CF ae 
etc. In this way we form the series 
S = Bu, + Cry t+ Bory mat °° 


whose sum isl. For 
\a;<€ sO; 


also r, = M,+M,+ +m, > N. 

BO 11-S,|<|ayl<e  forn>o. 

2. Let A=a,+a,+ - be absolutely convergent. Let the terms 
of A be arranged in a different order, giving the series B. Then B 
is absolutely convergent and A= B. 


For we may take m so large that 


An <& 
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We may now take n so large that A, — B, contains no term 
whose index is<m. Thus the terms of A,—B, taken with 
positive sign are a part of A,, and hence 


‘A Bale eae n>m. 


Thus B is convergent and B= A. 
The same reasoning shows that B is convergent, hence B is 


absolutely convergent. 


8. If A=a,+a,+ + enjoys the commutative property, it ts 
absolutely convergent. 


For if only simply convergent we could arrange its terms so as 
to have any desired sum. But this contradicts the hypothesis. 


Addition and Subtraction 


Ill. Let A=a,ta,t+: , B=b,+6,4+-- be convergent. 
The series 
C= (a, +6,) + (@245,) +- 


are convergent and C=A+ B. 


For obviously C, =A, + B,. We have now only to pass to the 
limit. 


Example. We saw, 81, 3, Ex. 1, that 


is a simply convergent series. Grouping its terms by twos and 
by fours [109, 1] we get 


< 1 i < 1 1 1 1 
hiss =e (4-5 nel Ree IS 
> 2n—1 2n p> 4n—3 SD Tee) | 


Let us now rearrange A, taking two positive terms to one nega- 
tive. We get 
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We note now that 


3 il 
>(y-pstn-b)t3 1 1 
ee Age hi] By 3) sna) 


> Lad aici. | 1 A 1 
>i Cece eat ee GS-8) 




















= 1 1 1 

Sashtesc d 
= B by 109, 2. 

Thus B=3A. 


This example, due to Dirichlet, illustrates the non-commutative 
property of simply convergent series. We have shown the con- 
vergence of B by actually determining itssum. Asan exercise let. 
us proceed directly as follows : 

The series 1) may be written: 





See 
8n—3 ae bed n 
2 a= Dae) ee 2(4-2)(4-5) 


Comparing this with 
1 
Qa 
we see that it is convergent by 87, 3. Since 1) is convergent, B 
is also by 109, 2. 


112. 1. Multiplication. We have already seen, 80, 7, that we 
may multiply a convergent series by any constant. Let us now 
consider the multiplication of two series. As customary let 


Sab. t, e= 1, 2,3, +> . el 


denote the infinite series whose terms are all possible products 
a,- 6, without repetition. Let us take two rectangular axes as in 
analytic geometry 5 the points whose cobrdinates are z=4, Y=K 
are called lattice points. Thus to each term a,b, of 1), cor- 
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responds a lattice point ¢, « and conversely. The reader will find 
it a great help here and later to keep this correspondence in mind. 


Let A=a,+a,++, B=, +&+-- be absolutely convergent. 
Then C= Dab, is absolutely convergent and A. B=C. 


Let m be taken large at pleasure; we may take n so large that 
T,—An:B, contains no term both of whose indices are < m. 


Then Lee A,,Bn< a, Brn an ty Bm a eeoo = Om Bin 


+ ByAn+ ByAm+ + + BnAm 
<AnBn + BmAm 
<e for m sufficiently large. 


Hence limT,=A-B 


and C is absolutely convergent. 
To show that C= A- B, we note that 


| OC, — AnBm | =T;, — AmBu <€ N> Np: 
2. We owe the following theorem to Mertens. 


If A converges absolutely and B converges (not necessarily abso- 
lutely), then 


C= aby + (ag + gby) + (ayb3 + Agbg + agb,) + + 
is convergent and C= A- B. 
We set C= c+ cg + 63+ AE 
where ¢, = a,b, 
Cy = 446, + agb, 


Cg = Aybg + Agby + ag, 


Cy = a,b, + dgbn_1 + Agdng tore + a,b,. 
Adding these equations gives 
C, = a,B, + a,B,-1 + a,B,,_» + Wey + a,B,. 
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But x 
B= B— B,, m= 1, 2, +: 
Hence Au z a 
C, = a,(B — B,) + 4,(B— B,4)+ ++ +4,(B— By) 
= Bla, +>: +4,)= (a,B,, foie + a,B,) 
= A,B + Ans 
where 


ad. = a,B,, + pel EDA eee ea, By. 


The theorem is proved when we show d,=9. To this end let 
us consider the two sets of remainders 


Ny tng =n. 


eee Bran Byes 


Let * each one in the first set be |<| M,, and each in the second 
set | <|M,. Then since 


RN CN ERG Seas dn, Buti) + Gaya + + a,,By), 
| dy | << M,( 4, obo sues =i a, y+ My (4n,+1 ap a0 ar On) 
< MyA,, + MyAn, < MA + M,A,,- qi 
Now for each e > 0 there exists an 7, such that 
€ 
Ma <9" 


also a v, such that 





~v € 
ie 2M, No > Vs 
Thus 1) shows that |d,|<e 
3. When neither A nor B converges absolutely, the series C 
may not even converge. The following example due to Cauchy 
illustrates this. ; 7 A 
As —— ee a 
At RES 
1 1 1 a 
pes ee w = A. 
iy av2u 380i v4 


* The symbols |< |, | <| mean numerically <, numerically <. 
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The series A being alternating is convergent by 81, 3. Its 
adjoint is divergent by 81, 2, since here w#=}. Now 





Ml. give etme. 1 
Vesa sacs =H 
i a Lape 1% 1 
P= 4 SS eS — se8 
(44 +55aw 








== Cy + Cae Cg tence 
1 1 i 1 1 1 

bs = ee Se TT 
|| ViIvn—1 V2Vn—-2 Vn—-1 Vv 
By I, 95, 


and 





=| 


Vm(n —m) ae: 
H 
ence Rene kT eo Was eit: 
Vm(n —m)~ n 


Hence ( is divergent since ¢, does not = 0, as it must if C 
were convergent, by 80, 3. 


4. In order to have the theorems on multiplication together, 
we state here one which we shall prove later. 


Tf all three series A, B, C are convergent, then C= A-B. 


113. We have seen, 109, 1, that we may group the terms ofa 
convergent series A= a, +4,+ -:: into a series B=b,+h4+ -- 
each term 6, containing but a finite number of terms of A. It is 
easy to arrange the terms of A into a finite or even an infinite 
number of infinite series, B’, B’, B’'’..-. For example, let 


BY = ay + p41 + Aapsy + 2° 
BU = ay + Ap ig + Uaptg + °° 
Bw = ay + don tL Ag + eee 
Then every term of A lies in one of these p series B. ‘To decom- 
pose A into an infinite number of series we may proceed thus: 


In B’ put all terms a, whose index n is a prime number ; in B"’ 
put all terms whose index n is the product of two primes; in 
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B™ all terms whose index is the product of m primes. We ask 
now what is the relation between the original series A and the 
series B’, B’'..-- 

Tf A=a,+a,+--- 8 absolutely convergent, we may break it up 
into a finite or infinite number of series B', B'', B'', --- Each of 
these series converges absolutely and 


Fee fasta hee FL ae 


That each B™ converges absolutely was shown in 80, 6. Let 
us suppose first that there is only a finite number of these series, 
say pofthem. Then 

A, = Bi + Blt + BP nam tot ty 


As n=o0, each ny, mg: =. Hence passing to the limit 
n =, the above relation gives 


A=Bi+B"' +--+ B. 
Suppose now there are an infinite number of series B™. 
Set BaeB+ B+ BU + 


We take v so large that A— B,, n>», contains no term 4, of 
index <m, and m so large that 
Am < € 


en [A= B,\s4.<€. n>. 


Two-way Series 


114. 1. Up to the present the terms of our infinite series have 
extended to infinity only one way. It is, however, convenient 
sometimes to consider series which extend both ways. They are 


of the type 
+ Agt ao +a_y~tAt dy + 4 + ag +s 


which may be written 
dy + a + 4 + feeb Oy + Og Fe" 
or Ea,. a 
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Such series we called two-way series. The series is convergent 
if n=s 
lim a, (2 
rT, s=0 n=—-1r 
is finite. If the limit 2) does not exist, A is divergent. The ex- 
tension of the other terms employed in one-way series to the 
present case are too obvious to need any comment. Sometimes 
n=0 is excluded in 1); the fact may be indicated by a dash, 


thus >/ Ga. 


2. Let m be an integer; then while n ranges over 
SiS RS aera el oes t 


v=n-+m will range over the same set with the difference that v 
will be m units ahead or behind m according as mZ20. This 
shows that 


fo a} a 
PIES PH ee 
n=—o n=— 00 


Similarly, sess 
3. Example 1. @ SS enetant 


2) 


== 7 + ette ae e2z+sa ve e3t+3a sp vee 
ae ezta ae e72xt4a + e 8tt9a .,, 


This series is fundamental in the elliptic functions. 





Example 2. 1 <2 1 =A) 
n 


| 
al 


1 il te 1 
=- = II Mi Soe Se or 
le +s 5) + 


1 1 1 
+(—4, 1) ( 5) eee 
Rae Nis —-F ETM, oe 








The sum of this series as we shall see is 3 cot rz. 
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115. For a two-way series A to converge, tt 18 necessary and 
sufficient that the series B formed with the terms with negative indices 
and the series O formed with the terms with non-negative indices be 
convergent. If A ts convergent, A= B+ (t. 

It is necessary. For A being convergent, 

|A—B,—C,|<e/2 , |A— B,— C,|<e¢/2 
if s,s) >some o andr > some p. Hence adding, 
| Cc — Co | —< €, 
which shows (is convergent. Similarly we may show that B is 
convergent. 
Tt is sufficient. For B, C being convergent, 
|B—B,|<e/2 , |@—- 0,|</2 
for r, s>some p. Hence 
[B+ C—(B,+ Ql <s6 


a |B+C—3a,|<e 


8 ins eB. 


Example 1. The series 


tse) a 


ip Ie i 


is absolutely convergent if #0, +1, +2,°° 








44 irae uelc Noel 
ln lotn n| [n?+ne| 
¥ = 
uienge Sa, and 2a, 
0 —o 


are comparable with 35: 
1 


Example 2. The series 
Q(z) = Senztan® a arbitrary (2 


is convergent absolutely ifa<0. It diverges ifa>09. 
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Here 


n=—n,n'>0 N/a, = e-7e™ = 0 ifa<0 


=o iO: 

The case a = 0 is obvious. 

'Thus the series defines a one-valued function of x when a< 0. 
As an exercise in manipulation let us prove two of its properties. 

1° Oz) ts an even function. 

For bs 
@C-— Zz) — Se nztan?, (3 

—o 


If we compare this series with 2) we see that the terms corre- 
sponding to n= mand n = — m have simply changed places, as the 
reader will see if he actually writes out a few terms of 2), 3). 
Cf. 114, 2. 

2° O@ + 2ma)y=e-™'™O(xz), m=+1, +2, + 

For we can write 2) in the form 


Dene onena)e 


Thus 


_(a@t+2ma)y®? 4 (w+2(m+n)a)? 


OG + 20) =n et > cee” 


— e7m(z+ma) x e i de 4a 


which with 4) gives 3). 


CHAPTER IV 
MULTIPLE SERIES 


116. Let e=2,,-:+2, be a point in m-way space ®,,. If the 
codrdinates of x are all integers or zero, x is called a lattice point, 
and any set of lattice points a lattice system. If no codrdinate of 
any point in a lattice system is negative, we call it a non-negative 
lattice system, etc. Let f(a,---%,) be defined over a lattice 
system t=t,,-++tm. The set {f(t -++4,)} 1s called an m-tuple 
sequence. It is customary to set 


Fy Fi bmn) — Dy wee Une 
Then the sequence is represented by 


Aish a paiats 
The terms limA , imA , limA 


AS t, +++ t, converges to an ideal point have therefore been defined 
and some of their elementary properties given in the discussion 
of I, 314-328; 336-338. 

Let v= 21°%m Y=Y1° Ym be two points in Ne. at 
Y1 2 Uy Ym 2 Um We shall write more shortly y>a. If z 
ranges over a set of points 2! > 2! > a!!! ... we shall say that x is 
monotone decreasing. Similar terms apply as in I, 211. 


ad Fy Ya) 2 fC tn) 
when y > 2, we say f is a monotone increasing function. If 
FG. Ym) SPQ ms YY 2 
we say f is a monotone decreasing Funetion. 


Similar terms apply as in I, 211. 
137 
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117. A very important class of multiple sequences is connected 
with multiple series as we now show. Let a,,...., be defined over 
a non-negative lattice system. The symbol 

> reaction =0,1,--7, 5 t= 9, 1, +++ Un (1 
or Sales Th OtrApee 
0 
denotes the sum of all the a’s whose lattice points lie in the rec- 
tangular cell 0<2,<», ols Ole eS ve. 
Let us denote this cell by R,,...,, or by &,. The sum 1) may be 
effected in a variety of ways. ‘To fix the ideas let m=3. Then 


A, SS Sage S Sa, 5 Sze 
; 0 0 0 0 00 0 


etc. In the first sum, we sum up the terms in each plane and 
then add these results. In the second sum, we sum the terms on 
parallel lines and then add the results. In the last sum, we sum 
the terms on the parallel lines lying in a given plane and add the 
results; we then sum over the different planes. 

Returning now to the general case, the symbol 


Ade are Ul, «2+ by, = 0, 1, ++ 00, 
oo 
or 9 PX ere: 
0 1 m 


is called an m-tuple infinite series. For m=2 we can write it 
out more fully thus 
Aggy + Aq + Aq + °° 


HF Ayy + Ay + Ay + °° 
Hay + Ay, + gg +o 
+ S00 SoG ate eO0G Oho cod 


In general, we may suppose the terms of any m-tuple series dis- 
played in a similar array, the term a,...., occupying the lattice 
point +=(4---4,). This affords a geometric image of great 
service. The terms in the cell R, may be denoted by A,. 

If lim 4, ...v,. = lim’ A; (2 


Vyrte mo v==00 
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is finite, A is convergent and the limit 2) is called the sum of the 
series A. When no confusion will arise, we may denote the series 
and its sum by the same letter. If the limit 2) is infinite or does 
not exist, we say A is divergent. 

Thus every m-tuple series gives rise to an m-tuple sequence 
{A,,..mt: Obviously if all the terms of A are >0 and A is diver- 
gent, the limit 2) is + 0. In this case we say A is infinite. 

Let us replace certain terms of A by zeros, the resulting series 
may be called the deleted series. If we delete A by replacing all 
the terms of the cell R,,...,, by zero, the resulting series is called 
the remainder and is denoted by a. or by A,. Similarly if 
the cell R, contains the cell #,, the terms lying in R, and not in 
R,, may be denoted by A, ,. 

The series obtained from A by replacing each term of A by its 
numerical value is called the adjoint series. Ina similar manner 
most of the terms employed for simple series may be carried over 
to m-tuple series. In the series 2a,,...,, the indices « all began 
with 0. There is no necessity for this; they may each begin with 
any integer at pleasure. 


118. The Geometric Series. We have seen that 
a 





=l+a+a+--. ja|<1, 

l-—a 

i 

a | b 2 ose bil. 

can + 6+ 0%°+ |5| 
Hence 1 @ 

Se ee 

(La) (i) ee 


for all points a, 6 within the unit square. 
In general we see that 


G = VaMmgpe --» Lyn 
is absolutely convergent for any point x within the unit cube 


0<|z|/<1 c= 1, 2,---n, 
and 1 


¢= Grapd-4) -d-%) 
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119. 1. Itis important to show how any term of A = 2a... can 
be expressed by means of the A,,....,- 


Let Dr sgtay a, — 7, a Bi, Te Aye te ad 

Then Dis, aR PAD eas Aphen dere, wl ee 

Let Dyin vete Digs Oat an (3 
Similarly 

Balas Di ah bor, Ga ene ee ree (4 

Di singh og Dyan) peak ees (5 

“ 
Finally Dea) eis (6 
and Dey aD, Ae (7 


If now we replace the D’s by their values in terms of the A’s, 
the relation 7) shows that a,,...,, may be expressed linearly in 
terms of a number of 4,,...,,, Where each pw, = , or v, — 1. 

For m = 2 we find 


Ayr, a Aye a ATL il Ay =i AP, (8 


2. From 1 it follows that we may take any sequence {A,,.....$ 


to form a multiple series 
INE 


This fact has theoretic importance in studying the peculiarities 


that multiple series present. 


120. We have now the following theorems analogous to 80. 
1. For A to be convergent it is necessary and sufficient that 
e>0, @p, | ae el ce ie ae elon. 
2. If Ais convergent, so is A, and 
A, =A—A,=lim A, ». 


Conversely if A, is convergent, so is A. 
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3. For A to converge it is necessary and sufficient that 


lim’ A, = 0. 


v= 
4. A series whose adjoint converyes 1s convergent 


5. Let A be absolutely convergent. Any deleted series B of A is 
absolutely convergent and Nee Sal ae IN 


6. If A= Za,..u, 18 convergent, so is B= Zka,,. and 


B=kA, k a constant. 
121. 1. For A to converge it is necessary that 
Te eee 
For by 120, 1 


ee yy Ou. ever 0,as v=o. 


SOR) 3 
| Axe... Xen nae A a | << € 


If Ayes Ams My Pim > P- 


Thus by 119, 1) 
Vy¥9°0* Vm—l | <an€ v > p- 


Hence passing to the limit p= «, 
lim D,,. ue. 


** Vm—1 — 
v=0 


Ase is small at pleasure, this shows tine ee 0: In this 
way we may continue. 
2. Although 


lim 4y, ... vm, = 0 


Vm 
Veer Vm=2 


when A converges, we must guard against the error of supposing 
that a, = 0 when v=(, -:: Ym) converges to an ideal point, all of 
whose coordinates are not «as they are in the limits employed 


Lik, 
This is made clear by the following example due to Pringsheim. 


Let T+s 

' A =~ (245 } m heels 
T,S 2(a+1) ar ace 

Then by 119, 8) ue 


| Aye | = died 
a ar 
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as lin A, ,=90 
1, SH 
A is convergent. But 
é 1 : 1 
lim|a,,,|=— , lim|a,,| =—- 
r= : a’ sa aa 


That is when the point (r,s) converges to the ideal point 
(co, s), or to the ideal point (7, © ), a,, does not = 0. 


3. However, we do have the theorem: 


be Asa, be 0 


converge. Then for each € > 0 there exists a r such that a,....,<€ 
for any t outside the rectangular cell R,. 


This follows at once from 120, 1, since 


aga ae. 


122. 1. Let f(a, +++ %m) be monotone. Then 
lim f(@, °° Gm) = Ly < Ay + Lm <K Am, a may be ideal. (CA 
exists, finite or infinite. If f is limited, lis finite. If f is unlim- 


ited, l= + 0 when f is monotone increasing, and l= — 0 when f is 
monotone decreasing. 


For, let f be limited. Let A=a, < a < --- =a. 

Then lim fCe,) =7 
is finite by 1,109. 

Let now B= f,, By, -:- =a be any other sequence. 

Let : a 7 

s limf(8,)=1 lim f(B,) =L. 
B 

Then there exists by I, 338 a partial sequence of B, say 

C= 15 Yq -*: Such that 
lim f(y,) = J, 


also a partial sequence D= 6,, 5, --- such that 


lim f(8,) = 1. 
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But for each «, there exists ay, > On} 


hence 
IO) =F (a) 
and therefore ial. (2 
Similarly, for each d, there exists an «,, > 5,3 
hence 
F On) SF Gen) 
and therefore Tea e 
Thus 2), 3) give in #(2) =p 
B 


Hence by I, 316, 2 the relation 1) holds. 
The rest of the theorem follows along the same lines. 


2. Asa corollary we have 


The positive term series A= a,,...,,, 18 convergent eA roy tle 
limited. 


123. 1. Le A= sa 20, B=%Xb,...., = =, be two non- 
negative term series. IPf they differ only by a finite number of 
terms, they converge or diverge semultaneously. 

This follows at once from 120, 2. 


2. Let A, B be two non-negative term series. Let r> 0 denote 
a constant. If a,<rb,, A converges if B is convergent and A<rB. 
Tf a,>rb,, A diverges if B is divergent. 
For on the first hypothesis 
Ay << rBy, 
and on the second Whose 


3. Let A, B be two positive term series. Let r, 8 be positive 


constants. If . 
ek, 


or of 
lim % 


=a Y 


orists and is #0, A and B converge or diverge simultaneously. If 


B converges and +0, A is convergent. If B diverges and =o, 
n n 


A is divergent. 
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4. The infinite non-negative term series 
Dabs, pad 2 loetl ar ,,) 
converge or diverge simultaneously. 
This follows from 2. 
5. Let the power series 
P= De ay ee 
converge at the point a= (aj, -- a,), then tt converges absolutely for 


all points x within the rectangular cell R whose center is the origin, 
Soe — ; 
and one of whose vertices is a; that is for |x, | << |a|,+=1, 2-8 


lor since P converges at a, 


7 m TOA a 
Vit Cope OT! Ontos 0. 


m=o 


Thus there exists an M such that each term 
[ema os ate | <M. 














Hence 
| Me ew. |™s 
[oath a| = |e, age | |B]. |Z 
ay a, 
2 ile eas 
ay a, 














Thus each term of P is numerically < than M times the cor- 
responding term in the convergent geometric series 














We apply now 2. 
We shall call B a rectangular cell of convergence. 


124. 1. Associated with any m-tuple series A=2a,..., are 
an infinite number of simple series called associate simple series, 
as we now show. 


Let R, 


be an infinite sequence of rectangular cells each lying in the 
following. Let 


CRIES Vite ic P 


be the terms of A arranged in any order lying in R,,. Let 


Gaty 9 Vyag. 9 7° as, 
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be the terms of A arranged in order lying in R,,— R,,, and so on 
indefinitely. 


Then W=a,+a,+ aie “net Ose a 


is an associate simple series of A. 

2. Conversely associated with any simple series 2{ = La, are an 
infinity of associate m-twple series. In fact we have only to arrange 
the terms of % over the non-negative lattice points, and call now 
the term a, which lies at the lattice point c, --- 4, the term q,,...,,- 

3. Let be an associate series of A = a,,.... 
so is A and or 


For witng 


Tf U is convergent, 


. 
™ 


= ») 
jh ns 


Let now v=o, thenn=oo. But A,= 2%, hence A,,...,, = U. 

4. If the associate series % is absolutely convergent, so ts A. 

Follows from 3. 

5 If A=%Xa,,...,, is a non-negative term convergent series, all its 
associate series UX converge. 

For, any %,,,, lies among the terms of some A, ,. But for » 


sufficiently large Ate ae VR<p<v 
By Y i 


Hence 
WES <e m > Mo. 


6. Absolutely convergent series are commutative. 


For let B be the series resulting from rearranging the given 
series A. 

Then any associate 6 of B is simply a rearrangement of an 
associate series X of A. But X= B, hence A=B. 

7. A simply convergent m-tuple series A can be rearranged, 
producing a divergent serves. 

For let % be an associate of A. % is not absolutely convergent, 
since A is not. We can therefore rearrange 4, producing a series 
8 which is divergent. Thus for some B 

lim %, 
does not exist. Let 8! be the series formed of the positive, and 
®" the series formed of the negative, terms of S taken in order. 
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Then either 8. =+0 or B/+—o, or both. To fix the ideas 
suppose the former. Then we can arrange the terms of B to 
form a series © such that ©, =-+ 0. Let now © be an associate 
series of C. Then 
C, = Cyigse vm a C, 

and thus 

lim @, = lim Cc, =-+ 0. 
Hence Cis divergent. 


8. If the multiple series A is commutative, it is absolutely con- 
vergent. 


For if simply convergent, we can rearrange A so as to make the 


resulting series divergent, which contradicts the hypothesis. 


9. In 121, 2 we exhibited a convergent series to show that 
a,,..r, does not need to converge to 0 if 4, --- 4, converges to an ideal 
point some of whose coordinates are finite. As a counterpart we 
have the following : 


Let A be absolutely convergent. Then for each e>0 there exists 
ar, such that any finite set of terms B lying without R, satisfy the 


relation | Bl <e; a 
and conversely. 


For let & be an associate simple series of Adj A. Since % is 
convergent there exists an 2, such that 


%,, “<< G 


But if X is taken sufficiently large, each term of B lies in %,, 
which proves 1). 

Suppose now A were simply convergent. Then, as shown in 7. 
there exists an associate series D which is infinite. 


Hence, however large n is taken, there exists a p such that 
Dn ple es 


Hence, however large 2 is taken, there exist terms B= Dn, p Which 
do not satisfy 1). 


10. We have seen that associated with any m-tuple series 


A = 2A), in 
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extended over a lattice system Yt in R,, is a simple series in &,. 
We can generalize as follows. Let Yt= {2} be associated’ with a 


lattice system Mt = {7} in R, such that to each « corresponds a7 and 
conversely. 


If c~7 we set a, 


dese tm = LS ae ee 
Then A gives rise to an infinity of n-tuple series as 


B= 2a, : 


dn 

We say Bis a conjugate n-tuple series. 

We have now the following: 

Let A be absolutely convergent. Then the series B is absolutely 
convergent and A= B. 

For let A’, B’ be associate simple series of A, B. Then A’, B’ 
are absolutely convergent and hence A’=B’. But A=A!, B=B". 
Hence A = B, and B is absolutely convergent. 

11. Let A= %a.,...,,, be absolutely convergent. Let B= 2a,,...,, 


be any p-tuple series formed of a part or all the terms of A. Then 
B is absolutely convergent and 


|B] S Adj A. 


For let A’, B’ be associate simple series of A and B. Then B’ 
converges absolutely and | B’|< Adj A. 


125. 1. Let Ales 20 Maries el 
Set Sy In ats 
in the cell 
t;-l<a< 4, eee Lod SW bys 
Th 
a Ey ae iF Vay ee (2 


Let R denote that part of R,, whose points have non-negative 
coordinates. Let 
ie if flat, +++ Am: (3 


If Jis convergent, A=J. We cannot in general state the con- 
verse, for A is obtained from A, by a special passage to the limit, viz, 
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by employing a sequence of rectangular cells. If, however, 
a, > 0 we may, and we have 


For the non-negative term series 1) to converge vt 18 necessary and 
sufficient that the integral 3) converges. 


2. Let f (21+: Im) > 9 be a monotone decreasing function of 
x in R, the aggregate of points all of whose codrdinates are non- 


negative. Let Oh, ovum =F (ty ** bn) 


The series Sie 
= 2, eum 


is convergent or divergent with 


T= ( fdr, dt_.- 
R 


For let R,, Ry, --- be a sequence of rectangular cubes each &, 
contained in R,,,). 
Let > 
Liye = Lig lb, Serie 


Then A, » being taken at pleasure but > some »v, there exist an 


l, m such that 
Ax << bee: 


But the integral on the right can be made small at pleasure if J 
is convergent on taking 71> m>some n. Hence A is convergent 
if Jis. Similarly the other half of the theorem follows. 


Iterated Summation of Multiple Series 


126. Consider the finite sum 


Dah ee by == 10), Ls cee | o acue etente (0, Gh omen alt cc @) 


One way to effect the summation is to keep all the indices but 
one fixed, say all but c,, obtaining the sum 


Then taking the sum of these sums when only ¢, is allowed to 
vary obtaining the sum 


~ za, : 
1 


Q=0 4=0 


‘im 
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and so on arriving finally at 


mn mM, 
Sst DOs (2 
ee — 


whose value is that of 1). We call this process tterated swmma- 
tion. We could have taken the indices 4 -++4, in any order 
instead of the one just employed; in each case we would have 
arrived at the same result, due to the commutative property of 
finite sums. 


Let us see how this applies to the infinite series, 


A= 2a, ; ty ott by =O, 1, +++ 00. (3 


so tm 


The corresponding process of iterated summation would lead us 
. foo} fo 2) ao 
to a series [ine hee Da, mn (4 


tyn=9 imal ” 


which is an m-tuple iterated series. Now by definition 


Yin Vm 1 . vy 
Y=lm =~ lim Be go lini tage. (5 
Vm—~ (m= ¥m—-1=? bm —1—9 if een 4=0 
Min elie «+ li Apes. 5 (6 
Vm= 2% Vn—1-”? Vis 
vil ‘ 
while Ae linn Ay he ci 
oe hi 


Thus A is defined by a general limit while % is defined by an 
iterated limit. These two limits may be quite different. Again 
in 6) we have passed to the limit in a certain order. Changing 
this order in 6) would give us another iterated series of the type 
4) with a sum which may be quite different. However in a large 
class of series the summation may be effected by iteration and this 
is one of the most important ways to evaluate 3). 

The relation between iterated summation and iterated integra- 
tion will at once occur to the reader. 


127. 1. Before going farther let us note some peculiarities of 
iterated summation. For simplicity let us restrict ourselves to 
double series. Obviously similar anomalies will occur in m-tuple 
series. 
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ee A = Aig + My + qq + 22+ + yg + O41 + Mg Fo FO 


be a double series. The m row forms a series 
@ 
Row= On, 0 + Any J ooo = Defias ; 
n=0 


and the n‘* column, the series 
@o 


O° = gy + yy +o = Sty 


Then R= SRM = S Sa 


m=0 m=) n=0 


C= 36 Ss 
n=(0 n=0 m=0 
are the series formed by summing by rows and columns, respec- 
tively. 


2. A double series may converge although every row and every 


column is divergent. 
This is illustrated by the series considered in 121,2. For A 


is convergent while Sara 2a, are divergent, since.their terms are 
=] 
not evanescent. a 


3. A double series A may be divergent although the series R ob- 
tained by summing A by rows or the series C obtained by summing 
by columns 28 convergent. 


For let A,; = 0 if rors=0 


r ‘ 
a if r,s>0. 
r+s a 





Obviously by I, 318, lim A,, does not exist and A= <a,, is di- 
vergent. 


On the other hand, 
= lim lim A,, = 0, 
C= lim lim A,,=1. 


Thus both # and Care convergent. 
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4. In the last example R and C converged but their sums were 
different. We now show: 


A double series may diverge although both R and C converge and 
have the same sum. 
For let Ap) if raor s= 0 


rs 


a Pa, if r,s>0. 


Then by I, 319, lim A,, does not exist and A is divergent. On 
the other hand, uate 
R= lim lim A,, = 0, 


T=2 s=o 


C= lim lim A,, = 0. 


s=2 T= 


Then R and § both converge and have the same sum. 


128. We consider now some of the cases in which iterated sum- 
mation is permissible. 
@ 
Let A= 2a, a be convergent. Let Calan? ul, be any permutation 


of the indices t4, tg, *** tm Lf all the m — 1-tuple series 


ae 
hae = 
2 3 ™ 
nD a 
are convergent, = 2 v0 Ds Disenste’ 
1 ™ 


This follows at once from I, 324. For simplicity the theorem 
is there stated only for two variables; but obviously the demon- 
stration applies to any number of variables. 


129. 1. Let f(a,-++%m) be a limited monotone function. Let the 
point a = (44+** 4m) be finite or infinite. When f is limited, all the 
s-tuple iterated limits lim «+ lim f dl 


Ty =ty, Ly s=Ug 
exist. When s =m, these limits equal 


lim f(x ee: Tm) @ 


In these limits we suppose r< 4. 
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For if f 18 limited, lim f .) aan 3 
Lig=Atg 
exists by 122, 1. Moreover 3) is a monotone function of the re- 
maining m — 1 variables. 
Hence similarly an ifr 


Tig_ As _ 4 Lig F=Ag 


exists and is a monotone function of the remaining m— 2 vari- 
ables, etc. The rest of the theorem follows as in I, 324. 


2. Asa corollary we have 


Let A be a non-negative term m-tuple series. If A or any one of 
its m-tuple iterated series is convergent, A and all the m! iterated 
m-tuple series are convergent and have the same sum. If one of these 
series is divergent, they all are. 


(9) 


3. Let a be a non-negative term m-tuple series. Let s<m. All 
the s-tuple iterated series of A are convergent if A is, and ¢f one of 
these iterated series is divergent, so is A. 


130 sep Uemeeete eae ee 


s-tuple iterated series s=1, 2+--m, converge absolutely and its 
m-tuple iterated series all = A. 


im be absolutely convergent. Then all its 


For as usual-let: osx} diacim (gee LDC A = Nd | ea sisecon: 
vergent, all the s-tuple iterated series of A are convergent. 
fo a) 2 
Thus: 3; = % yom is convergent since 2 @,,..., = 9}- Moreover 
i 4=0 


oe foe) 
VS eno, molmtilarly: = Dilley sm = 2s, is convergent since 
to=0 = lg 


ia) foe) 
= La, ...., = Zo, is convergent; etc. Thus every s-tuple iter- 


49=0 4=0 lo 
ated series of A is absolutely convergent. The rest follows now 
by 128. 

2. Let A=2a,...,. If one of the m-tuple iterated series B 


formed from the adjoint A of A is convergent, A is absolutely con- 
vergent. 


Follows from 129, 2. 


3. The following example may serve to guard the reader against 
a possible error. 
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Consider the series 
3 


2 
A=ltat stat: 


eet oly 9 Mt Cea 











21 spe ae 
2 \3 
alee ee ss a 
DI 31 
a nie 
Here na, (na)? 





TOD rt ce om 4 +++ =e” 


and R=et+ e%+ e+ 


This is a geometric series and converges absolutely for a<0. 
Thus one of the double iterated series of A is absolutely conver- 
gent. We cannot, however, infer from this that A is convergent, 
for the theorem of 2 requires that one of the iterated series formed 
from the adjoint of A should converge. Now both those series 
are divergent. The series A is divergent, for |a,,| = 20, as 
rT, Ss =O. 


131. 1. Up to the present the series 
DOr @! 


have been extended only over non-negative lattice points. This 
restriction was imposed only for convenience; we show now how 
it may be removed. Consider the signs of the coordinates of a 
point «= (2°: %m). Since each coordinate can have two signs, 
there are 2” combinations of signs. The set of points x whose 
coordinates belong to a given one of these combinations form a 
quadrant for m= 2, an octant for m= 8, and a 2”-tant or polyant 
in R,- The polyant consisting of the points all of whose coordi- 
nates are > 0 may be called the first or principal polyant. 

Let us suppose now that the indices Zin 1) run over one or more 
polyants. Let R, be a rectangular cell, the coordinates of each of 
its vertices being each numerically <)>. Let A, denote the terms 
of A lying in Ry. Then / is the limit of A, for ¥= oo, if for each 
é> 0 there exists a A, such that 


|.A,— An, | <e ASA: (2 
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If lim A, (3 
A=0 


exists, we say A is convergent, otherwise A is divergent. In a 
similar manner the other terms employed in multiple series may 
be extended to the present case. The rectangular cell R,, which 
figures in the above definition may without loss of generality be 
replaced by the cube 

[ey] <% + | tm | S Ao 


Moreover the condition necessary and sufficient for the exist- 
ence of the limit 3) is that 


| A,—A,|<e Dr, = No» 


132. The properties of series lying in the principal polyant 
may be readily extended to series lying in several polyants. For 
the convenience of the reader we bring the following together, 
omitting the proof when it follows along the same lines as before. 


1. For A to converge it is necessary and sufficient that 


lim A = 0. 
A= 
2. A series whose adjoint converges is convergent. 
3. Any deleted series B of an absolutely convergent series A is 
absolutely convergent and 


| B| < Adj A. 
4. If A= 2a,,...1, 18 convergent, so is B= Xka,,...,, and A=kB. 
5. The non-negative term series A is convergent if A, is limited, 


A=. 


6. If the associate simple series X of an m-tuple series A converges, 
A is convergent. Moreover if X is absolutely convergent, so is A. 
Finally of A converges absolutely, so does %. 


7. Absolutely convergent series are commutative and conversely. 


8. Let f (2, +++ %m_) >0 be a monotone decreasing function of the 
distance of x from the origin. 


Let 
Vy, vim = SCY Dae bn)» 
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Then A = PARE 


converges or diverges with 


Si fae ey 
the integration extended over all space containing terms of A. 


133. 1. Let B, O, D--- denote the series formed of the terms of A 
lying in the different polyants. For A to converge it is sufficient 
although not necessary that B, C,--. converge. When they do, 


A=B+C0+D+-.. qa 


For if B,, Cy - denote the terms of B, C +. which lie in a 
rectangular cell R,, ’ 
A=Bt+Qnt+-> 


Passing to the limit we get 1). 

That A may converge when B, C, --- do not is shown by the 
following example. Let all the terms of A= 2a,,.. ., vanish ex- 
cept those lying next to the coordinate axes. Let these have the 
value +1 if ¢,, tg+** Im > 0 and let two a’s lying on opposite sides 
of the codrdinate planes have the same numerical value but opposite 
signs. Obviously, A, = 0, hence A is convergent. On the other 
hand, every B, C --- is divergent. 


2. Thus when B, C --- converge, the study of the given series 
A may be referred to series whose terms lie in a single polyant. 
But obviously the theory of such series is identical with that of 
the series lying in the first polyant. 

3. The preceding property enables us at once to extend the 
theorems of 129, 130 to series lying in more than one polyant. 
The iterated series will now be made up, in general of two-way 
simple series. 


CHAPTER V 
SERIES OF FUNCTIONS 


134. 1. Let v=(4,, 4, +++ 4,) run over an infinite lattice system &. 
Let the one-valued functions 


Fag orp @1 17° Um) = LOH SI. 
be defined over a domain Y, finite or infinite. If the p-tuple series 
F= LG = Ge =) Le, = Daf ae eae) qd 


extended over the lattice system % is convergent, it defines a one- 
valued function F(2,---x,) over YU. We propose to study the 
properties of this function with reference to continuity, differen- 
tiation and integration. 


2. Here, as in so many parts of the theory of functions depend- 


ing on changing the order of an iterated limit, uniform convergence 
is fundamental. 

We shall therefore take this opportunity to develop some of its 
properties in an entirely general manner so that they will apply 


not only to infinite series, but to infinite products, multiple inte- 
grals, etc. 


3. In accordance with the definition of I, 325 we say the series 
1) is uniformly convergent in % when F,, converges uniformly to its 


limit F. Or in other words when for each e>0 there exists a X 


such that 
ease 


for any xin %. Here, as in 117, #, denotes the terms of 1) lying 
in the rectangular celi R,,, ete. 

As an immediate consequence of this definition we have : 

Let 1) converge in %. For it to converge uniformly in UW it is 


necessary and sufficient that | F,| is uniformly evanescent in %, or in 


other words that for each e>0, there exists a r such that Pal € for 
any xin X, and w= . 


156 
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135. 1. Let 
lim f (a ++ my fy tn) = P(X, +++ Um) 
t=T 


in %. Here %, + may be finite or infinite. If there exists an 
n>0 such that f=¢ uniformly in V,(@), a finite or infinite, we 
shall say f converges uniformly at a; if there exists no 7 < 0, we 
say f does not converge uniformly at a. 


2. Let now arange over Y. Let 8 denote the points of Wf at 
which no 7 exists or those points, they may lie in Y{ or not, in 
whose vicinity the minimum of 7 is 0. Let D denote a cubical 
division of space of norm d. Let Bp denote as usual the cells of 
D containing points of B. Let €p denote the points of {& not in 
$2. Then f =¢ uniformly in €p however small d is taken, but 
then fixed. The converse is obviously true. 


3. If f converges uniformly in A, and if moreover tt converges at a 
finite number of other points B, wt converges uniformly in XU + B. 
For if f = ¢ uniformly in , 
|\f—d|<e x in A, tin V;*(t). 
Then also at each point 0, of 8, 
|\f-—g|<e a= 6, t in V,,*(7). 
If now 8 < 4), 8, 6, --- these relations hold for any z in A+ B 
and any ¢ in V;*(r). 
AS Let f(a, Im, t-te) =O (a1 +++ %m) uniformly in A. Let 
f be limited in U for each tin V;*(t). Then ¢$ 2s limited in %. 
For hb =f(% t)+eé je'|<e€ él 
for any z in & and ¢ in V,*(r). Let us therefore fix t. The 
relation 1) shows that ¢ is limited in 2. 


aa | Ce | converges uniformly in UA, so does Zi, .-1,. 
For any remainder of a series is numerically < than the corre- 
sponding remainder of the adjoint series. 


6. Let the s-tuple series 


f= al hoes t (a, om Lm) 
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converge uniformly in %. Then for each e > 0 there exists a X 
such that |Fi|<e a 
for any Rk, > Rk, > Ry. When s = 1, these rectangular cells re- 
duce to intervals, and thus we have in particular 
in pee aia for any n>n’. 
When s > 1 we cannot infer from 1) that 
| Fegsrae, (Paues np ee CR nue ILO (2 


for any ¢ lying outside the above mentioned cell Ry. 

A similar difference between simple and multiple series was 
mentioned in 121, 2. 

However if f, > 0 in Y, the relation does hold. Cf. 121, 3. 


136. 1. Let f (a,---am, t,-:-t,) be defined for each x in U, and t 
ae ae lim f= $(2,++m) in Y, 
t=t 


T finite or infinite. The convergence is uniform if for any x in U 
If-—$| << Wt) t in Vs* (tr), 8 fixed 
while lim y= 0. 


t=T 
For taking e>0 at pleasure there exists an 7>0 such that 
LY (en 5) ee een rye 
But then if d< n, 
If—$|<e 
for any tin Vs*(r) and any x in YJ. 
Example. 


lim sin z sin y 


pz itetnty 9% in U=(0, oo). 


Is the convergence uniform ? 
Let 
y= 5% 
then w=0, as Jeo 
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Then a _ | sing cosu | _ | sin # cos usin? wu | 


| |1+2 cot?u sin?u +a cos? w | 
< |Ssinw sin? w| pA Je 
eas sk <tan?u= 0. 
| xcostu | 
Hence the convergence is uniform in Y. 


2. Asacorollary we have 


Weierstrass’ Test. For each point in W, let | fi, | <M 
. e e Sains u 4 
The series Xfi... up (@ °° Tm) 8 uniformly convergent in Y if pal Ree 
is convergent. 


Example 1. ¥ one_ 

Se Oey 
Here 1 
LAS on 


and Fis uniformly convergent in % since 
Se 
is convergent. 2” 


Example 2. 
F(x) = a, Sin Ant 


is uniformly convergent for (—%, oo) if 
= | an | 


is convergent. 


137. 1. The power series P= Sa i erp eae 
uniformly in any rectangle R lying within its rectangle of con- 
vergence. 


For let 6 = (0,, ‘++ 5p) be that vertex of R lying in the principal 
polyant. Then P is absolutely convergent at 6, 1.€. 


aaah arp by eee bye : qa 
is convergent. Let now x be any point of R. Then each term in 
> ae én ae Ere 


is < than the corresponding term in 1). 
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2. If the power series P =a) + ax + a,27 + --- converges at an 
end point of its interval of convergence, it converges uniformly at 
this point. 

Suppose P converges at the end pointa=R>0. Then 

| Qmsyh™ti+ --» +a,h"| <e 
however large n is taken. But for0O<2<kh 


| Qntg ls eee. Gee | 


m+1 n 
cute t eG 








<e by Abel’s identity, 83, 1. 


Thus the convergence is uniform at x=. In a similar 
manner we may treat x=— R. 


3. Let f, (2 °° Im), = 1, 2 --- be defined over a set YU. Ii each 
|.fn|<some constant ¢, in %, f, is limited in %. If moreover the 
C, are all < some constant C, we say the f,(#) are uniformly 
limited in A. In general if each function in a set of functions 
{ f} defined over at point set % satisfy the relation 


| f|<a fixed constant C, x in A, 
we say the f’s are uniformly limited in Y. 
The series F=Xq,,h, is uniformly convergent in A, if G= 9, +o+ + 


is uniformly convergent in A, while V|hniz~—h,| and |h,| are 
uniformly limited in A. 


This follows at once from Abel’s identity as in 83, 2. 

4. The series F= Xg,h, is uniformly convergent in U, if in A, 
Z| Ansy—hy| ts uniformly convergent. h, is uniformly evanescent, 
and the G, uniformly limited. 

Follows from Abel’s identity, 83, 1. 

5. The sertes F=%y,h, is uniformly convergent in U if 
G=9,+9,+-- ts uniformly convergent in X while hy, ho +++ are 
uniformly limited in X and {h,} is a monotone sequence for each 
pownt of A. 


For by 83, 1, | Ff ah Ged 
n, n, p \* 
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6. The series F = %q,h, is uniformly convergent in Uif G,= 9, 
Gy = 91 + Jn are uniformly limited in A and if hy, hg, +++ not only 
form a monotone decreasing sequence for x in WU but also are uni- 
formly evanescent. 


For by 83, 1, 
y peda hess | Ge 


Example. Let A= 4,+a4,+>-- be convergent. Let 6,, 6, -+- #0 
be a limited monotone sequence. Then 


Le p> ‘t Se x 





converges uniformly in any interval %{ which does not contain a 
: 1 

oint of Fs | . 
b, 

For obviously the numbers 


Sys ie 


1 — bz 


form a monotone sequence at each point of %. Wenow apply 5. 


7. Asan application of these theorems we have, using the re- 
sults of 84, 


The series 
Ay + a, Cos % + ay COS 2 -+- -o- 


converges uniformly in any complete interval not containing one of 
the points + 2mm provided 2 | @ni1 — An | 18 convergent and a, =, 
and hence in particular if a, 7 a 2 = 0. 


8. The series 


Ay — 4, COSE+ @, C08 20 — -*: 


converges uniformly in any complete interval not containing one of 
the points +(2m—1)r provided =| dy41 + % | 18 convergent and 
a, == 9, and hence in particular Of Oy 2 Ay +> = 0. 


; e sere : sits : 
Doge Screg a, sing +a, sin 2a +a, sindx+-- 


converges uniformly in any complete interval not containing one of 
the points + 2mm provided & | On41— A | 7s convergent and a, = 0, 
and hence in particular if a, > a, 2" = 0. 
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1) al eters a, sin x—a,sin 24+ a’sin 34 — ++ 
converges uniformly in any complete interval not containing one of 
the points +(2m —1) piorided > | Ani +4n | 18 convergent and 
A, = 0, and hence in particular if O, = dg = O- 

138. ale Let Lad, 2. (A Fath Ln) 
be uniformly convergent in A. Let A, B be two constants and 


Af.(2) <9(2) SBi(@) =n YU. 


Then Ge = TGuyeeug(2y °° Tm) 
is uniformly convergent in U. 
For then NE Sey Se BP, 


But F being uniformly convergent, 


| Bx el es 


FH 3% %) S20 
converge uniformly in A. Then 
L=Zlog(i1+/f) 


is uniformly convergent in %. Moreover if F is limited in A, 80 
is L. 
For f, > 0 in Y, hence 


Dae Let 


lfi.l<e 


for any « outside some rectangular cell R,. 
Thus for such 7 


Af.< log +f)< BA in. 


139. 1. Preserving the notation of 136, let 91, 995 °** Gm be chosen 
such that if we set 


= 91(ty + te) 5 20° tn = Im (Ey ++ tes 
then ©=(2 +++ Xm) les in A as t=(t,-t,) =r. If f=d uni- 
formly in %, 


lim A = lim if, © Ims t; God th) — ot, S00 ad} = 0. 


t=t t 
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For if f=¢ uniformly in Y, 

for any z in % and any t in V;*(7), 6 independent of a. 
But then [|A|<e tin V5*(r). 
2. Asa corollary we have : 


Let a, 4,,+: =a. Let P= =f, be uniformly convergent at a. 
Then en: 


140. Example 1. 


u=0 


sin w sin 2 u =Car 2 for z=0, 
u=0 sin? u + @ cos? u 


0 for z+ 0. 


The convergence is not uniform atz=0. For 
$ 


ie 2 cos u 
14+ 2 cot? u 
Hence if we set x= uv? 
lim f= 1, since u? cot?u=1. 
u=0 


Thus on this assumption 
lim |f—g|=|1-2|=1. 


Example 2. F=1—e2+2(1—2)+20—2)+ Be 1—2)+-. 
ee f= (1 —2):+2. 
0 
Hence F is uniformly convergent in any (— 7,7), 0<r< 1, by 
136, 2. 
We can see this directly. For 
F,=A—2)Altete tar )al—2 


Hence F is convergent for —1<27<1l, and then F(x)=), 
axcept at = 1 where F=0. 

Thus | F,(x)|=|2|", except at x= 1. 

But we can choose m so large that 7” <e. 

Then | F, (2) | <e for any # in (—7, 7). 
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We show now that # does not converge uniformly 1% v=1 


For let 1 


Then | F.ca,) : -(1 7 Dae 


and F does not converge uniformly at z= 1, by 189, 2. 


Example 3. 2 


E@) => aera CEG) 














Here 1 1 
Sa = 1+n2 1+ (n + 1)2? 
and Fis telescopic. Hence 
ipa. Laver 1 
l+a2? 1+(™m+1)2? 
i 
ears eS 0 
1+ 2? ae 
= ONE ri 
Thus = 1 ‘ 
FF = g 
| ‘al 1+@+)2 Lx 
Let us take 1 
a, = 
Vn+1 
Th pe 
3 Th (4,) = , 


and F is not uniformly convergent at z=0. It is, however, in 
{— ©, 0) except at this point. For let us take 2 at pleasure 
such, however, that |¢|>6. Then 


ra uh 
F,, 2 eee 
PONS 5 +(n + 1)e 
We now apply 136, 1. 
Example 4. 
F(x) = 22 - n(n + 1)22 —1 


(T+) 1+ + ey 
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H 
ere sa, 


f=2{ og -e 
1+ ne? 14(™m4 1)??? 
and F is telescopic. Hence 
pad ee oie Corte) e. 
"14+e2 14(r 41)? 
egal : 
> eS in Y= (—f, RB). 
The convergence is not uniform at x = 0. 


For set On = hls hy Hey 
n+1 
| F,(a,) | = 4, does not = 0. 
It is, however, uniformly convergent in & except at 0. For 
if |x] > 4, 


|FA.@ |= 





(n + 1)a e (Gis 1) fog 
1l+(n+1)22|—1+@+)? 


ane for n > some m. 





141. Let us suppose that the series # converges absolutely and 
uniformly in YW. Let us rearrange F, obtaining the series G. 
Since F is absolutely convergent, so is Gand F= G. We can- 
not, however, state that @ is uniformly convergent in 1, as Bocher 


has shown. 
Example. 
2 Pee ite et ete et: ft. 
Cy 
Here as ip 
Eni eeeGad a): 
Hence F is uniformly convergent in %= (0, 1). 
Let Hee 


gai=t*yod4r74¢e%—-2ittet—at :. 
x 


Gt. SL Se DEG 2—- OTe fe -)t 
x 
DS ee heen 2) — n), 


GS he ew) he 
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Let 
A, = 1 1 
n 
Then 1\" 1\" 
tented (0-2 (2-0-3)] 
=7(1 -*) as nN = oO. 
é é 


Hence @ does not converge uniformly at 2 = 1. 


142. 1. Let f= uniformly in a finite set of aggregates %,, 
Y,-- A, Then f converges uniformly in their union (U,, ++: U,)- 
For by definition 
e>0,6,>0,|f -—-¢|<e z in Y,, ¢ in. Va 2 Cr): 1 


Since there are only p aggregates, the minimum 6 of 6,, -+ 6, 
is > 0. Then 1) holds if we replace 4, by 6. 


2. The preceding theorem may not be true when the number 
of aggregates %,, %,--- is infinite. For consider as an example 


J Mera Ui nN oe 
which converges uniformly in Y% = (0, 1) except at r=1. Let 


W, = (— —) $ 35 Ae 2, eee CO. 


Then F is uniformly convergent in each Y,, but is not in their 
union, which is YJ. 


3. Let f= $, 9 = uniformly in X. 


Then ftg=oty uniformly. 
Tf o, v remain limited in A, 
fg=o~ uniformly. ad 
If moreover |v | > some positive number in A, 
Sis unifor 
-= Fb mly. 
ab iformly @ 


The demonstration follows along the lines of I, 49, 50, 51. 
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4, To show that 1), 2) may be false if ¢, y are not limited. 


Let 1 
Soin A= (0*, 1), Slip 


Then 6=y =< and the convergence is uniform. 


But Ot 
a ae te 


Let v=t. Then A=2 as t=0, and fg does not= op 
uniformly. 


Again, let 1 
feet t, I= ADS t; 


the rest being as before. 
Then 


But setting s=1, 








$ 


and FL does not converge uniformly to a 


143. 1. Asan extension of I, 317, 2 we have: 
Let 


Lin f Cy > Bs Yao Yo) = CH Bm) 
y=n 
uniformly in %. Let 
lian WG or tn) ieee! Tas ae Y(t r+ th) = Mp 
Let y#n in V*(r). Then 
lim f (@ °** %m Y1 °° Yr) = (21 °° Lm), uniformly. 
tr 


The demonstration is entirely analogous to that of I, 292. 
2. Let lim u,(2, seth a nt t,)= va ara) Lm) , t= 1 2, a 
t= 


uniformly in %. Let the points 


Y= (04, Yq °° Vp) 
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form a limited set B. Let Fu, + Uy) be continuous in a complete 
set containing B. Then 


lim F(u, +++ Up) = FO, + %) 
(=r 
uniformly in %. 
For F, being continuous in the complete set containing %, is 
uniformly continuous. Hence for a given e > 0 there exists a 


fixed o > 0, such that 
| Fu) — FO) | <e win Vv aay Tv intB: 
But as wu, = v, uniformly there exists a fixed 6 > 0 such that 
[uv fp<eo, vin W | tin V,*(r). 
Thus if e’ is sufficiently small, u=(w,,--- u,) les in Vv) 
when z is in Y& and ¢ in V;*(7). 


144. alls Let lim f(z, see Ly ty AS0 te o(a, ove ca) 
t=T 


uniformly in Xt. Then ly fees 
t=7 
uniformly in A, of h is limited. 

This is a corollary of 148, 2. 


2. Let Him f Gey 2 Sen toe = PCB BO) 
t=T 
uniformly in X. Let p be greater than some positive constant in Y. 
HES lim log f = log , 
t=r 

uniformly in XU, if p remains limited in A. 

Also a corollary of 148, 2. 

3. Let f= and g = uniformly, as t =r. 

Let $, be limited in %, and ¢ > some positive number. Then 

o= d¥ uniformly in Y. a 


For fe a eo logs, (2 
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But by 2), log f=log@q@ uniformly in W; and by 142, 3 
g log f=w log ¢, uniformly in UY. Hence 2) gives 1) by 1. 


145. 1. The definition of uniform convergence may be given a 
slightly different form which is sometimes useful. The function 


SF By Ems tye th) 


is a function of two sets of variables 2 and ¢, one ranging in an &,, 
the other in an &,,. 


Let us set now w = (2, +++ Lm, t, ++ t,) and consider w as a point in 
m+ p way space. 
As a2 ranges over & and ¢ over V;*(r), let w range over Bs. 


Then lim f=4 
t=T 
uniformly in 2% when and only when 


EUs oO) |f—g|<e win Bs, 4 fixed. 


By means of this second definition we obtain at once the follow- 
ing theorem: 


2. Instead of the variables x1 ++ tm) tye t, let us introduce the 
variables Yy + Ym Uy" Un 80 that as w ranges over Bs, 


z= OF “* Yms Uy ** a.) 


ranges over Gs, the correspondence between Bs, Cs being uniform. 
Then f = > uniformly in A when and only when 


e>Q0, §>0 |\f—d|<e », zm, 8 fixed. 





“rire 
. Example. a ae 

where Op ee be; he 0: qd 
Then 


o(2) = lim f (2, ny=0 , in&=(0, w). 


Let us investigate whether the convergence ‘is uniform at the 


point x in Y&. 
First let a>0. If0<a<z<6, we have 


Teese 





nb 
e28 nit 
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As the term on the right = 0 as n=, we see f=¢ uniformly 


in (a, 6). 

When, however, a= 0, or b= 0, this reasoning does not hold. 
In this case we set ap Q 
which gives _ loge. t 

z, ne/8 


As the point (2, n) ranges over X defined by 
aor Os 4. wal, 
the point (t, n) ranges over a field T defined by 
t2 1 yee 
and the correspondence between X and Tis uniform. Here 


lf- ¢|=2— 


nb 


log/8 . ¢ 
; : 


The relation 2) shows that when z>0,t=o asn=oo; also 
when 2=0,t=1 for any m. Thus the convergence at z= 0 is 
uniform when r 


a 

ora > ae 3 

Bob c 
The convergence is not uniform at z = 0 when 8) is not satisfied. 
For take 

o— ithe n= 1, 2,.-- 
nro 9 aot J 
For these values of x BA 
fost 


which does not =O asn=o. 
146. 1. (Moore, Osgood.) Let 
Vim f Cy ++ gy ty + ty) = Cy +) 
uniformly in U. Let a be a limiting point of X and 
Timm f (ay ++ gs ty ty) = Ct“ te) 
for each tin Vs*(r). Then 
2 = it $2 °+ Fm) » V= ve HCE ty) 


exist and are equal. Here a, t are finite or infinite. 


GENERAL THEORY 171 


We first show ® exists. To this end we show that 
€-0, OO 58 | Oe) — ofr!) | <e ee eet (ayo CL 


Now since f(a, t) converges uniformly, there exists an 7 >0 
uch that for any z', 2’ in W 


Ca) =f ade | tin V,*@) (2 
o(2") =f(a"”, t)+e". eerie li 7 6; 
On the other hand, since f = y there exists a 8>0 such that 
Fo, =v) +e" a 
fal QavOte le" lei<i G 


for any x’, z'’ in V;*(a); ¢ fixed. 

From 2), 3), 4), 5) we have at once 1). Having established 
the existence of ©, we show now that D=YV. For since f con- 
verges uniformly to ¢, we have 


[f(a t) — o(@) | <5 ain& , tin V,*(r). (6 
Since f = yy, we have 
IF@O-—HO(<g vin Ver(@) , tfixedin V,*(7). (7 
Since $= ®, 


Ig(z)-@|<§ vin Vv*(a). (8 
Thus 7), 8) hold simultaneously for <8), 6". 
sone ly@)-P] <e tin V*(z), 
or lim y(t) = ©. 
t=r 


2. Thus under the conditions of 1) 
lim lim f = lim lim f; 


w=a t=T t=T =a 


in other words, we may interchange the order of passing to the 
limit. 
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3. The theorem in 1 obviously holds when we replace the un- 
restricted limits, by limits which are subjected to some condition ; 
e.g. the variables are to approach their limits along some curve. 


4. Asa corollary we have : 


Let F = Sf,(2, +++ %m) be uniformly convergent m A, of whichx=a 

is a limiting point. Let im f,=1,, and set L = 2l,. Then 
lim F=L; a finite or infinite, 
or in other words 
lim =f, = = lim f,. 

Example 1. 

err — 1 
Dn enz 





Fay=> 


converges uniformly in % =(0, 0) as we saw 136, 2, Ex. 1. Here 


hm, = ae las 
it 
and ZG = > (he = iil 
> Dn 1 
Hence lim F(a) = 1. 
Also RB lim f, = 03; 
c=0 
hence Rilim F(2)= 0. 
2=0 


Example 2. 





F(x)=14+ 1 (= aN 
1 


n! x 


converges uniformly in any interval finite or infinite, excluding 
x=0, where Fis not defined. For 


1 
InI<-, 
nN: 
and 1 
1 ai Ne = é. 
Hence lim F(x) =e. 


c=0 
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Example 3. 


Filo posh a tien a 
(7) 2 C+ na®) 1 + + 1)a*) siz) 


1 

= ie for x =5 0 

= 0 LOLs — 0. 
ul lim F(2)=1, 

e=0 
chee Sit) = 0 
e=0 

Thus here 


lim = f,(2)# Zlim f,(2), 
a2=0 x=0 


But F does not converge uniformly at 2=0. On the other 
hand, it does converge uniformly at r= +. 


Now lim F(v7)=0 , lim f,(7)=9, 
== Dea 
and lim >f,(2) = ae F.(©)s 
e=+0 


as the theorem requires. 





Example 4. F@y= > {nat (n+1)27)\ _ ee 
ea 


ene? ~ e(nt Lx? ex 


Se 


which converges about 2 = 0 but not uniformly. 
However, jim Sf,(x) = Zlim f,(z) = 0. 
r=0 2=0 


Thus the uniform convergence is not a necessary condition. 


147. 1. Let = Sy Ems ber te) = (21 ++ Lm) uniformly at 
z=a. Let f(a, 4) be continuous at x= a for each t in V5*(7). 
Then $ is continuous at a. 

This is a corollary of the Moore-Osgood theorem. 

For by 146, 1 


lim lim f(a + h, t) = Lp me +h, €). 
h=p t=7 


Hence lim $(a +h) = lim f(a t) = $(a). Q.E.D. 
h=0 iT, 
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A direct proof may be given as follows: 
f@bd=¢@re |e’| <e, 2 in V,(a) 
o(2')-$@") =f @ O-F@" O+e". 
But | f(a") -F@, | <e , if |e’—2"|<e 
2. Let F= DXfi,.-s,(% °° Um) be uniformly convergent at x= a. 


Let each fy,..s, be continuous at a. Then F(a, -:- 2m) is continuous 


GG P= he 


Follows at once from 1). 


3. In Ex. 3 of 140 we saw that 


2 
a ae 
B= 2, (1+na*)(1+ (n+1)2?) 
is discontinuous at x = 0 and does not converge uniformly there. 
In Ex. 4 of 140 we saw that 


n+1)a27—1 
jae n(n + 1 
ye C1 + n*x”) (1 + (n + 12?) C 
does not converge uniformly at z= 0 and yet is continuous there. 
We have thus the result: The condition of uniform convergence in 
1, 23 sufficient but not necessary. 
Finally, let us note that 
F@=> ae ot 0<a<p 


en? emthz8 








= z= 0 
3 Zz 


is a series which is not uniformly convergent at x= 0, although 
F(x) is continuous at this point. 


4. Let each term of F= Soy sp(21 °° Lm) be continuous at x=a 


while F itself is discontinuous at a. Then F is not uniformly 
convergent. 


For if it were, F would be continuous at a, by 2. 


Remark. This theorem sometimes enables us to see at once 


that a given series is not uniformly convergent. Thus 140, 
Exs. 2, 3. 
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m 


inner point of its rectangular cell of convergence. 


5. The power series P= Zasz,...5, Ui Tr 18 continuous at any 


For we saw P converges uniformly at this point. 
6. The power series P=a,+ayu+ Aw + -- WS a continuous 
function of x in its interval of convergence. 


For we saw P converges uniformly in this interval. In par- 
ticular we note that if P converges at an end point «=e of its 
interval of convergence, P is continuous at e. 

This fact enables us to prove the theorem on multiplication of 
two series which we stated 112, 4, viz. : 


148. Let A=at+ajt+at- , B = 0, 4-0, 7 03- 


C= aby + (aghy + A409) + C4obg + Ab, + agb)) + 
converge. Then AB=C. 
For consider the auxiliary series 
F (2) = 4, + aye + A477 + + 
G(x) = by + yx + bg2* + + 
H(2)= 4, + (%b, + a,b, )a+ 
Since A, B, C converge, F, G, H converge for z= 1, and hence 
absolutely for |2|< 1. But for all | z| < 1, 
H(2)= F(#)G(2). 
ne Llim H(z) = Lim F(@) - Lim 6), 


les C=A-B. 


149. 1. We have seen that we cannot say that f= ¢ uniformly 
although f and ¢ are continuous. There is, however, an impor- 
tant case noted by Dini. 

Leth (a, hn 7? Sn) be a function of two sets of variables 
such that z ranges over %, and ¢ over a set having 7 as limiting 
point, 7 finite or ideal. Let 

lim f(z, = o(e) in A. 
t=T 


‘Then we can set f(a D= o@t+V¥@ 4. 
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Suppose now | #(@, t')| <|W@, O | for any @ in the rectangu- 
lar cell one of whose vertices is ¢ and whose center is t. We say 
then that the convergence of f to ¢ is steady or monotone at x. 
If for each x in %, there exists a rectangular cell such that the 
above inequality holds, we say the convergence is monotone or 


steady in Al. 
The modification in this definition for the case that 7 is an ideal 
point is obvious. See I, 314, 315. 


2. We may now state Dinz’s theorem. 


Let f (ay + ms ty th) = (2 ++ Lm) steadily in the limited com- 
plete field U ast 7; 7 finite or ideal. Let f and ¢ be continuous 
functions of xin A. Then f converges uniformly to d in A. 


For let x be a given point in YW, and 
FQ O=F@Q)+V@ O- 
We may take @’ so near 7 that | y(a, t’)| < = 
Let 2’ be a point in V,(2). Then 
Fal, 1) = $2") +-¥@, t). 


As fis continuous in 2, 


lFf@, O-F@ #)| < = 


Similarly, : 

1d’) — 6 @)1<§. 
Duns iv @’, ole a’ in V(x). 
Hence 


Iv@',t)|<e for any 2’ in V,(2) 


and for any ¢ in the rectangular cell determined by ?’. 
As corollaries we have : 


3. He G = Z| fi -ug(@y ++ Lm) | converge in the limited complete 
domain U. Let G and each f, be continuous in YX. Then G and 


a fortiort F = Sf.,...,, converge uniformly in X, furthermore f,,......= 9 
uniformly in A. 


4, We C= | Foye tg(@y +++ Xm) | converge in fhe limited complete 
domain %, having a as limiting point. Let G and each f, be con- 
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tinuous ata. Then G and a fortiori F= &f,,...., converge uniformly 
at a. 


5. Let GH Z| fiig(% +7 Um) | converge in the limited complete 
domain %X, having a as limiting point. Let lim G& and each lim f, 


. “=a = 
exist. Moreover, let 


hmiG = = lim'/,; 

Then G is uniformly convergent at a. 

For if in 4 the function had values assigned them at «=a dif- 
ferent from their limits, we could redefine them so that they are 
continuous at a. 

150. 1. Let lim f(a +++ my by 0+ th) = (2 *+* Lm) uniformly in 

tT 
the limited field UX. Let > be limited in U. Then 


fee (eet lay. 
ae as 
For let f=oty. 

Since f= ¢ uniformly ly] <e 


for any t in some V*(7) and for any x in Y. 


Thus ra ~ = 
~ < eY. 
SiS 
Remark. Instead of supposing ¢ to be limited we may suppose 
that f(a, t) is limited in 9{ for each ¢ near T. 





2. As corollary we have 

Let lim f(a, °°° 2m 4 °°" t,) = > (4 -*° 2m) uniformly in the limited 
field a Let f be limited and integrable in % for each t in V3* (1). 
Then is integrable in A and 


i = = 4 limi. 
im Sif Su? YW t=r f 
8. From 1, 2, we have at once: 


Tete a hn. Or tan) be uniformly convergent in the limited 
field Y. Let each fie) Ae limited and integrable in %. Then F is 


integrable and f jos Si ifthe 
w 
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Tf the fi...., are not integrable, we have 


ae fF 


a2 


Example. 
sg iD ec are 





does not converge uniformly atz=0. Cf. 140, Ex. 3. 


Here ee oe det 
a 1 + nz 
and ee ie fOr = Os 


Hence Sf Fax 


S Frte=1- fe 


ay 2 rete Vn 
Vn 
Thus we can integrate # termwise although #’ does not converge 
uniformly in (0, 1). 


I 
ilo 





151. That uniform convergence of the series 


FR)=AQ+h@t- ad 


with integrable terms, in the interval {= (a<6) is a sufficient 
condition for the validity of the relation 


b b db 
JS Fax = J fide + f fedla to 
is well illustrated graphically, as Osgood has shown.* 
Since 1) converges uniformly in {& by hypothesis, we have 


P(x) = F@) — Fy2) 2 
and a 
|F@)|<e n>m @ 
for any a in Q%. 


* Bulletin Amer. Math. Soc. (2), vol. 3, p. 59. 


GENERAL THEORY 179 


In the figure, the graph of #(@) is drawn heavy. On either 
side of it are drawn the curves F—e, +e giving the shaded 
band which we call the e-band. 

From 2), 3) we see that the graph of 
each F,, n> lies in the e-band. The 
figure thus shows at once that 


[FB dx and S Pde 


can differ at most by the area of the in 7 
e-band, z.e. by at most 


[Red =2e(b—a), 


a 





152. 1. Let us consider a case where the convergence is not 
uniform, as 





{ ene? (mlx? 


Fa@=> jue = mn —-(): 
1 


Here 


If we plot the curves y= F(x), we observe that they flatten 
out more and more as n=, and approach the z-axis except 
near the origin, where 
they have peaks which 
increase indefinitely in 
height. The curves 
F(x), n>m, and m suf- 
ficiently large, lie within 
an e-band about their 
limit #’(2) in any inter- 
val which does not in- 
clude the origin. 

If the area of the 
region under the peaks 
could be made small at 


pleasure for m sufticiently large, we could obviously integrate 
termwise. But this area is here 
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eed il el (gta 
Aj; Paz= 5S te =|4 ce ah 2 =i 
ell 


as 2 = 00 








no 
Thus we cannot integrate the # series termwise. 


2. As another example in which the convergence is not uniform 
let us consider 


Foe Saas ME} <0. 


\ ertDe 


Here 
NL 
F,=—:> 


The convergence of F is uniform in Y =(0, 1) except at z= 0. 
The peaks of the curves F,,(7) all have the height e7!. 

Obviously the area of the 
region under the peaks can be 
made small at pleasure if m is 
taken sufficiently large. Thus 
in this case we can obviously 
integrate termwise, although 
the convergence is not uniform 
in Y. 

We may verify this analytically. For 


f Frde= "2S day =? chee Qumasen 1.60 4 


ent n nen 





3. Finally let us consider 


af (n+1)2r nex } 
F(z) = ee es ae es 
2) pa { 1+(n4+1)82? 14 nie? 





Here Pa 
F,(£) = ——_ 
@) 1 + nix? 
The convergence is not uniform at z= 0. 
The peaks of F(z) are at the points 2 =n7?, at which points 


Fy= hn. 
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Their height thus increases indefinitely with n. But at the 
same time they become so slender that the area under them = 0. 
In fact 


a a 1 
ip F(a)de= f 5 dlog (1+ n'x*) 


: [log (1+ n'a’) | =5 log G+ nia’) 9, 
n 


a 
on 0 
We can therefore integrate termwise in (0 < a). 


153. 1. Let lim G(a, tye th) =9(2) nm A= (a, a+), 7 finite 
or infinite. Let each G(x, t) be continuous in A; also let F(z, t) 
converge to a limit uniformly in Aast=7. Then 


lim GG) =g (@) mm A, qd 


and g'(2x) is continuous. 


if if (=r 


t=r 
By I, 588, x 
fo Gar = G(x, 1) -— EC, 6). 


Also by hypothesis, lim ‘¢ (2, t) = G(a, t) = g(a) = g(a). 
t=r 


Hence 


ge) — ga) = flim G(x, t)de. (2 


But by 147, 1, the integrand is continuous in %. 
Hence by I, 537, the derivative of the right side of 2) is this in- 
tegrand. Differentiating 2), we get 1). 
2. Let F(x) = 2fy.u(x) converge in U=(, a+ 5). Let each 
f!(x) be continuous, also let 
Efi uw) 
be uniformly convergent in I. Then 


F'(w)=Sfl(z), in % 


This is a corollary of 1. 
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8. The more general case that the terms f\,...., are functions of 
several variables 2, «+: 2m follows readily from 2. 


154. Hxample. 
Fa@)y= > (Me _- OF | 3,5 rach EAI jill) 
0 


entsB ett Dea8 





Apa 
, na 
Here Ff ve 


oe entzB " 


a function whose uniform convergence was studied, 145, 3. We saw 
Cr) 30 for any +> 0. 





Hence F'(x)=0 0 
Let G(x) = Sfi(2). re! 
r a—] mAtMyatB—1 
Ben G,@)=i@) = 
If 2>0, Eel) 
hence El (a) =, @), (2 


and we may differentiate the series termwise. 


lig¢=0, and.c= 12x50; G,(Q)=—n* = —om as 1 = 10. 

In this case 2) does not hold, and we cannot differentiate the 
series termwise. 

For z=0, and «>1, G,(0)=0, and now 2) holds; we may 
therefore differentiate the series termwise. But if we look at the 
uniform convergence of the series 1), we see this takes place only 
when 


Caley 


B K 





155. 1. (Porter.) Let 
FO =B goog 


converye in U=(a, b). For every x in U let | fi(x)| <g,, a constant. 
Let G = gy, converge. Then F(x) has a derivative in X and 


Fh) = Bhi (2) 3 qd 


or we may differentiate the given series termwise. 
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For simplicity let us take s=1. Let the series on the right of 
1) be denoted by ¢(7). For each z in %& we show that 


_|AF_ 
D=\* — $@) 


e>0, o> 0, 





<6, 





| Az] <5. 





AF _ sfn@+42)—fi@ _ 
Ax a Az = =fn(En) 
where &, lies in V3(2). 
Thus 


D= =} fiE.)—fi@)} = Dn + Dr 


But G being convergent, G»<¢/3 if mis taken sufficiently large 
Hence a 
|Dnl< > |FnCEn)|+ 2 (LACES 2G 


<ie 


<3e 


On the other hand, since alse = f!(x) and since there are only m 
x 
terms in D,,, we may take 5 so small that 


| Dn |< €/3. 
Thus | D| <e 
Let 


F(2)= eS Gs ee : at ye) Cele 


for |Ar| <6. 
2. Example 1. 








ad 
This series converges inc» ae in Y=(0 <b), since 
il 
Also fl i te (— 1 a” ? 
33 mn! (1+are? 
Hence 
|Fn(2)| <— = In in 2. 
As Xg, converges, we may differentiate 1) termwise. In 
general we have 


Poa Ye~@=(- IS "4H an 


(up ee (2 
“nl (1+a"r) 
valid in 2. 
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3. Example 2. The + functions. 
These are defined by 
9,(@) =2 S (— 1) %q"*#” sin (2 + 1) 7a 
= 2qi sin ra — 2qgisin 387z + + 
%, (x) = 2 Zyri" cos(2n +1) 72x 
= 2q' cos 7Ta+2g% cos3mzx + + 
§,(2)=1-—2 Bq" cos 2 nx 
=1+42qcos2rx+2q* cos47x+ - 
#)(@) =1+42 S (—1)"g” cos 2 nx 
= 1-—2qcos2rx4+2q* costrx—--- 
Let us take eRe, 


Then these series converge uniformly at every point x For 
let us consider as an example ¥,. The series 


T= gl calg ®t bg Ree 
is convergent since the ratio of two successive terms is 
Gan 
q 


and this = 0. Now each term in #, is numerically 





a g’ n+1 P 


aig rslal™ 
and hence < the corresponding term in 7. 
Thus 9, (x) is a continuous function of 2 for every x by 147, 2. 
The same is true of the other #’s. These functions were discovered 


by Abel, and were used by him to express the elliptic functions. 
Let us consider now their derivatives. 


Making use of 155, 1 it is easy to show that we may differentiate 
these series termwise. Then 


a a) Poa re 1)"(2 n + 1) g*®” cos (2n + 1) wre 


= 27 (q' cos rx — 3 qi cos 8 ra + +). 
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8 (a) = —QaE(Qn + 1) gq" sin (Qn + 1) 4x 
; =— 2r(q¢isin re + 3qisin 3 rz + +). 
b{(~) =—4 «> ng” sin 2 nx 
=—4r(qsin2rx+ 2qsin4mz + +). 
3, (4) =— Aad (— 1)"nq™ sin 2 nx 
=+ 4r(qsin272 — 2qtsin4 rr + +). 


To show the uniform convergence of these series, let us con- 
sider the first and compare it with 


S=1+3]ql+5|gh+ Tight 


The ratio of two successive terms of this series is 


2n+ 8 qc eed jet 
Peed wateiem mez sls hey 





which = 0. Thus S is convergent. The rest follows now as 
before. 


156. 1. Let 

lim ACa+ fa ty fa) — GCG = fn) _g(at Dos) 
Deron for 0 <|h| <n, 7 finite or infinite. 
ve Gi(a, t) exist 


for each t near t. Then g'(a) exists and 
lim GL(a, t)=g'(@)- 
t=t 
This is a corollary of 146, 1. Here 
G(a+h, t)— G(a, t) 
takes the place of f(a, ¢). ‘ 


2. From 1 we have as corollary : 


(Dint), Let F(2) = >> i tt (2) 
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converge for each x in X which has x =a as a proper limiting point. 


Let f'(a) exist for each o=(ty, ++ tn). Let 
Fath) -f@ 
pie 





converge uniformly with respect toh. Then 


B'(a) == Bf. (a)» 


CHAPTER VI 
POWER SERIES 


157. On account of their importance in analysis we shall 
devote a separate chapter to power series. 

We have seen that without loss of generality we may employ 
the serie 
instead of the formally more general one 

Ay + ay(4— a) + 4,(4 — A)24+ we 

We have seen that if 1) converges for x=c it converges abso- 
lutely and uniformly in (— 7) where 0<y<|e|- Finally, 
we saw that if cis an end point of its interval of convergence, it 
is unilaterally continuous at this point. The series 1) is, of course, 
a continuous function of x at any point within its interval of 
convergence. 


158. 1. Let P(x) =a) + ae + 4,27 + --- converge in the interval 
A =(— a, «) which may not be complete. The series 
P,=1.2:- oes Ng $+ 2-3-0 (n+ lane +o 


obtained by differentiating each term of Pn times is absolutely and 
uniformly convergent in 8 =(— B, B), B<% and 


d"P 
dx” 
For since P converges absolutely for = B, 
oe, 8" < M, n= 1, 2,°° 
Let now a lie within 8. Then the adjoint series of P(x) is 
a +2 an€ +3 Peet t 





= P,(2), in %. 


Now its m™ term bi ie 
mare sty 


187 
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But the series whose general term is the last term of the pre- 
ceding inequality is convergent. 


2. Let P=a,+ 42+ at? + aes 


converge in the interval X. Then 


Q =f" Pax =f" a, dx +f aede Eieeees 


where a,x lie in X. Moreover Q considered as a function of x con- 
verges uniformly in YU. 

For by 187, P is uniformly convergent in («, x). We may 
therefore integrate termwise by 150, 3. To show that @ is uni- 
formly convergent in % we observe that P being uniformly con- 
vergent in % we may set 


PR SyPeaPR 
where ie ey m>mM, o small at pleasure. 
Then OC Qacts0s 
where Onl =|" Pnde| Soi <e 


on taking o sufficiently small. 


159. 1. Let us show how the theorems in 2 may be used to 
obtain the developments of some of the elementary functions in 
power series. 


The Logarithmic Series. We have 


paca ltotatt att see 
—2£ 


for any x in Y=(—1*,1*). Thus 
2 as z z 
if pogo led -a)=f dn+ f xd + +++ 





Hence aaa 

log (1—a)=—{atSaZ4.. | 3 2 in a. 
This. gives also 

, xz 

og(lt2)=2-F42_.., Hee a HOE q 
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The series 1) is also valid fora =1. For the series is conver- 
gent for z= 1, and log (1+ 2) is continuous at %= 1. We now 
apply 147, 6. 

For z= 1, we get 

log 2=1—-4+4-4+°" 

2. The Development of arcsin x. We have by the Binomial 

marca 1 Tet 8 ay l8o0 








gees ee A Dw Vea 
Aaa tet taa* tea” * 
for vin Y=(—1*, 1*). Thus 
Zeas : 1 1-3 
f age SOEs neh (©) 


It is also valid for z=1. For the series on the right is conver- 
gent fora=1. We can thus reason as in 1. 

For z=1 we get 
1 1-3 1-3-5 


a Tos SOT a 


3. The Arctan Series. We have 
1 _4_4at—a +e 


T+ 2 


for z in Y=(—1*,1*). Thus 


I - arctane= [de — ["2dz+ one 


ep x 
ee ane 3 
7 aaa ( 


valid in %. The series 8) is valid for z= 1 for the same reason as 
in 2. 
For x=1 we get ‘Tier eel 





=1+ eee 


Le 
2 








ge an 
4. The Development of e*. We have seen that 
10 ie igh ae 
E(«)=1 +iit 91 Jai sree 


converges for any 2. Differentiating, we get 


B@)=14+5+5+~ 
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Hoi E'(@) = E@) (a) 
for any z. Let us consider now the function 

fey= 22. 
We have ae 3 te Be eee F 
by (a). Thus by I, nie is a constant. For2=—0, fj) =1. 
Hence aie eee ae 


valid for any x 


5. Development of cos x, sin 2. 


The series pe: 0 2? at of 
re ert bt 
converges for every x Hence, differentiating, 
ge ee 
Le oC, ve 
ih) Bie 
ae oe ae 
G ema 51a a 
Hence adding, CoC Os (b) 


Let us consider now the function 


S@)= Csin z+ C' cos a. 


Then f'(@)= Ccos 2+ C'sinz — C'sinz+ C"' cosz 


=(C+ C"") cosa 
=0 by (b). 
Thus f(x) is a constant. But (C=1, 0'=0, for 7=0, hence 


I(@)= 0, 
or Osinaz+ O' cosx=0. (c) 


In a similar manner we may show that 


or 9(@) = Ceosxz— C'sinz=1. Cd) 
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If we multiply (c) by sin z and (d) by cosa and add, we get 
C=cosz. Similarly we get C'’=—sinz. Thus finally 


= ot ar 
Ee arog ag Ble 
Ae) ee We 
See Te lek! a 


valid for any 2. 


160. 1. Let PHapr™ + dy yt™ t+ 5 dn #0, converge m 
some interval X about the origin. Then there exists an interval 
B< A in which P does not vanish except at x= 0. 


us P = 2"(An + Amit + +++) 


=a"Q. 


Obviously @Q converges in Y. It is thus continuous at x= 0. 
Since Q#0 at x= 0 it does not vanish in some interval 8 about 
z= 0 by I, 361. 

In analogy to polynomials, we say P has a zero or root of order 
m at the origin. 


9. Let P=a,+a,7+ yt? + + vanish at the points by, ba, +++ = 0. 
Then all the coefficients a,=90. The points b, are supposed to be 
different from each other and from 0. 


For by hypothesis P(6,)= 0. But P being continuous at «= 0, 
P(0)=lim P(,). 


Hence P(0)=0, 
and thus ay = 0 
Hence Deeps 


Thus P, vanishes also at the points 6,. ‘We can therefore 
reason on P, as on P and thus a4,;=0. In this way we may 


continue. 
ae If P= ae ae 4 
Q=b,+be+-" 
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be equal for the points of an infinite sequence B whose limit is «= 0, 
then a, = 6,,n=9, 1, 2: 

For P — Q vanishes at the points B. 

Hence Pe sei, | enti See 

4. Obviously if the two series P, Q are equal for all x in a 
little interval about the origin, the coefficients of like powers are 
equal; that is PB as 


1G het eee qd 


converge in an interval %. As x ranges over Y, let y range over 
an interval 8. Let 
converge in 8. Then z may be considered as a function of x de- 
fined in Y. We seek to develop z in a power series in z. 
To this end let us raise 1) to the 2°, 3°, 4°... powers; we get 

series 

Y? = gy + Ag ® + Aga? + ++ 

YP = Agy + Ag ® + Aggy” + + Cc 


which converge absolutely within 2. 
We note that a,,, is a polynomial. 


anon = Te el Gh. ay aie dn) 


in dy +++ a, with coefficients which are positive integers. 
If we put 3) in 2), we get a double series 


D= (by) + 6,49) + byayx + by dat? + ++. 


H+ bgdtgg + F412 + byAggt* + +++ ¢: 
+ bAgq + bgdg,2 + bgAggr” + +++ 
+ 


If we sum by rows, we get a series whose sum is evidently 2, 
since each row of D is a term of z. Summing by columns we get 
a series we denote by 

C= ey + eye + cya? + + (6 
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whe 
= Cy = By + by Aq + Fg4g9 + Og4aq + **° 


€, = bya, + bya; + bgag) + °° (6 


We may now state the following theorem, which is a solution of 
our problem. 


Let the adjoint y-series, 
n=a,+ta,F + 0§ + -- (7 
converge for & = &, to the value n = Np- Let the adjoint z series 
C=, + By +. Ban? + - (8 


converge for n=. Then the z series 2) can be developed into a 
power series in 2, VIZ. the series 5), which is valid for |x| < &. 


For in the first place, the series 8) converges forn<m. We 
show now that the positive term series 


D =(By + By%) + Bim + Bia ce 
+ Bottey + Bo%ai§ + Bota? + -+* 
+ 


converges for & < &. We observe that D differs from Adj D, 
at most by its first term. To show the convergence of © we 
have, raising 7) to successive powers, 


m= Agg + Ag + Aneto 


mp = Ago + Ag + Asef? +o" 


We note that A,,, is the same function Fry, _ Of G@, &5 ** & as 
Amn 18 Of Ay, *** Ans 1.€. 
Ain, n = Fm n(%» 7 &n): 
As the coefficients of Fn, , are positive integers, 


= | Ann |< Aman: (9 


am, n 
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Putting these values of 7, 72, n° +++ in 8), we get 
A = (By + By%) + Bi E + Bye + + 
+ ByAg + ByAni& + BoAoad + + 


+ 
Summing by rows we get a convergent series whose sum is ¢ 
or 8). But this series converges for &< & since then 7 < m, 


and 8) converges by hypothesis for 7 = 9. Now by 9) each 
term of D is < than the corresponding term in A. Hence D 


converges for & < &. 


2. Asa corollary of 1 we have: 
Let 


converge in YN, and 
2=b)4+ dy t+ by? + + 


converge for all -w<y<+o. Then z can be developed in a 
power series in 2, 


Y = a) + aye + Anz + 


2=q+ee+e+--=C 
for all x within A. 
3. Let the series 

Y = An L™ + Any t™t? 4 oer, m>1 


converge for some x >. Tf the series 
z= byt by + bay? + + 

converges for some y > 0, it can be developed in a power series 
Z2= C+ er + cyr+-. 

convergent for some x > 0. 

For we may take & =| 2z|>0 so small that 

1) OnE" $+ Ost} ane 

has.a value which falls within the interval of convergence of 
5 = By + Byn + Bon? + ++ 


4. Another corollary of 1 is the following : 


es YH Qt az + agzt+... 
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converge in N=(—A, A). Then y can be developed in a power 
series about any point ¢ of A, 
y= +¢,(e*@—¢) + ¢,(4—0)*+ - 
which is valid in an interval B whose center is c and lying within %. 
162. 1. Asan application of the theorem 161, 1 let us take 
z= 14444444 “ 
ed et eo 
veer asdea sin = 
As the reader already knows, 
zg=ev , y=sing, 
hence z considered as a function of z is 
Ce a 
We have 
gait2+0-2—1274 0-44 hg +0-%4+-- 


+oyttt 0 —gg@tes 
agg vty 10 at ae 
+795U+- 
Summing by columns, we get 
g=eme—1+e+iat?—jpat— 7x xty Oo 
2. Asa second application let us consider the power series 
z= Ply) =a + ay + May! + ad 
convergent in the interval %=(— R, R). Let w be a point in Y. 
Let us take 7 > 0 so small that y=x+h lies within 2% for all 
|A| <>. 
ge g=a,+4,(¢@+h) 
+ a, (a2 + 2 ch + h?) 
+ a,(a8+3 2h + 3 ch? + h*) 


+ e e ° e C2 ° e e e 
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This may be regarded as a double series. By 161, 1 it may be 
summed by columns. Hence 


P(a th) =a) + aye + aga? + aga? + ++ 
+ h(a, +2 ax + 3 aga? + -+-) 
2 
+ ag +2 Baye +34 ag +) Q 
-- . . . . ° ° . 
! MR p11 AP yi 
= P(z)+ hP'(@)+ aie @)+aP (4)+-- 3B 
on using 158, 1. 


This, as the reader will recognize, is Taylor’s development of 
the series 1) about the point z We thus have the theorem: 


A power series 1) may be developed in Taylor's series 3) about 
any point x within its interval of convergence. It is valid for all h 
such that x +h lies within the interval of convergence of 1). 


163. 1. The addition, subtraction, and multiplication of power 
series may be effected at once by the principles of 111,112. We 
have if P =a, + a0 + agz2+ --- 

Q = b) + bya + bya? + + 
converge in a common interval Y: 
P+ Q=(a + 09) + Cay + 41) + Cag + 6g)? + + 
P— Q= (aq — 09) + (4 — b))@ + (ag — 5g) 02 + + 
P+ Q = Aghy + (449 + Agb)% + CMghy + Ayb, + Ayb,)a* + ++ 
These are valid within {, and the first two in %f. 
2. Let us now consider the division of P by R. Since 
Vp EL 
Be nip 


the problem of dividing P by B& is reduced to that of finding the 
reciprocal of a power series. 


Let PHaytayetagzt+-- , a#O 
converge absolutely in R=(— R, R). Let 
V= ax + yx? + vee 
be numerically < | agi B=(—71, 1) T< he 
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Then 1/P can be developed in a power series 
i 2 
jor Cy + CU + Cok + ss 
lid in B. Th ; : 
valid in B. e first coefficient cy =—. 


rt a 
For 


Cars eet 
P a+ @ a 142 





afi) 
( 2 
i Se hee ee 
Ay | any a aj 


for all z in 8. We have now only to apply 161, 1. 


8. Suppose pga 4 dg t+ + Om #0. 


To reduce this case to the former, we remark that 


P=z2"Q 
where V= Am + Ame + eee 
Then ee 

P aw Q 


But 1/@Q has been treated in ae 


164, 1. Although the reasoning in 161 affords us a method of 
determining the coefficients in the development of the quotient of 
two power series, there is a more expeditious method applicable 
also to many other problems, called the method of undetermined 
coefficients. It rests on the hypothesis that f(v) can be developed 
in a power series in a certain interval about some point, let us say 
the origin. Having assured ourselves on this head, we set 


SF (@) = ay + Ye + aye? + 
where the a’s are undetermined coefficients. . We seek enough 
relations between the a’s to determine as many of them as we 
need. The spirit of the method will be readily grasped by the 


aid of the following examples. 
Let us first prove the following theorem, which will sometimes 


shorten our labor. 
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eek F (4) = My + yx + Og2? + +-°5 ier <anle. a 


is an even function, the right-hand side can contain only even powers 


of v; if f(a) is odd, only odd powers occur on the right. 
For if f is even, FON= 7 Coe): (2 
pe f(= 2) = ay — aye t age? — 3 
Subtracting 8) from 1), we have by 2) 
= 2 (a,x + a0? + aga? + +++) 
for all 2 near the origin. Hence by 160, 2 
Q,=ag=a;= + =9. 


The second part of the theorem is similarly proved. 


165. Example 1. f(a) = tan 2. 





Since ear tes 
COs & 
and 
: se. x 
4 eas 
G08 7 oa dic nail 
we have paivle 83 
ie ae P 
scion ej ta apraccaiemaa Os a 
as 4 


Since cos2>0 in any interval B= (- 3 =O; = 3), de Omit 


follows that 1Q@|<1 ee 


Thus by 163, 2, tanz can be developed in a power series about 
the origin valid in 8. We thus set 


tan 2 = ayr + agx? + azar? + ++ (2 
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since tanaz is an odd function. From 1), 2) we have, clearing 
fractions, 


Ze) tee 2 4 
eB aCe teat Ft 5) 
a . 
= aye + (a, — $428 + (a,— 38 +) a5 


a a a 7 a a a a 
aGarieriis) pal G rarer cD em 


Comparing coefficients on each side of this equation gives 








a= 
a 1 1 
Heng IE 
in Oy Pols ‘ 
OF gt Al Bt eal, 
ee oe ees pil 
a, art 4! 6! WA = 315 
Me yd Ae 
y att 4! att gt (} 9 2835 
Thus tanz=atdar®t ot gige tofisO te: G 
* 
valid in (-3. 5°) 
Ve 
Example 2. Ff (x) = cosec 2 = — 
sin 2a 
* 1 eel Psd 
ZOO igh —@P «(— @) 
(1 oo 
Since gare £22 
x 2} 
we see that LOie 


when z is in @=(—7+56, 7—5), 8>0. Thus 2f(#) =1/P 
can be developed in a power series in %. As f(a) is an odd 
function, 2f(x) is even, hence its development contains only even 
powers of z. Thus we have 

af (2) = ay + 4427 + aye + ++ 
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Hence 


ee 
1 = (ay + 4427 + (A= si geE = -) 











ae, 
i if 
tl ate oe tE 
a malign Weal) a ac al 
£231 a 4°" 360 
a a Ge oe 
fo ait 5) ge amar 
Thus 1 ie al T 31 
ark 73 Sate, oc 4 
nape 6. 4 CO Sa : 
valid in (— 1*, 1*). 
166. Let Fa=f,@+h@)+ 
where Fra(®) = Ong + Unt + yg t? + ++ n=1,2-. 


Let the adjoint series 
Ong + OnE + OnpE? + +++ 
converge for = F# and have @, as sums for this value of &. 
Let P=¢,+¢,+ °° 


converge. Then #' converges uniformly in %=(—R, R) and F 
may be developed as a power series, valid in %, by summing by 
columns the double series 
Ay + AyC + Ayr? + ++ 
FH gg + Mg ¥ + Agyt* + + a 
H gg + gy% + chgyd™ + ove 
+ 
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F converges uniformly in X. For as |x| <&, 
| Fa(@)| Sng + Ong [2] + ong ||? + v* 
S tag + Ong E + Ongh? + +++ = Pn 
We now apply 136, 2 as =¢, is convergent for = Rh. 
To prove the latter part of the theorem we observe that 
Oey + Oy R + yh + + 
HF llgg + Oty RB + thy R? + +++ 


is convergent, since summing it by rows it has ® assum. Thus 
the double series 1) converges absolutely for |x| <&, by 1238, 2. 
Thus the series 1) may be summed by columns by 180, 1 and has 
F(z) as sum, since 1) has #’as sum on summing by rows. 


167. Example. 


KF ajy= Dy re 7 = = f,(2) a>1. 





This series we have seen converges in Y= (0, 6), 6 positive and 
arbitrarily large. 

Since it is impossible to develop the f,(~) in a power series about 
the origin which will have a common interval of convergence, let 
us develop F in a power series about aa 





We have 
jet Sink Reis i ye eno on 
1l+at l1+a"Z 1 4 ate = %) 
1+ az, 
n —4 2n Se 2 
a1 {1-2@— a) , GE se } 
1+ a"2%, 14+ ar (1 + a") 
= Any + Any(@ — 2) + Ang(@ — ai) Fe °° 
where A (—1)*a™* 


== (1+ a"xy)**? 
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Thus F give rise to the double series 
D = Aj, + Aji @— 2%) + Aln(@— 2%)? + o* 
+ Ajy + Ajy(e — %) + Aja@ — %)? + + 


where i Nase “os 


n! 





The adjoint series to f,(x) is, setting = |x —2)|, 


1 1 ane ain §2 
= 5+ 
prlE) n i le nae ti @ de ine Gl a a7, )° 





This is convergent if 





aré : 
<< ih (Oye ini <a, 
1+ az, é oy 


that is, if V<rc2ty, 
For any «such thata,<r<2a, , F=2r—Z, 


Then for such an x 


1 1 
b,=— 


> ni\i+a%(2e,—2) 


and the corresponding series 


® = >¢, 
is evidently convergent, since Hae : 
n! 


We may thus sum D by columns; we get 
F(x) = 5 Bx —x,)* 
K=0 


where as, v C= 1D Ye ant ; 
n=0 Way ! qd oo asin) ait 


The relation 1) is valid for 0<r<2 oy: 


a) 


qd 
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168. Inversion of a Power Series. 
Let the series 


yv=bot+bt+50+ + qd 
have 6, + 0, and let it converge fort=t,. If we set 
iE => rly, LU= v= by. 
byt 


it goes over into a series of the form 
u= 2 — a,x — ag — > (2 
which converges for z=1. Without loss of generality we may 
suppose that the original series 1) has the form 2) and converges 
for z=1. We shall therefore take the given series to be 2). By 
I, 437, 2 the equation 2) defines uniquely a function x of w which 
is continuous about the point w= 0, and takes on the value z= 0, 
for a0. 
We show that this function 2 may be developed in a power 
series in u, valid in some interval about u= 0. 
To this end let us set 
a=ut cu + cgui + (3 
and try to determine the coefficient ¢, so that 3) satisfies 2) 
formally. Raising 3) to successive powers, we get 
a2 = u2 + 2 cud + (c9? + 2 cg)ut + (2 ey + Dicata)yue a **- 
3 =u + 8cut +B er +3 eg)u>+ (4 
at=ut+4eue + + 


Putting these in 2) it becomes 
u=uUut(e,— dy )u* + (eg — 2 Anla — a, ue 
+ (€4 — 4 Cg? + 2 ¢,) — 3 agg — a, jut 
+ (6; — 2g (C4 + C93) — 3 ag( Cg? +3) — 4 gly — asue (5 
+ . . . . . . . . . . . . ° . ° 
Equating coefficients of like powers of u on both sides of this 
equation gives oped 
Cz = 2 AgCy + 43 
C4 = (Cg? + 2 Cg) + 3 gly + (6 
C5 = 2 dg (C4 + C203) + 3 ig (C52 + Cg) + 4 Agcy + 45: 
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This method enables us thus to determine the coefficient ¢ in 
3) such that this series when put in 2) formally satisfies this 
relation. We shall call the series 3) where the coefficients ¢ have 
the values given in 6), the inverse series belonging to 2). 

Suppose now the inverse series 3) converges for some u,+# 0; 
can we say it satisfies 2) for values of w near the origin? The 
answer is, Yes. For by 161, 3, we may sum by columns the 
double series which results by replacing in the right side of 2) 

Cee Ee, 
by their values in 3), 4). But when we do this, the right side of 
2) goes over into the right side of 5), all of whose coefficients 
= 0 by 6) except the first. 

We have therefore only to show that the inverse series con- 
verges for some w#0. Toshow this we make use of the fact that 
2) converges for #= 1. Then a,=0, and hence 

|a,|< some @ n= 2, 3, --- (7 

On the other hand, the relations 6) show that 


Cr =n (dae a3 5 1° An) (8 


is a polynomial with integral positive coefficients. In 8) let us 
replace ag, a3-*+ by «, getting 





Yn = Fae, UZ e800 a). (9 

Obviously Nea <ty. (10 

Let us now replace all the a’s in 2) by a; we get the geometric 

aye U=uv— an? — «2 — azt—... (dil 
Ole 4 

sa ee (12 


The inverse series belonging to 11) is 
r=uUt qu? + qu? + yyut 5 (13 
where obviously the y’s are the functions 9). 


We show now that 11) is convergent about w=0. For let us 
solve 12); we get 

pe tktc WS 2(2e0+1)u+ u? 

2(1 + «) ; 








(14 
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Let us set 1—2Qa4+1])u+w=1-—v. For u near u = 0, 
|y|<1. Then by the Binomial Theorem 


Vil—v=14+dyt+dy?+-: 


Replacing v by its value in u, this becomes a power series in u 
which holds for uw near the origin, by 161, 3. Thus 14) shows that 
az can be developed in a power series about the origin. Thus 13) 
converges about u=0. But then by 10) the inverse series 3) 
converges in some interval about u = 0. 

We may, therefore, state the theorem: 


Let php bot baitbeit~.: 5 #9, (15 


converge about the point r=0. Then this relation defines x as a 
funetion of u which admits the development 


eae — ty + a,(u—b) + a,(u—b)?+ see 


about the pointu=b. The coefficients a may be obtained from 15) 
by the method of undetermined coefficients. 


Example. We saw that 





a2 ee a » 
a — a —— — er86 if 
u=lgUd+2)=t-gt+3-qts ‘ 
If we set 
UW = t+ Agr + age? + age t+ - G 
we have ee; a,=—4 5 = 3°" 


If we invert 2), we get 
a= Ut Cyu* + cgue+ 


where c’s are given by 6) in 168. Thus 


—=—}- ne dg ae 

—¢=2(-D)@+t=—% C8 

—e,=—4G +2) 43-3 t—f=-—a C= 35 
= X- PG} DFE IGHD HAC DO+4 
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Thus we get 


ww ut. uv 
Sates | gy tego coe @ 


But from 1) we have 
1+a=e" a14"4 E40 


which agrees with 3). 


Taylor's Deveiopment 


169. 1. We have seen, I, 409, that if f(x) together with its 
first » derivatives are continuous in %= (a < 6), then 


Ffath=f@Mt A f(a) + TO “F- er@ 


oe 
+ arth (a+ Oh) qd 
where LANCE ct DWN 
Consider the infinite power series in h. 


T— =f+as (a) + 5 f"(a) + #00 (2 


We call it the Taylor's series belonging to f(x). The first n 
terms of 1) and 2) are the same. Let us set 


=" f° Galan), GB 


We observe that R, is a function of n», h, a and an unknown 
variable @ lying between 0 and 1. 


We have Fah: | TARA 


From this we conclude at once: 


If 1°, f(x) and its derivatives of every order are continuous in 
== (db), and 2 


fit = he * $a EuLTSyraly el ee. (4 


axa+h<b O16 ens 
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Then h 12 
F(at+h)=f(a)+ pee: + pe ++ (5 


The above theorem is called Taylor's theorem; and the equa- 
tion 5) is the development of f(z) in the interval by Taylor's 
series. 


Another form of 5) is 
ae 1— aq)? 
(a) =f(ay+ FPP @) + Goo F(a) +. (6 
When the point a is the origin, that is, when a= 0, 5) or 6) 
gives 2 
F@) =fO)+ P'O) + FIO + < 


This is called Maclaurin’s development and the right side of 7) 
Maclaurin’s series. It is of course only a special case of Taylor’s 
development. 


2. Let us note the content of Taylor’s Theorem. It says: 
If 1° f(z) can be developed in this form in the interval 


A=(a< bd); 
2° if f(x) and all its derivatives are known at the point 
r= 


then the value of f and all its derivatives are known at every 
point « within QW. 

The remarkable feature about this result is that the 2° condi- 
tion requires a knowledge of the values of f(2) in an interval 
(a, a+ 8) as small as we please. Since the values that a func- 
tion of a real variable takes on in a part of its interval as (a < ¢), 
have no effect on the values that f(a) may have in the rest of the 
interval (c < }), the condition 1° must impose a condition on f(x) 
which obtains throughout the whole interval 2. 


170. Let f(x) be developable in a power series about the point a, 
viz. let 


f@) = H+ a,@—a)+ Ay (2 — a) +: qd 
h n 
Then a, =O 0, ieee (2 


i.e. the above series is Taylor's serves. 
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For differentiating 1) n times, we get 


W-oLs 
2A 





J Ce) = get Ony{(@— A) + 


Setting here x= a, we get 2). 
The above theorem says that if f(#) can be developed in a 
power series about 2 = a, this series can be no other than Taylor’s 


series. 


171. 1. Let f(x) exist.and be numerically less than some con- 
stant M for all a<xa<b, and for every n. Then f(x) ean be 
developed in Taylor's series for all x in (a, 6). 


For then ies) = Me. 
a n! 
But obviously ira hn = ()s 
n=no NM. 


2. The application of the preceding theorem gives at once : 


: uv i 
sie eterna oa aan arte @! 
Wie Uo 
CSE Sm Home ee eee (2 
a Cc ee 
toe Lite ahiog fie ta ae 6 
which are valid for every x. 
Since at = 84, ens 
we have 
ae loga , ».log?a 
ee er ee (4 


valid for allxanda>0. 


172. 1. To develop (1+ 2)" and log (1+ 2) we need another 
expression of the remainder &, due to Cauchy. We shall con- 
duct our work so as to lead to a very general form for R,,. 

From 169, 1 we have 


Ry =f (2) — F(a) = @= a) f' (a) = 9 — FO posrca, 
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We introduce the auxiliary function defined over (a, 6). 


g(t) = f(t) + fit) (a@- t) Ae xe ef) Go. fal 


—1! 
Then ie ere 
and 
96a) =F (AFF (A) @ =H Fr FIOM ede 
Hence R,=9(@)— g(a). (2 


U we differentiate 1), we find the terms cancel in pairs, leaving 
n=1 

"Ct EAC ery Gay 3 

OD eae a mde Cd ( 

We apply now Cauchy’s theorem, I, 448, introducing another 


arbitrary auxiliary function G(a) which satisfies the conditions 
of that theorem. 





Then g(a)—9(@) _ g() acc. 
G(a)—-G4a) Go)’ 


Using 2) and 3), we get, since a =a+h, 





_ E(ath) —E@) We ItA—9)"* ponca + Of 4 
Ie a at (@40R) arte Tela Vi nal 


where 0< 6 <1. 
2. If we set G(x) = (b—2z)*, p# 0, 


we have a function which satisfies our conditions. Then 4) becomes 


i, = nae =* FO Ca + 0h), (6 
nm—l1!p 


a formula due to Schlémilch and Roche. 


For » = 1, this becomes 
n c= n-1 
hae hn (1 —9)"* (a + Oh), 
n—1! 


which is Cauchy’s formula. 
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For w= n, we get from 5) 
n= Epa Oh, 
which is Lagrange’s formula already obtained. 


173. 1. We consider now the development of 
d+)" zS—-1 , parbitrary. 
The corresponding Taylor’s series is 
yee pee 1 Bae em ee 
a at it eam eg a vi 
We considered this series in 99, where we saw that: 


T converges for | |<1 and diverges for |x| >1. 
When x=1, 7 converges only when h#>—1; when x=—1, 
T converges only when nS 0. 








We wish to know when 


(tea14+fr+h boty... qd 


The cases when 7’ diverges are to be thrown out at once. Con- 
sider in succession the cases that JZ’ converges. We have to 
investigate when lim R, = 0. 


Case 1°. 0<|x|<1. It is convenient to use here Cauchy’s 
form of the remainder. This gives 


R,=(1— 6) pop hwwon st Tac + Ox)e-n 


DX 3 060 %) 
=) mie. 
n 
ceying Soa 0 Shee 
n iho DY 2 0007, —= Il : 
U,,=(1 + 6z)*-}, 
=e n-1l 
W.=(7—") 
1+ 6x 
Now in W,, 


1—6<1+ 62, 
hence lim W, = 0. 
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Ingiixs 
{1+ @x|<1+4|2|, 
which is finite. Hence U, is < some constant ©. 
To show that lim S,, = 0, we make use of the fact that the series 
T converges for the values of x under consideration. Thus for 


every p 
: be p—1l----p—n+2 es es 
LS Sek Sey ea, 


since the limit of the n term of a convergent series is 0. In 
this formula replace » by w — 1, then 


z w—1l-p—2---p—n+l n—l_— ]j Sn 9 
ar 9 ear al x ae 3 
Hence lim S, = 0. 
Thus lim R, = 0. 


Hence 1) is valid for |2|<1. 


Case 2. xr=1, p>—1. We employ here Lagrange’s form ot 

the remainder, which gives 
eee ee 2 ey 
i. Th 5) tino 7 
= UW 

setting poet boli ant Te 

a Se ee 
W,=( +0)". 


Consider W,. Since m increases without limit, »— 2 becomes 
and remains negative. As 0>0 


lim, =U: 

For U,,, we use I, 148. This shows at once that 
lim U,=0. 

Pence lim R, = 0 


and 1) is valid in this case, 7.e. forrz=1,4>-—1. 
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bod 


Case 8. x=—1,p50. We use here for »>0 the Schlomilch- 
Roche form of the remainder 172, 5). Weseta=0,h =— land get 
1— : 
ie ne Hive 


R,=(- 1)" p~l.--p—-n+1-a—é)* 


hefee hia pete weak avr, 
= (a) AD ee ee 


Applying I, 148, we see that lim &, = 0. 

Hence 1) is valid here if wp >0. 

When »=0 equation 1) is evidently true, since both sides 
reduce to 1. 

Summing up, we have the theorem : 


The development of (1+2)" in Taylor's series is valid when 
|x|<1 for all p. When x=+1 tt ts necessary that ph>—1; 
when x= —1 tt is necessary that pS 0. 


2. We note the following formulas obtained from 1), setting 
x=land —1. 


Oe hy eo Bol ee eae 1s 
Pore meme here 


w—2 
3 =e pw>O0. 


174. 1. We develop now log(1+z). The corresponding 


Taylor’s series is 
Pen tee ae 
3" 12 Gea 
We saw, 89, Ex. 2, that 7 converges when and only when 
eke Ore a el: 
Let 0<x<1. We use Lagrange’s remainder, which gives here 
vee (- 1s; lyn 
mee Glee ee 
Thus 
| £,, | at =. 
n 


Hence lim &, = 0. 
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Let —1<x<0. We use here Cauchy’s remainder, which 


gives, setting e=— §&0<€& <1, 
1 a n-1 
GD: se G3) 
1—6& \1— 6 
— Se U,, Wt 
if Soe 
if 
U, = —— 
n 1 as 6 
7 ote 
1 — 6€ 
Evidently es rr 
Also 1 
U, <=: 
ie g 
Finally 6 
lim W, = 0 ince ———._ <1. 
im since [— 08 ma 


We can thus sum up in the theorem : 
Taylor's development of log (1 + 2) 28 valid when and only when 
(a|<1lorwv=1. That is, for such values of x 
Das Oe mae 


ie OG Be he elie 5 eae 


2. We note the following special case : 
Po Ftp bt = log 2 
The series on the left we have already met with. 


175. We add for completeness the development of the follow- 
ing functions for which it can be shown that lim R, = 0. 


het ie i a a ee 





aa 12, 1-32 “ 
arcsin & See ST a grey ( 
which is valid for (— 1, 1). 
arctan 22 — S$ 2 — Fo 2 
which is valid for (— 1*, 1). 
jaca 1-325 1-3-5 2 
iO MiGtee Sat she saec7 OU 


which is valid for (— 1*, 1*). 
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176. We wish now to call attention to various false notions 
which are prevalent regarding the development of a function in 


Taylor’s series. 





Criticism 1. It is commonly supposed, if the Taylor’s series 7 
belonging to a function f(z) is convergent, that then 
f@) = Tf. 
That this is not always true we proceed to illustrate by various 
examples. 
Example 1. For f(#) take Cauchy’s function, I, 335, 
aie 
C@y=lin< * 
zak ste 
For 2 + 0 C (2 ash ee mote ==) Ci) =.0- 


1° derivative. 


For 22.0; CGy = a C(a). 
x 





ail 
Kore =; OO)s ea UUs oO) = = lim .- ='0: 
2° derwative. x +0, OU @y= CG) {5 a jl _ |. 





z= 0, CAO) = im Ch) — C'(0) = lim 2 Be 0. 
h ht 
3° derivative. «+0, CU ay CG) {3-343}. 


z=0, C'''(O)=lim 


CO 
ene 


In general we have : 








2 + 0, CO) =) {|= + terms of lower degree } : 


r= 0, C0) = 0. 


Thus the corresponding Taylor’s series is 
T=C(0) arog “el + 5 7 CO" O) +. 
BPI ech hie ee eee 


TAYLOR’S DEVELOPMENT 915 


That is, 7’ is convergent for every x, but vanishes identically. 
It is thus obvious that C(x) cannot be developed about the origin 
in Taylor’s series. 


Example 2. Because the Taylor’s series about the origin be- 
longing to C(x) vanishes identically, the reader may be inclined 
to regard this example with suspicion, yet without reason. 

Let us consider therefore the following function, 


f@)=C@)+ & =C@)+ 9@)- 


Then f(z) and its derivatives of every order are continuous. 


the FOC) = OM) + f(A) 
nm =1, 2 «- 
and m0) = 0 
we have f™(0) = 1. 
Hence Taylor’s development for f(x) about the origin is 
Pa1t e+e +ot vs 


This series is convergent, but it does not converge to the right 
sinc 
value since Tae. 


177. 1. Example 3. The two preceding examples leave noth- 
ing to be desired from the standpoint of rigor and simplicity. 
They involve, however, a function, namely, O(z), which is not 
defined in the usual way; it is therefore interesting to have ex- 
amples of functions defined in one of the ordinary everyday 
ways, e.g. as infinite series. Such examples have been given by 





Pringsheim. 
The infinite series 
re) ! 1l+a"x 


defines, as we saw, 155, 2, a function in the interval % = (0, 6), 
b>0 but otherwise arbitrary, which has derivatives in % of every 


order, viz. : 


oo =F! n nmr 
FO @)=EL @=(—D MES Grays © 
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The Taylor’s series about the origin for F(2) is 
= ~ FOO 4 r~!=1 forrvA=0, 
Ta) =X 5 PO) 


and by 2) pass (1) 
ED (O)eat ath ye GD patie DY 

r! i ( ” > n! 4 ew 
Hence 2¢_1) 
T(2) = >, A p= E(-1). (3 

=O mee 
As t, 50 and lim ,=0, t,,,<t,, this series is an alternate series 
for any win &. Hence 7 converges in Y%. 


2. Readers familiar with the elements of the theory of func- 
tions of a complex variable will know without any further reason- 
ing that our Taylor’s series 7’ given in 3) cannot equal the given 
function F in any interval %{, however small 6 is taken. In fact, 
F'(@) is an analytic function for which the origin is an essentially 


singular point, since # has the poles — J n=1, 2, 3 ---, whose 
limiting point is 0. ie 


3. To show by elementary means that F(x) cannot be devel- 
oped about the origin in a Taylor’s series is not so simple. We 
prove now, however, with Pringsheim: 





If we take a5 (t+) = 4.68 ---, Tv) does not equal F(x) 


throughout any interval 9 =(0, 6), however small b>0 is taken. 


We show 1° that if #(~)= 7x) throughout 9%, this relation is 
true in 8 =(0, 2 d*). 


In fact let WES Neer, 
By 161, 4 we can develop 7’ about 2, getting a relation 
T(2) = ~ C.(2 — %)* qd 
valid for all x sufficiently near 2). On the other hand, we saw in 
167 that r 
F(x) =$B(e— ny (2 


is also valid for 0<a<22. But by hypothesis, the two power 
series 1) and 2) are equal for points near 2. Hence they are 








TAYLOR’S DEVELOPMENT O17 


“= 


equal for 0<x<2a. As we can take 2 as near 6 as we choose, 
y= 7 in D- 

By repeating the operation often enough, we can show that Ff = 
T in any interval (0, B) where B>0 is arbitrarily large. 

To prove our theorem we have now only to show f+ T for 
some one x>0. 








Since 
il ul 1 1 1 1 
role) iret) 
) 1l+ez l1+az ih Q1i+aer 3!1+ a " 
we have 1 1 
F —_ — = . 
Oe tw 1+ ar 62 


On the other hand 


Hence 


To find a value of 2 for which ise! take xw=a7t. For this 
value of x 4 





_a—1 
ai+1 
Observe that @ considered as a function of @ is an increasing 
function. For _fe+1¥ geal 
eat) es e 


Hence F'> 7 for x >a}. 


178. Criticism 2. It is commonly thought if f(z) and its 
derivatives of every order are continuous in an interval %, that 
then the corresponding Taylor’s series is convergent in QI. 

That this is not always so is shown by the following example, 
due to Pringsheim. 


It is easy to see that 


a 1 1 
sy YES ee ee 1 
MG 2 (2n)!1+ any O a 


converges for every x > 9, and has derivatives of every order for 
these values of 2, viz.: : , 
sd mr 
Oi a1 Mi 


n=0 
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Taylor’s series about the origin is 


aS) (1) (e+ eta 
2r=0 


. 2) - ' (ew a e7e Bs 
since FO (0) = (- 1)r! at (- 1)r! 
The series 7’ is divergent for z > 0, as is easily seen. 


179. Criticism 3. It is commonly thought if f(7) and all its 
derivatives vanish for a certain value of z, say for z=a, that 
then f (@) vanishes identically. One reasons thus: 

The development of f(z) about z= a is 


F@=F@+ SF @+ E52 '@+- 


As f and all its derivatives vanish at a, this gives 
F(@) =04+0-@—a)4+0-(@— a)? + 
= ( whatever z is. 


There are two tacit assumptions which invalidate this conciusion. 

First, one assumes because f and all its derivatives exist and 
are finite at w=a, that therefore f(x) can be developed in 
Taylor’s series. An example to the contrary is Cauchy’s function 
C(x). We have seen that ((x) and all its derivatives are 0 at 
v=, yet C(x) is not identically 0; in fact C vanishes only once, 
Viz. abe = 0. 

Secondly, suppose f(x) were developable in Taylor’s series in a 
certain interval Y=(a—h,a+h). Then f is indeed 0 through- 
out Wf, but we cannot infer that it is therefore 0 outside %. In 
fact, from Dirichlet’s definition of a function, the values that J has 


in %f nowise interferes with our giving f any other values we 
please outside of Qf. 


180. 1. Criticism 4. Suppose f(x) can be developed in Taylor’s 
series at a, so that 


F(@)=f(a)+ G9 #1(a) ans C= 7a) 10 Sone 
for Y= (a<b). 
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Since Taylor’s series 7’ is a power series, it converges not only 
in Y%, but also within ®=(2a—},a). It is commonly supposed 
that f(x) = T also in 8. A moment’s reflection shows such an 
assumption is unjustified without further conditions on f(z). 


2. Example. We construct a function by the method considered 


in I, 333, viz. 
é 142)" cos 7+1+sIin 2 
2)=lim C : 
Then f(x) = cos &, in A= (0, 1) 
=1+4sinz, within $ = (0, — 1). 
We have therefore as a development in Taylor’s series valid 


in A, a2 at of 
L@shis wig oes = fT. 


It is obviously not valid within %, although 7’ converges in &. 





a 


3. We have given in 1) an arithmetical expression for f (#). 
Our example would have been just as conclusive if we had said : 
Let f(2)=cosxz in, 
and =1+sinz within %. 


181. 1. Criticism 5. The following error is sometimes made. 
Suppose Taylor's development 


f@q=f@+ = 2p@+ SPr@t~ 


valid in Y=(a<b). 

It may happen that 7 is convergent in a larger interval 
B=(a< B). 

One must not therefore suppose that 1) is also valid in %. 


2. Example. 
ae F(zy= &€ in A = (a, b), 
and =e*+sin (x—6) in B8=(0, B). 
Then Taylor’s development es 
WC hss icane gee qd 


‘s valid for &. The series 7’ converging for every x converges in 
¥ but 1) is not valid for %. 
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182. Let f(x) have finite derivatives of every order in 
y=(a<6). In order that f(x) can be developed in the Taylor’s 


series . 2, 

f(D=fath=fathy' a+ 5fh"@t- fal 
valid in the interval % we saw that it is necessary and sufficient 
that ERO! 


But R,, is not only a function of the independent variable h, but 
of the unknown variable @ which lies within the interval (0, 1) 
and is a function of m and h. 

Pringsheim has shown how the above condition may be replaced 
by the following one in which @ is an independent variable. 


For the relation 1) to be valid for all h such that 0<h< H, tt is 


necessary and sufficient that Cauchy's form of the remainder 


Ges 0)n ijn 


R,(A, 9) = F™ (a+ @h), 


the h and 0 being independent variables, converge uniformly to zero 
for the rectangle D whose points (h, 0) satisfy 


VOShao 
0<é<1. 
1° It is sufficient. For then there exists for each e>0 an m 


such that 
| RaCh, 0) | <e n>=m 


for every point (h, 0) of D. 
Let us fix h; then | R,|<e no matter how @ varies with n. 


2° Its necessary. Let hy be an arbitrary but fixed number in 
%=(0, H*). 
We have only to show that, from the existence of 1), for h<hy, 
it follows that 
R,(h, 0)=0 


uniformly in the rectangle D, defined by 
O<h<ah, , 00 1: 
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The demonstration depends upon the fact that R,(h, 9) is h 
times the n™ term f,(a, *) of the development of f'(x) about the 
point a+ @. In fact leth=a+hk. Then by 158 

im 
SOU aC Se a LC Dank) ara eat Dar Ot 
whose n term is 


kpn-1 . 
FnC Os k)= Boasts (a + a). 


Let « = 6h, then 
R,(h, «) = hf,Ce, &) 


as stated. 

The image A,, of D, is the half of a square of side h,, below the 
diagonal. 

To show that R, converges uniformly to 0 in D, we have only 


Burshow tA) Fn(% k)=9 uniformly in A). (2 


To this end we have from 1) for all ¢ in at 


fO@tD=f@+0@+ Hf "Ot GB 


Its adjoint 
GQya(F' @\ Hl Olt G4 


also converges in YW. 


By 161, 4 we can develop 4) about ¢= @, which gives 
ta 
G(a, k)= G(a)+ kG! (a@) + + fate Ge-Wa) per 


But obviously G(a, /) is continuous in A,, and evidently all its 
terms are also continuous there. Therefore by 149, 3, 


GD (a) = 0 uniformly in A). (5 
n—1! 
But if we show that 

fra ae a) pee G@-) (a) (6 


it follows from 5) that 2) is true. Our theorem is then 
established. 
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To prove 6) we have from 1) 
FO(ata=fr(a) +afr(ayt Zfwin(ayt en (7 
and from 4) 
GOO (a) = | F(a) | + | Fe*P(a) 
The comparison of 7), 8) proves 6). 


2 
+ Spray) po (8 











Circular and Hyperbolic Functions 


183. 1. We have defined the circular functions as the length 
of certain lines; from this definition their elementary properties 
may be deduced as is shown in trigonometry. 

From this geometric definition we have obtained an arithmeti- 
cal expression for these functions. In particular 





: Cn ne, eee 

any mikey or et C 
2 4 6 

608'¢s La Saree ae ce (2 


Di ave 
valid for every 2. 

As an interesting and instructive exercise in the use of series 
we propose now to develop some of the properties of these func- 
tions purely from their definition as infinite series. Let us call 
these series respectively Sand (. 


sin x 
Let us also define tanz= » secr= 
COS © 








, ete. 
COs x 

2. To begin, we observe that both Sand 0 converge absolutely 
for every z, as we have seen. They therefore define continuous 


one-valued functions for every . Let us designate them by the 


usual sym ° 
a symbols sing’ , COosz. 


We could just as well denote them by any other symbols, as 


p(x) ’ V2). 
3. Since Some C=1 #£forz=0, 
we have sind=0 , cos0=1. 
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4. Since S involves only odd powers of x, and C@ only even 


powers, 
sin z is an odd, cos z is an even function. 


5. Since Sand Care power series which converge for every 2, 
they have derivatives of every order. In particular 


ads’ eat 9 

eT CO a ee 

dC me dotie ae. ke 

CCA Che Se Ee) a 9 

in Wk Rep oie 

Hence 

CSN cosa. TOS2 = — sina. (3 

2 


6. To get the addition theorem, let an index as 2, y attached to 
S, C indicate the variable which occurs in the series. Then 


- 2 , zy? x ay? ryt 
s.¢,=2-(4+3h)+( Gt gibi tra 


7 qe 
-(4+55+ 





Adding, 
: 3 
S8,C, + o.s,-2+y-d (e+ (fev+G)* y} 
Desf 5\ 5\_ 3,2 (3) 2,3 ({) sone, 6 a 
+3 {at +(f\ty +9) +( 9 }ery? + (4 )*Y +7 \+ 


ot+y (ety? , @+5)_... 
1! 3! 5! 


aty* 
Thus for every % Y 
sin (2 + y) =sin £ COs y + COS® sin y. 


In the same way we find the addition formula for cos 2. 
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7. We can get now the important relation 


sin? z+ cos?a =1 


(4 


directly from the addition theorem. Let us, however, find it by 


aid of the series. We have 


2 ibeypeh 1m 11 ogi 
=F A tates tara t ai 
1 11 tel af 
-o(A4+sertgigi tat 
1 1 il et 1 
mals toy) Ata a) 
Alt mal dilmep toads, wo 
=scol teomest pote 
1 134 ie 1 neal 1 
+e( Stent tpata) 
Hence 
s+ = 1-5 


SHall Ede eG 
Now by I, 96, 1-(7)+(3)-(4)+ ve = 0. 


S24 O02 = sin?x+ cos?x= 1. 


+ 

pe 
ad 

+ 


Thus 


8. In 2 we saw sinz, cosx were continuous for z; 4) shows 


that they are limited and indeed that they lie between + 1. 


For the left side of 4) is the sum of two positive numbers and 


thus neither can be greater than the right side. 


9. Let us study the graph of sin z, cosz, which we shall call 5 


and I’, respectively. 


. : d sin 
Since sin z= 0, —~—" 


O under an angle of 45 degrees. 


=cosz=1, for x=0, = cuts the z-axis at 
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Similarly we see y=1 for e=0. TI crosses the y-axis there 
and is parallel to the x-axis. 


x x x 
= _— = Sdc 
x eae 7)t 


und each parenthesis is positive for 0 <a*#< 6, 


Since 





peg for 0<x<V6=2.449 «.. 


Since x xv 8 x 
C=1-— ee —_ #(1-5*,) ae 
a vat ~)+ iil Seat 





we see As 
. cos « > 0 for 0<a<V2=1.414--- 
Since rail, _ pen 2 se ae eae ued 
Dia amet) -8 10! Tih 6 1 
cosz< 0 for x = 2. 
Since D,cosx=—sinz and sinz>0O for 0<xr<V6, we see 


cos x is a decreasing function for these values of x. As it is con- 


tinuous and >0 for x ea but < 0 for x= 2, cosz vanishes once 
and only once in (v2, 2). 


This root, uniquely determined, of cos z we denote by 7 Asa 
first approximation, we have 
7 


V2<5<2: 


From 4) we have sin? oa 1. As we saw sinzg>0 for x< V6, 
we have 


- 7 
~=+1. 
sin 5 - 


Thus sin z increases constantly from 0 to 1 while cos z decreases 
from 1 to 0 in the interval (0, 5)= I,, We thus know how sin 2, 
cos x behave in J,. 


From the addition theorem 


‘ - 7T TTate 
sin Wereg = sin —cos 2 + cos —SInY = COS &. 
2 2 2 


ri ff Rea . 
cos(Z + 2) = cos F cos # — sind sin 7 = — sind. 
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Knowing how sinz, cosz march in J,, these formule tell us 
. T 
how they march in = (Z, r): 
From the addition theorem, 
sin(77 + 2)=— sin 2, cos (7 + 2) = — COS @. 
Knowing how sin z, cos z march in (0, 7), these formule inform 


us about their march in (0, 27). 
The addition theorem now gives 


sin(a# + 27)=sina, cos (x + 2 7) = cos 2. 


Thus the functions sin 2, cos x are periodic and have 2 7 as period. 
The graph of sinzcosa for negative x is obtained now by 
recalling that sin z is odd and cos z is even. 
10. As a first approximation of 7 we found 


V2<5 <2. 
By the aid of the development given 159, 3 
POE Mi AS 
tore ens oes : 
arctg x = x ats 7+ 5) 


we can compute 7 as accurately as we please. 


In fact, from the addition theorem we deduce readily 


ieee pes Je 
sin —- = — , cos—-=>-——. 
aoe 4 2 
alone: tan =1. 
4 
This in 5) gives Leibnitz’s formula, 
7 Leg) eT 
Te |e ee 
soins age rie 


The convergence of this series is extremely slow. In fact by 
81, 3 we see that the error committed in stopping the summation 


at the n* term is not greater than How much less the 





nN — 
error 1s, 18 not stated. Thus to be sure of making an error less 


1: 
than Tr it would be necessary to take 4(10” + 2) terms. 








CIRCULAR AND HYPERBOLIC FUNCTIONS 227 


fed 


11. To get a more rapid means of computation, we make use 
of the addition theorem. 


To start with, let 1 
« = arctg <. 


Then 5) gives 
@=—-——-=+-=--sSsS + oe (6 


a rapidly converging series. 


The error H, committed in breaking off the summation at the 
n™ term is 1 1 


yaaa 


i, 


By virtue of the formula for duplicating the argument 


2 tan « 
9 = >, 
Brey pe 1 — tan? « 
we have 
tan 2 “c= fx- 
Similarly tan 4a = 429 
Let ie 4 
aay as 
ga4a-7 ( 
The addition theorem gives 
tande—1_ 1 
oe 1 + tan 4 a 239° 
ae me ee eC 
939 32392 5 2395 


also a very rapidly converging series. 


We find for thé error 1 1 
P< on —1239"1 
The formula 7) in connection with 6) and 8) gives He The 


error on breaking off the summation with the »™ term is 


1 1 1 ) 
H= B+ By <a ( sen * BOR . 


228 POWER SERIES 


184. The Hyperbolic Functions. Closely related with the cir- 
cular functions are the hyperbolic functions. These are defined 


by the equations 

















Aigo ad 
COR eas (2 
2 
pat the sinh zx WOOT aa Cre 
~ coshaz e*+e* 
1 
= h — e 
sech x ae cosech x Bates 
Since 
3 x. 2 x 
e7 = cheering ae 
2 3 
Bis Wee fe ee TERI oe 
: i! 2h 3h 
we have 
sinh o= 5 + +o+h+ see (3 
x! 
cohe=l+ 245 + vee (4 


valid for every z. From these equations we see at once: 


sinh(—2)=—sinhz ; cosh(—2#)=cosha. 
sinh 0 = 0. cosh 0 = 1. 
& simhe= 1+ tot - =cosh@a. (5 
<coshe= 2 +P 424. - =sinha. G 


Let us now look at the graph of these functions. Since sinh 2, 
cosh x are continuous functions, their graph is a continuous curve. 
For «> 0, sinha >0 since each term in 3)is >0. The relation 
4) shows that cosh z is positive for every 2. 

If z' >2>0, sinh 2’ > sinh, since each term in 8) is greater 
for z than for z. The same may be seen from 5). 
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to 
to 
io) 


Evidently from 3), 4) 


lim sinha=+o , lmcoshza=+o. 


z=to r=to 
At 2=0, cosha has a minimum, and sinhz cuts the z-axis 
at 45°. 
For z > 0, cosh 2 > sinh x since 
aes > 6 — 67. 
The two curves approach each other asymptotically as v= +. 


For the difference of their ordinates is e-? which = 0 asv=+o. 
The addition theorem is easily obtained from that of e?. In fact 


GaP e (Par Gy 
2 2 
= f(ert4 =f ery — e7zty — SRE 


cosh 2 sinh y = {(e7""— e? ¥ + e-tty — e-2-¥), 





sinh z cosh y = 


Similarly 
Hence 
sinh z cosh y+ cosh # sinh y = NN Cele e+”) = sinh (4+ Yy)- 
Similarly we find 

cosh (a + y) = cosh x cosh y + sinh & sinh y. 
In the same way we may show that 


cosh? 2 — sinh? z = 1. 


The Hypergeometric Function 


185. This function, although known to Wallis, Euler, and the 
earlier mathematicians, was first studied in detail by Gauss. It 
may be defined by the following power series in @: 
a8, a-a+1-8:8+1)2 
Dao 1-2-q-y+1 
gone et 2 Pe tl xt 2 oe Oe 

1.2-3-y-yt+1l-y+2 

The numbers @, B, y are called parameters. We observe that 
a, 8 enter symmetrically, also when «=1, B=Y it reduces to 
the geometric series. Finally let us note that y cannot be zero or 
a negative integer, for then all the denominators after a certain 


term = 0. 








F (4, B, V5 wy = A 





+ 
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The convergence of the series # was discussed in 100. The 
main result obtained there is that F converges absolutely for all 
|z| <1, whatever values the parameters have, excepting of course 


y a negative integer or zero. 


186. For special values of the parameters, #’ reduces to ele- 
mentary functions in the following cases : 
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1. If « or @ is a negative integer —n, # is a polynomial of 


degree n. 


ae 


For 


Also 


ff (ical ae —2)= * log 1 +2). ad 
Pee or) eee 
( x) aa pit 


viva Bi ea la 
og 1 +2) =20—-G+3 ) 


The relation 1) is now obvious. 


Similarly we have 


a 


For 


FGal eet, = los (i), 
xv 








1 1l+zuz 
FQ, 1, 3, 2) =—1 : 
G bv) me ae 
F(—«, 8, Bs 2) =1—-22 4 esa 
) Ih) ’ = 1 Teo) fo O00 
= (1 — 2). 


cF (4, 4, 3, 2*) =aresin 2, 


2F'(4, 1, 3, — 2) = arctan z. 





lim F(« iby th =) = e. @ 

Hownd) rep Son) 
ge aa) *" 

sgeleDee (Ven a 
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Tet 0G Spy Then 


8. 1,1; D\a1+F+(4 a+ +t\i+g)ate 


is convergent since its argument is numerically <1. Comparing 
3), 4) we see each term of 3) is numerically < the corresponding 
term of 4) for any | z| < G@ and any a > 8. Thus the series 3) 
considered as a function of # is uniformly convergent in the 
interval (8+) by 186, 2; and hereby « may have any value 
in (— G, @. Applying now 146, 4 to 3) and letting «= +o, 
we see 3) goes over into 2). 


-~J 
— 
Lol 
5 
8 
ty 
Cs aa 
R 
& 
Ines 
bo 
Se” 
II 
™ 
ea 
5 
8 
o~ 
nn 


Pe aN EP ve —( ( AE ms 
oF (u eat -#)=2-F+(1+3) Bl 1+7) bata at 


Letxv=@>0ande= G. Then 


‘ars ns St 1\2@5 
GF G. Ga: Na G+ H+ (14+-G ae 


is convergent by 185. We may now reason as in 6. 


8. Similarly we may show: 


a=+00 4 o 
2 
mma (o} Z)=cone 


187. Contiguous Functions. Consider two F functions 
Fe, 8, ¥3 Z) 5 F(o, B', ry is v). 
If « differs from « by unity, these two functions are said to be 


contiguous. The same holds for #, and also for ¥. Thus to 
F (aByx) correspond 6 contiguous functions, 


Fa+1,8+1,7+13 x). 
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Between F and two of its contiguous functions exists a linear 
relation. As the number of such pairs of contiguous functions is 


there are 15 such linear relations. Let us find one of them. 
We set _a@+1-at2---a+n—-1-B:B4+1-+-Btn—-2. 
1-2---nm sy ytl---ytn—1 
Then the coefficient of 2” in F(aByr) is 
a(B+n—1)Qn3 
in F(¢ +1, B, y, x) it is 
(a+n)(B+n—1)Q,; 
in F(a, B, y—1, 2) it is 
USE OSG has OY | 


y—1 





n 


Thus the coefficient of 2” in 
(y —«—1)F(a, B, Ys x) +aF(a+1, ish Ys 2) 
+O yi («, 8 y—1, x) 
is 0. This being true for each n, we have 
(y—a—1)F (a, By, 0) +eF (a+, B, y, 2) 
+(1—y)F(«@, 8, y—1, z)=0. ei 
Again, the coefficient of 2” in F'(«, B—1,y, 7) is a(B— 1a: 
in zf(a+1, B, y, x) it is n(y+n—1)Q,. 
Hence using the above coefficients, we get 
(y-—a— 8)F (a, S&S: Ys x) +a(1—2)F(a+1, B, Y 2) 
CB = ty) Ces — sary, w= Oe? 
From these two we get others by elimination or by permuting 


the first two parameters, which last does not alter the value of 
the function F (a@yzr). 


Thus permuting «, 8 in 1) gives 


Cyaan 1)F (a, Bs; t)+BF (a, B+1, Y, 2) 
+d —y)F(«, 8B y-l1e)=0. (3 
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Eliminating F(«, 8, y—1, x) from 1), 3) gives 
(B—«)F (a, B, Ys x) =i af (a+ 1, B, Ys cD 
: — BF(«, B+1, 7, 7) =9. (4 
Permuting «, 8 in 2) gives 
(y—a—P)F (a B, 7, 2)+PRA-xa)F@B+1, 4 2) 
+ (a—y)F(a—-1, B, Yt) = 9. (5 
From 3), 5) let us eliminate F(« 8 +1, 7, 2), getting 
(a—1— (y—B—-)D2) FO, B, Ys 2 Cy «)F(«—1, B, Y L) 
+(1—y)A—2)F(e, 8 y-1, 2)= 0.51(6 
In 1) let us replace « by «—1 and y by y +13; we get 
(y—a+1)F(«—1, B, y+1,2)+(Ce—-1F( AB y+ Aya) 
— yF(a—-1, B, y, 2) =9. (a) 
In 6) let us replace y by y+ 1; we get 
(o— 1— (y—B)x) F(a, B, Ne ie x) +(yt+1—«)F(a-I, sh y+1, Lv) 
—y(1—2) Fe, B, y, %)=9. (b) 
Subtracting (b) from (a), eliminates F(«e—1, B,y+1, 2) and 
gives 
yl —2)F (aByr) —yF(«e—1, By #) 
+(y—-A)tF (a, Byt1,2)=0. 
From 6), 7) we can eliminate F(a—1, B, 7, x), getting 
yiy-1Lt(at+B+1—2y) HF B % 7) 
+(y—-@)(y— B)2F (ae By +1, 2) 
+y1-ya-2)FO B,y—-1,27)=9. © 
In this manner we may proceed, getting the remaining seven. 
188. Conjugate Functions. From the relations between con- 


tiguous functions we see that a linear relation exists between any 
three functions 


F(a, By L) Fe, Bas y', z) Fal’, BY, y", x) 


whose corresponding parameters differ only by ‘integers. Such 
functions are called conjugate. 
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For let p, g, 7 be any three integers. Consider the functions 
F(aByx), Fa+1,8, 7,2): F(at+p, By @), 
Ftp, B+1,7,2), Ftp, B+2,7,2)--FO+p, B+G% 2%), 
F(atp, B+qyt1,2), Ftp, B+GY+2,0) KM atp, B+qy+rx). 


We have p+q+r+1 functions, and any 3 consecutive ones 
are contiguous. There are thus p+gq+r—1 linear relations 
between them. We can thus by elimination get a linear relation 
between any three of these functions. 


189. Derivatives. We have 


? e 0. a-a+1----atn—1-8-8+1----8+n—-1 4 
READ DE 1-2---n-y-yt1---ytn—-1l 


Ge gale -@+n-8-B41----B+n , 
SG er Perrin Rea ca 


_@e aa --@tn-B+1...-Btn, 
ae ae etal) RAMOS besa 


“Presnaenrens 











Hence 
F" (a, B, y, 2) =" BP (a+, A4+1,74+1,2) 
RPK Ges 

Ze y-yt1 


and so on for the higher derivatives. We see they are conjugate 
functions. 





F(a + 2, Be 2, y + 2, x) 


190. Differential Equation for F. Since F, F', F" are conju- 
gate functions, a linear relation exists between them. It is found 
to be 

2(a@—1)F" + ft B+1)2-y} F'+aBF=0. Ga 

To prove the relation let us find the coefficient of 2* on the left 

side of 1). We set 


Pprmes e+1. a@+n—1-8-B41---B4+n—-1 
tbo oe semeyeytl---ytn—1 ' 
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The coefficient of 2 in 27F'” is 
n(n—1)P,, 
in —2F"' it is 
_ nat n)(B+n) P 
n? 
yrn 


n(a+B+1)P,, 





in (e+ 8+1)2F" it is 





in — yF"’ it is 
(a+n)\B+) p 
n? 
0 faa 
in «BF it is 
aBP,,. 


Adding all these gives the coefficient of 2 in the left side of 1). 
We find it is 0. 


191. Expression of F(«Byx) as an Integral. 
We show that for |z| <1, 


B(B, y— 8) F(@By2) = fw = uy tA — auy-edu 
where B(p, q) is the Beta function of I, 692, 
Bip.) = fwd -—wrtdu. 


For by the Binomial Theorem 


e 9 
gree ga ee ted Neale ey ae we. 


ae a 
(1 — xu) itl cy oas 1.2 iat 8 





for |au|<1. Hence 


i fw a u)y-8-1(1 — cu)-*du 


De fore-1 cts ayier ot +2 (1 8¢{ — 4) 
= {wd ujtPtdu + = J we — 4) 





a-at+ 1 1 341(1 — 4 )v-8—1d Ba 
+ett fuel — uy Pda + 


= B(B,y— 8) + «B(B +1, ¥— 8) 


+ tet aB(e+ 27-8) + (2 
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Now from I, 692, 10) 
B 


H 
B a — Ba ae an Ga Cae een 
C8 aa coal aang (B+ +7 eect +Y 


etc. Putting these values in 2) we get 1). 


192. Value of F(a, B, y, x) for x = 1. 


We saw that the # series converges absolutely for 2 = 1 if 
a+ B—y<0. The value of F when x=1 is particularly in- 
teresting. As it is now a function of «, 8, y only, we may denote 
it by F(a, B, y). The relation between this function and the [ 
function may be established, as Gauss showed, by means of 187, 8) 
we" giy- 1+ (a+ 841-24) 2} PCapy2) 

ale (y naz a) Cy nA 8B) «F(a, B,Y “f 1, x) 
ix ‘ +yaQ-yd-—2)F@ p,y-1,2)=9. ad 
ssuming that ee) (2 


we see that the first and second terms are convergent for z = 1; 
but we cannot say this in general for the third, as it is necessary 
for this that «+ @ —(y—1)< 0. We can, however, show that 


Elim (t— 2) F(a, 8, y—1, 2) = 0, (38 
supposing 2) tohold. For if |z| <1, 
F(a, By y—1, 2) =a) + ax + agz? + (4 
Now by 100, this series also converges forz =—1. Thus 
Timea i=); (5 


From 4) we have 
C1 — 2) F(a, By —1, 27) =a) + (a, — a) 2 + (a, — A) a + oe 


Let the series on the right be denoted by @(a). As 
Gra @) =a,, we see G(1) is a convergent series, by 5), whose 
sum is 0. But then by 147, 6, @(x) is continuous at «= 1. 


Hence yo lim G(r) = G(1) =0, 
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and this establishes 3). Thus passing to the limit z= 1 in 1) 
gives 


yet B-yFOo By y) + (y—«)(y—- BF 8B, y¥+1)=9, 
F(a, B,y) = (y—«)@7—8) # 1) 
or (a, 8,7) AEB) (a, By y +1) 
Replacing y by y + 1, this gives 
Cae aye _ (y+1—«)(¥+1-8) Fre 2 
CR eae a1 la 8) (% By + 2), 
ete. Thus in general 
F(«, BY) = 
(4 0) (y+ 10) (yp tn—1—«)-(y—BY(yt 1-8) n= 1-8) 
NOD) G@4n—D@—e-2)@—e-R +1) (ye B+ 9—-)) 
F(a, B,y+n). 





Gauss sets now 


Il (n, L) = 


n\n* 


(2+1)@+2)>: (a+ n) 


Hence the above relation becomes 


°s _Tay-D)M(ny-«-B-Y - 
Deere eT aay BI SR 


lim F(a, 8, y+”) =1. (7 





Now 


For the series 


SNA CRI EE 8 
FepAn= bby 1-2-y-yt+1 7 ( 





converges absolutely when 2) holds. Hence 


yy lela , elle Ei. (9 


1-2-G¢-G4+1 


is convergent. Now each term in 8) is numerically < the corre- 
sponding term in 9) for any ¥ > G. Hence 8) converges uni- 
formly about the point y = + ©- We may therefore apply 146, 4. 
As each term of 8) has the limit 0 as y =+ ©, the relation T) 
is established. 
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We shall show in the next chapter that 
lim II (™, x) 
exists for all 2 different from a negative integer. Gauss denotes 
it by II (x); as we shall see, 
V(r) =W@—1) , forx>0. 
Letting n = 0, 6) gives 


_U@- DN -«- 8-1) 
OBO email) Th Sea) 
We must of course suppose that 





Y Wf = y—B, y—a—B, 
are not negative integers or zero, as otherwise the corresponding 
II or F function are not defined. 


Bessel Functions 
193. 1. The infinite series 


J,(x) =2"S(—1)° a 
s=0 


2n2eg1 (nm + 8)! 
converges for every x For the ratio of two successive terms of 
the adjoint series is |x|? 

2(s+1)(n+8+4+1) 
which = 0 as s= oo for any given z. 


n=0,1,2-. - 


The series 1) thus define functions of x which are everywhere 
continuous. They are called Bessel functions of order 


= Os le aie 
In particular we have 





Pe a! 78 
WO=l- 7 o+m am aet ie 


T,@) ate as a 
=>" Hath 6 eet S 
Since 1) is a power series, we may differentiate it termwise and 


get — (—1)9(28+7n) 
J; =e aes CS ee 2stn—1 
(#) 2 2nt2egi(n+ sy! = G 
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2. The following linear relation exists between three consecutive 
Bessel functions: 


Ini () = au 1G )e ae) ws, 1 > O- (5 
For gr) oo 2s4-n—1 
ae SS 1 $B ore ENT finies 
~ Qe-l(n —1)! 7 2a ) Qnt2s—1g)(m —1+ 8)! ic 
Jee i= > 1 a 
bee by Ont2s— 1(g— 1)! (n ae s)! ei 
Hence 
Jn-1 + Init 
grt 2 gistn—l 1 1 
es 
2-1(n—1)! x ) Qn+2s—1 s!(n—1+8)! (s—D!(ntsy!J 
gn gestn—1 


Sean ee EN 1)? —_.—_—_—_—_ 
Zen a 1)! nt Cx J Qnt2e—1e!(n + s)! 








nz hee 
=> (—1)! —— 
L0 ote Qntes—ls!(m +8)! 
2n 
=——J, 
"I,(2) 
3. We show next that 
2 Fhe) = Jn_-4(4) — Ini) n>9. (8 
For subtracting 7) from 6) gives 
n—1 oo qustn-1 n+ 28 
ee ee Ly . 
pes ee ot ihe iii 1 Fe. Qn+2e-1  gl(n+s)! 
2 (n ae ) ys ae 
=>z(-—1)° 
a ) Qn+2s-1!(n + 8)! 
=2 J}. 
From 8) we get, on replacing J, by its value as given by 5): 
Ii(ay=—2F,a)+I1@), n>. ) 
x 


From 5) we also get 


Ti(2)=2IAe)— Ins) 0? 0 (10 


4. The Bessel function J, satisfies the following linear homo- 
geneous differential equation of the 2° order: 


ifiee ape (1 e mn 3! ‘nl 
x 
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This may be shown by direct differentiation of 1) or more sim- 
ply thus: Differentiating 9) gives 





Itt ce oe mm “In fod (12 
Equation 10) gives 
-n—1 
re 
n-1 x n-] n 


Replacing here J,_, by its value as given by 9), we get 
Jl atts (G29 1), 


n—-1 x 


Putting this in 12) gives 11). 


pa a 
5. Cia earn) Ce) (13 
—o 
for any z, and for u+ 0. 
For 
eee bose 
Cue — Camm cle. 





2 
PUNY (splints ali clean e5. } ; 
2u A? 22.21 uP 
Now for any x and for any u+#0, the series in the braces are 
absolutely convergent. Their product may therefore be written 


in the form ( gm at si (2) 1 a ..) 
22 27821 2Ne 





+u"( ) 
Ce aaa ) 
+- 


= S(t) + w(x) + w(x) $ ++ 
— Ji rn LY. 
U u2 
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194. 1, sie of J,(a) as an Integral. 


if 7 
x 5 a] 2" 
J, £) = ra TC = Vs cos (x cos p) sin® dd¢. ad 
2 





For 
cos U= 2(- eae 
Hence 00 : 
cos (2 cos ) = > C = 2 cos* b 
and thus 


cos (a cos f) sin" ¢ = Saeit Ga 0 a cos  sin** >. 


As this series converges uniformly in (0, 7) for any value of a, 
we may integrate termwise, getting 


{cos (x cos p) sin" ddd = > 5 o (cost d sin?” ddh 


=>o* om B(2SEt, ontt) by I, 692 
- ! 




















@s) 
y ab rs tyres?) 
— ee 2s r on 
0 (Qe)! T(s+n+1) by a,b? 


We shall show in 225, 6, that 


r(2t*) = 1-3.-5- ed ol 
ve 2s 


a 





Thus the last series above 


z onp ive, Cart 805-8 (@a—1) 
vn P(A )3 eo! or. el 


Thus 








2 1 "cos (xcos¢) sin?" ddd 


ona T 2n+1\/J0 
7 ( 2 ) => (1) 22 Haney, 


ay D+” g 1( +8)" 


CHAPTER VII 
INFINITE PRODUCTS 


195. 1. Let {a,,....,{ be an infinite sequence of numbers, the 
indices t=(4,-+++4,) ranging over a lattice system % in s-way 


space. The symbol Ven 25hin ae é 


is called an infinite product. The numbers a, are its factors. Let 

P,, denote the product of all the factors in the rectangular cell 

Hi, It ieee Q 
pe 

is finite or definitely infinite, we call it the value of P. It is 

customary to represent a product and its value by the same letter 

when no ambiguity will arise. 

When the limit 2) is finite and #0 or when one of the factors 
= 0, we say P is convergent, otherwise P is divergent. 

We shall denote by P, the product obtained by setting all the 
factors a, = 1, whose indices ¢ lie in the cell f,. We call this the 
co-product of P,,. 

The products most often occurring in practice are of the type 


Pai@ahag? dg lg, (3 
1 
The factor P, is here replaced by 


Py = Ay + igs +++ Ay 


and the co-product P,, by 
12. —a Am ° Am . An, e ece 
Another type is ath akehan 
P= Tak (4 


The products 3), 4) are simple, the product 1) is s-tuple. The 
products 3), 4) may be called one-way and two-way simple products 
when necessary to distinguish them. 


242 
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2. Let 
PH1-h.R- gfe oe 


Obviously the product P = 0, as 
Dee eso: 
n 


Hence P =0, although no factor is zero. Such products are 
called zero products. Now we saw in I, 77 that the product of a 
finite number of factors cannot vanish unless one of its factors 
vanishes. For this reason zero products hold an exceptional posi- 
tion and will not be considered in this work. We therefore have 
classed them among the divergent products. In the following 
theorems relative to convergence, we shall suppose, for simplicity, 
that there are no zero factors. 


196. 1. For P=Ila.,...,, to converge it is necessary that each Pi 
is convergent. If one of these P, converges, P is convergent and 
je Ps 
The proof is obvious. 
2. If the simple product P = a,- a, - dg --- 18 convergent, its fac- 
tors finally remain positive. 


For, when P is convergent, | P,| >some positive number, for 
n>some m._ If now the factors after a,, were not all positive, P,, 
and P, could have opposite signs » >, however large n is taken. 
Thus P,, has no limit. 


197. 1. To investigate the convergence or divergence of an 
infinite product Po lial when a, > 0, it is often convenient to 


consider the series 
L = - log A, ns = = (oes 


called the associate logarithmic series. Its importance in this con- 
nection is due to the following theorem : 


The infinite product P with positive factors and:the infinite series 
L converge or diverge simultaneously. When convergent, P =e", 
L=\log P. 

For log’ 2, = Dy; 1 


I st, = enn. (2 
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If P is convergent, P, converges to a finite limit #0. Hence 
L, is convergent by 1). If L, is convergent, P, converges to a 
finite limit #0 by 2). 

2. Example 1. 

pa n(1 +2)on= Tle Meese ees 


is convergent for every 2. 
For, however large |! is taken and then fixed, we can take m 


so large that peal 8 0s 
n 


Instead of P we may therefore consider PS 


= —f{ 2 x 
ae loo Wt 2). 3 
Then Vhs 2 | sta og ( +2) ¢ 
But by I, 418 


Hence Ln = >> M22 - 


which is convergent. 


The product P occurs in the expression of sin 2 as an infinite 
product. 
Let us now consider the product 


Q=n(1+2)e n=+1,+2,--- 
n 

The associate logarithmic series Z is a two-way simple series. 
We may break it into two parts L’, L’’, the first extended over 
positive n, the second over negative n. We may now reason on 
these as we did on the series 3), and conclude that Q converges 


for every x. 
043) 
site. athlon 


is convergent for any 2 different from 


0, —1, — 2, — 3, e+ 


3. Example 2. 
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For let p be taken so large that |2|<p. We show that the 


co-product Ane 
Petes 
GPa ie ee, 

pt Pas 

n 


converges for thisz. The corresponding logarithmic series is 


=> {etog(1+4)—10g(1+2)} 


= 3 (2 —toe(1-+5)} -=2(2—welt+)} 


As each of the series on the right converges, so does L. Hence 
G converges for this value of z. 


198. 1. When the associate logarithmic series 


T= 2108 OF, 5. 0 


is convergent, lim log a,,...., = 9; by 121, 1, 


Telace 


and therefore ; 
lim @,,...., = 1. 


|ul=co 


For this reason it is often convenient to write the factors 
a,,...., of an infinite product P in the form 1+ 8... When IPAS 


written in the form Pei on): 


we shall say it is written in its normal form. ‘The series 
Dia 2, 
we shall call the associate normal series of P. 
2. The infinite product 
P=T(1+4,..1,) 1 U> —1,. 
and its associate normal series 
A aS 


converge or diverge semultaneously. 
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For P and Las leg $4) 
converge or diverge simultaneously by 197. But A and L con- 
verge or diverge simultaneously by 128, 4. 

3. If the simple product P = a, ° a, - 43°" is convergent, a,—=1. 

For by 196, 2 the factors a, finally become > 0, say for = m. 
Hence by 197, 1 the series 


is convergent. Hence loga,=9. ..a,= b 
199. Let Ry < Ry, <-> |X| #00 be a sequence of rectangular 


cells. Then if P is convergent, 


P=P,,+ Pages aP). 
For P is a telescopic series and 


Ly, 5s “= a ae = (Paner a P,,)- 


200. 1. Let P=IIC1 +4.,...,,). 
We call P= M1+a,..) » a=la,| 
the adjoint of P, and write 
Wiese N dG yer: 
2. P converges, if its adjoint is convergent. We show that 
FSS ON: UP aly |< 6 py v>nr. 
Since $ is convergent, 


B+ 2G,,— By) 


is also convergent by 199. Hence 
0<,—fi<e N<p<v 


But P,—P, is an integral rational function of the a’s with 
positive coefficients. Hence 


|P,—-P,|=$,—$F,- (1 
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8. When the adjoint of P converges, we say P is absolutely 
convergent. 

The reader will note that absolute convergence of infinite 
products is defined quite differently from that of infinite 
series. At first sight one would incline to define the adjoint of 


Pee ITA. is 
B= rie...-c, |: 
With this definition the fundamental theorem 2 would be false. 
For let P=T(-1)'; 
its adjoint would be, by this definition, 
“Deol alan a: 


to be 


Now %,=1. .:.$% is convergent. On the other hand, 
P,=(—1)” and this has no limit, as n=o. Hence P is 
divergent. 

4. In order that P=TI(1+4,,...,) converge absolutely, at ws 
necessary and sufficient that yy 


converges absolutely. 


Follows at once from 198, 2. 
Example. 2 2 
10-3) 
1 
converges absolutely for every 2. 
For 
is > Me 


ne n 
is convergent. 
201. 1. Making use of the reasoning similar to that employed 
in 124, we see that with each multiple product 
P= llala, 
are associated an infinite number of simple products 


Q = Tla,, 
and conversely. 
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We have now the following theorems: 


2. If an associate simple product @ is convergent, so is P, and 
1s 
For since @ is convergent, we may assume that all the a’s are 


> 0 by 196, 2. Then 
My Q= e=log an by 197, il 


=1e2 sae, by 124, 3, 
ie by 197, 1. 

3. If the associate simple product Q is absolutely convergent, so 
2S eh, 

eee P= l@seae 4} 
= ILC a). 

Since Q is absolutely convergent, 

MRO SCA eine) 

is convergent. Hence II(1 + «,,....,) is convergent by 2. 

4. Let P=1IC1 +4...) be absolutely convergent. Then each 


associate simple product Y@ = Il(1 + a,) ts absolutely convergent and 
Pie). 


For since P is absolutely convergent, 
PANE 
converges by 200, 4. But then by 124, 5 
La 


is convergent. Hence Q is absolutely convergent. 


n 


5. If P=Mla,,...., ts absolutely convergent, the factors aeio>o 
of they lie outside of some rectangular cell R,. 


For since P converges absolutely, any one of its simple associ- 
ate products Y= IIa, converges. But then a,>0 for n>m, by 
198, 8. Thus a... > 0 if ¢ lies outside of some R,,. 


6. From 5 it follows that in demonstrations regarding abso- 


lutely convergent products, we may take all the factors > 0, 
without loss of generality. 
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For P=P,-P,; 


and all the factors of P, are > 0, if w is sufficiently large. This 
we shall feel at liberty to do, without further remark. 


Ae ASA din. (2) a,>9 


and 


L= log + 4,,...,) 
converge or diverge simultaneously. 
For if A is convergent, 
Xa 


tyittt, 


is convergent by 200, 4. But then L is convergent by 123, 4. 
The converse follows similarly. 


902. 1. As in 124,10 we may form from a given m-tuple 
product “i= are 


as infinite number of conjugate n-tuple products 


Bi I1d, +n 


where a, = 0, if e and 7 are corresponding lattice points in the two 
systems. 

We have now : 

2. If A is absolutely convergent, 80 is B, and A = B. 


For by 201, 6, without loss of generality, we may take all the 
factors > 0. 


Then Raves pes Diy oe ty 
2 log dy 
at ried aps 
= B. 
3. Let Ate, 


be an absolutely convergent m-tuple product. 
Let ip = beg 


be any p-tuple product formed of a part of or all the factors of A. 
Then B is absolutely convergent. 
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For = log a, is convergent. 


Hence = log 8, is. 


Arithmetical Operations 


203. Absolutely convergent products are commutative, and con- — 
versely. | 








For let TREN Ger 
be absolutely convergent. Then its associate simple product 
= Ila, 


is absolutely convergent and A= Y, by 201, 4. Let us now re- 
arrange the factors of A, getting the product B. To it corre- 
sponds a simple associate series Band B= B. But 2% = B since 
Y% is absolutely convergent. Hence A = B. 

Conversely, let A be commutative. Then all the factors q,,..... 


finally become > 9. For if not, let 

Rh, < By <= wo @! 
be a sequence of rectangular cells such that any point of ®,, lies 
in some cell. We may arrange the factors a, such that the partial 
products corresponding to 1), 

A ee aed ere 
have opposite signs alternately. Then A is not convergent, which 
is a contradiction. We may therefore assume all the as > 0. 


Then te pare Cero 


remains unaltered however the factors on the left are rearranged. 


Hence Slee i 


is commutative and therefore absolutely convergent by 124, 8. 
Hence the associate simple series 


A= Zloga, = 2 log (14+ 4,) 
is absolutely convergent by 124, 5. Hence 
2B, 
is convergent and therefore A is absolutely convergent. 
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204. 1. Let Wie? 


be absolutely convergent. Then the s-tuple iterated product 
B=TII --- Ila 


Caivesit 
, USSD 
4“ & 


is absolutely convergent and A= B where 1, +++ 4, 18 a permutation of 
bys Ug 28° bye 

For by 202, 3 all the products of the type 
Ila Ila 


tyre 
tg—yts 


byrrr ly 


are absolutely convergent, and by I, 324 
T= Tae 


Similarly the products of the type 
II 


be—1's —2's—8 
are absolutely convergent and hence 


N= Ti U I. 


te—ite—ats 4s—2 “e-1 8 
In this way we continue till we reach A and B. 


2. We may obviously generalize 1 as follows: 
Let er its 


be absolutely convergent. Let us establish a 1 to 1 correspondence 
between the lattice system & over which t=(t, +++ 4) ranges, and the 
lattice system Mt over which 
j= Own’ “Jordon Jndre*** Jeo) 
ranges. Then the p-tuple iterated product 
B= -[Il--::: Ula 
eS 


TG ig" Sep 
is absolutely convergent, and 


A=B. 
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3. An important special case of 2 is the following: 
Let A=NGjeien = lk; = 


converge absolutely. Let us throw the a, into the rectangular array 


chen PSt rE Tis 
converge absolutely, and 
A= B,B,-:- B,. 


4. The convergent infinite product 
P=(1+4,)A +4.) + 


is associative. 
For let 


Let 


M,< My < +s =O. 
14+ 6,=( + 4,) +--+ 4,,,) 
det b= I Am+1) 7G ad st Ons) 


We have to show that 
Q@=(14+6,) +8) + 
is convergent and P = Q. 
This, however, is obvious. For 
Qn =A +8) +0) =0 4a) +a) 
Wis, v= mM, + ++ +m,. 


But when n= o go does pv. 


H 
a lim Q,, =lim P,. 


Remark. We note that m,,,; —m, may =. with n. 
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205. Let Ar Migege oy eB Hdd... 
be convergent. Then 


C= Wiaasbans D =I 


are convergent and 


Cher — Dples 
B 


Moreover if A, B are absolutely convergent, so are Ce. 


Let us prove the theorem regarding C’; the rest follows simi- 
larly. We have 
y Ci — Ay : B,. 


Now by hypothesis A, = A, B, = Bas p =». 
Hence : 
CA 7A eed) 


To show that Cis absolutely convergent when A, B are, let us 
writea,=lt+a , &=140, and set|aj=a , |bK/= Be 
Since A, B converge absolutely, 


Slogi+a) , Zlogad+t+ ey) 
are convergent. Hence 
> flog (1 + m) + log(1 + BS = Tlog(1 +a) + 8) 
is absolutely convergent. Hence C is absolutely convergent 


by 201, 7. 


206. Example. The following infinite products occur in the 
theory of elliptic functions: 
Q=Nd+¢") 
= LG ge) n = 1, 2, + 


Quant ile gs): 
They are absolutely convergent for all |q|< 1. 
For the series S[gr| . =| g?}| 


are convergent. We apply now 200, 4. 


As an exercise let us prove the important relation 


P= 019293 =1. 
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For by 205, PH=N(1+e)1 + DA — gr) 
= 11(1 + g)(1 = gh) 
Now all integers of the type 2, are of the type 4m — 2 or 4n. 
Hence by 204, 3, 
I — gia Lae Ul bie doe)» 








or . mG a. 2n) 
SE Nae Ne : ‘ 
Thus (ee a (1 — 9?) 4n 
fein So eee = Ii ee 
= 1. 


Uniform Convergence 


207. In the limited or unlimited domain YX, let 
B= log foe in) 
be untformly convergent and limited. Then 
all yon 

is uniformly convergent in A. 

For Peis 

Now L,= L uniformly. Hence by 144, 1, F is uniformly con- 
vergent. : 


208. If the adjoint of 
F=d ane (2 °** Lm) ) 


1s uniformly convergent in % (finite or infinite), F is uniformly 
convergent. 


For if the adjoint product, 
py = 1d oF Gs hb 
is uniformly convergent, we have 


f [Bu.-By|<e pyy>r 
or any 2 in Y. 
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But as already noticed in 200, 2, 1) 
hea eS | $.— 8, |- 


Hence F is uniformly convergent. 


209. The product 
FHM 4+ fs, 0°* Lm)) 
is uniformly convergent in the limited or unlimited domain A, of 
D = 2d,-(% em) > G= 1A! 
is limited and uniformly convergent in I. 
For by 138, 2 the series 
L=Xlog A+ ?,) 


is uniformly convergent and limited in 9. Then by 207, the 
adjoint of F is uniformly convergent, and hence by 208, F is. 


ah! F(a rigs Lm) a TI fi, 6% aaa Tm) 


be uniformly convergent at x = a. If each f.is continuous at a, F 
is also continuous at a. 


This is a corollary of 147, 1. 
Q11. 1. Let = =| fa (t1°** Um) | converge in the limited 


complete domain X having a as a limiting point. Let G and each 
f, be continuous at a. Then 


F (21 +** 2m) = THA + fi," Lm)) 
ts continuous at a. 


For by 149, 4, @ is uniformly convergent. Then by 209, F is 
uniformly convergent, and therefore by 210, F is continuous. 


Q. Let G =| finu(%1°°* Ym) | converge in the limited complete 
domain %, having x =a as limiting point. Let 


limf=a, , lim G = a,. 


Then lim (1 +. fi, 1621 07° Sm) = TIA + ,.--14)- a 
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For by 149, 5, @ is uniformly convergent at r=d. It is also 


limited near v=a. Thus by 209, 


nd+f) 
is uniformly convergent at a. To establish 1) we need now only 
to apply 146, 1. 


OAR ANG AWS HHMI ees) F0 el 
converge in Y=(a,a+56). Then 
logelt === OG (2 
If we can differentiate this series termwise in 2{ we have 
d iis 
Ae ee > 7 (3 


Thus to each infinite product 1) of this kind corresponds an infi- 
nite series 3). Conditions for termwise differentiation of the series 
2) are given in 153, 155, 156. Other conditions will be given in 
Chapter XVI. 


2. Example. Let us consider the infinite product 


A(x) = 2 gQ sin mxll(1 — 2 q” cos 2 rx + g*") (1. 
1 
which occurs in the elliptic functions. 
Let us set 
1—u,=1—2 q" cos 2 rx + q. 
Then [Ml <2ig/™+iql™. 


Thus if | q| <1, the product 1) is absolutely convergent for any z. 
It is uniformly convergent for any 2 and for |q|<r<1. 

If it is permissible to differentiate termwise the series obtained 
by taking the logarithm of both sides of 1), we get 


O'(x) 
(x) 


If we denote the terms under the = sign in 2) by v, we have 


2n 





=r cot re +4rsin 225% (2 
= 1—2¢4 


” cos 2 rye Aa 


2n 


Un copite ot) 91" as n° 
<a ¢ 








THE CIRCULAR FUNCTIONS 257 
Now the series Ea, converges if |q|<1. For setting 6,=| 4"! 
the series £0, is convergent in this case. Moreover, 


lim %@ =1. 


n=0 La 


Thus we may differentiate termwise. 


The Circular Functions 


213. 1. Sinz and cosz as Infinite Products. 
From the addition theorem 
sin (mz +2) = sin (m+ 1)2=sin mz cos x + COS ME sin # 
m =1, 2, 3 --- we see that for an odd n 
sin nz = dy sin” x + a, sin™ 1 a+ +++ +a,_,s8inz 
where the coefficients a are integers. If we set t= sin x, we get 
sin nz = F,(t) = agt® + at? P+ vr + ny. a 
Now F, being a polynomial of degree n, it has n roots. They are 


2 =) 

aualvrr o Anti e - 7 Tv 

O; get Shir a rk SI 7) 1 =) 
n n 2 





corresponding to the values of xz which make sinnz=0. Thus 
Re Lie 9 
FC) = aot (« — sin ) (¢ + sin 7) ce 
= at jt sint™)...(@—sin > 5 ‘ (2 
a ty n n 2 


Dividing through by 





ah Sead ED att — Lor. 
gin? — sin? — --- sin = 
n n n 2 





and denoting the new constant factor by «, 1), 2) give 


sin? x sin? x 
ret : (3 
n—l1la7 








sin nz = « sin “Atal ~ 





A T . 
sin? — sin? 
n 
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To find « we observe that this equation gives 
sin nx sin? x 

=a!/1— eh 
sin x Ae 
sin? — 


Letting +0 we now geta=n. Thus putting this value of « 








in 8), and replacing a by =, we have finally 





sinz =nsin= P(a, nv) (4 
where 
sin? | Le 
P(a@,n) =) 1— r=, 2, +++ —5= 
sin?” | 


We note now that as n =o, 





sin — 
nm sin —=2 = 2. 
x 
n 
Similarly 
x 
+2 
sin? — 
n. @ 
Wa, rear? 
sin? — 
n 


It seems likely therefore that if we pass to the limit n = oo in 
4), we shall get 


sins =aP (2) (5 
where Ss oe 
P(x) =T(1-——)- 
@) 1 ( “ini 
The correctness of 5) is easily shown. 
Let us set 

sin? 
n 





L(a, n) = log P(a, n) = = log} 1-- 


sin? a 
n 


I (2) =log P(x) = 2 log (1 - =): 
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We observe that 


lim P (a, n) = lim e4*" = eM) = P (x) 
provided o 
lim Lia) = 12). (7 


We have thus only to prove 7). Let us denote the sum of the 
first m terms in 6) by L,,(z, n) and the sum of the remaining 
by L,,(2, »). Then 


| L(a, n) — L(x) | <|Ln( n)—L,,(x)|+ | L, (a, 1) | + |£.()|.. 8 


3 Tv 
Since for 0<a2<-—, 
2 
x 4 
ee 
we have 
sin? = ie 
n 4n2 gz 
gee <P oe Ea 
i Ome a 
sin?—— —— 
Me 


|| 


and hence for an m, so large that —~—<1, we have, 
1 





v x : 
< — log (1-53) r>m 


But the series 
Dog (1 a 7m) 
is convergent. Hence for a sufficiently large m 
Za mi<f . [E@le§ 


Now giving m this fixed value, obviously for all n > some v the 
first term on the right of 8) is < €/3, and thus 7) holds. 
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2. In algebra we learn that every polynomial 
Ay + ax + Ag? + +++ + A,2” 
can be written as a product 
Ag(X — 1) (L— Gy) +++ (Z— Oy), 
where o, @, +++ are its roots. Now 


sin z= 


sie (9 


is the limit of a polynomial, viz. the first » terms of 9). It is 
natural to ask, Can we not express sin a as the limit of a product. 
which vanishes at the zeros of sinz? That this can be done we 
have just shown in 1. 


3. If we set 2 = 77/2 in 5), it gives, 


1=2n(1-7,)=30 E*OCr+. 





472} 2 Vis Gp 
Hence Tae Diyareadie _2-2-4-4-6-6-. (10 
2 (2r—1N Or Fl) 71-8588 555- 7. 


a formula due to Wallis. 


4, From 5) we can get another expression for sin 2, viz. : 
sing = aI (1— 2) em r=t+1,4+2,-.- (il 


For the right side is convergent by 197,2. If now we group 
the factors in pairs, we have 


(1-2)en(142 eth Daca 
rr rT (sets 
This shows that the products in 5) and 11) are equal. 


5. From 5) or 11) we have 
sin z= lim P,(x) = lima I! 2+ 8% (12 


n=oo s=-n 87r 


where the dash indicates that s = 0 is excluded. 
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214. We now show that 


cos 7 = i(1- +4). qd 
1 (2 n — 1)??? 


To this end we use the relation 


sin 22=2sinz cosz. 





Hence 
4x? 4 x A 2 
n(i—88)_ mm attilt ga!) 
n(1-5) (ces 
pear? ey} 


he 
ut (1 S- =) 


4 a 
ri a (1 - aaa) 
Paes 


from which 1) is immediate. 





From 1) we have, as in 213, 4, 


9) 2z 
coral (1- ape) n=0,+1,+2,-- (@ 
“ = 7 


915. From the expression of sin z, cos% as infinite products, 
their periodicity 1s readily shown. Thus from 213, 12) 


sing =lim P,(@). 
n=—o 


ol Pietn) _ ett 4 | asnto. 
PA) Basne 
Hence lim P,(@+7) =— limeh,.(2)) 
or sin(a +7) = — sin @. 
Hence 


sin(a +27) =sine 


and thus sin z admits the period 2 7. 


216. 1. Infinite Series for tan x, cosec 7, ete. 


If 0<2<7, all the factors in the product 2138, 5) are positive. 


lay oa 2 
ee log sina = log z + = log (1-3) , 0<a<T. da 
ite 3?qr2 
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Similarly 214, 1) gives 


S 4 a? Tv F 
= jl Meg ARO SENG 0< =e Z 
log cos «= Slog (1 ata ’ GS ( 


To get formule having a wider range we have only to square 
the products 213, 5) and 214, 1). We then get 


2 2\2 
log sin’ © = log x + > log (i-3), (3 
valid for any x such that sina #0; and 
2 Aga 2 
27 2 1 ——__——_}, 4 
log cos* a log ( a al ¢ 


valid for any x such that cosa #0. 
If we differentiate 3), 4) we get 


1 x 
=H 2) 5 
cot x afer : * ( 
(6 


valid as in 8), 4). 


Remark. The relations 5), 6) exhibit cot 2, tana as a series of 
rational functions whose poles are precisely the poles of the given 
functions. They are analogous to the representation in algebra 
of a fraction as the sum of partial fractions. 


2. To get developments of sec x, cosec x, we observe that 


cosec = tan} x+ cota. 
Hence 


Ik ea x 
Wine ae ate aa ar 





xv 
Sosa aS 


+s —1) 22 
1 —7 


ae sis 


valid for ~# + 87. 
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8. To get sec z, we observe that 


cosec (3 — v= sec Z. 








Now TS fal 1 
Cc =_— ade 1 s-l es x 
osec x eu 2 ( ) } ! 


8Sr—x s7+2 
Hence 
cosee(Z— 2) = i SS ee eee 
1 


T 7 T 
—— Cg ea Siac eee. 


ae 





J 


Let us regroup the terms of S, forming the series 


i rh 1 i 
Ll as amo aaa hw Le i, 
—— oan © ——2 ee. 























2 2 2 
As 1 
|S. Tal= on el 
we see that Zis convergent and =S. Thus 
Pere 
sec z= 2(— 1) Gz=ly re 
9 


valid for all 2 such that cosz+# 0. 


917. As an exercise let us show the periodicity of cot x from 
216, 5). We have 


cotz=lim F,(v) = lim > 


s=—n 





2+ 8ST. 
w+ sr 


Now = fot gl Geers -14 ) 
Fe+™)=F@)+ ate 2— nT 





Letting n= 0 we see that 


lim F(a + 7) =lim F,@) 


and hence 
cot (2 + 7) = cots. 
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218. Development of log sin 2, tan 2, ete., in power serves. 
From 216, 1) 
Pe 
Cara) c 


If we give to SI) its limiting value 1 as 2 = 0, the relation 1) 
x 


ree sin z _ 
x 


5 





holds for |x#| < 7. 
Now for |z| <7 


iN Ee 1 at 
eNO ere) ee 











Thus 
sin x —2*  1a* , 1x6 
aise ciel eon by 
x 1 2 il as 
a 
fe a 41 at 1 x 


32772 2 Bt art = 3 86 778 


provided we sum this double series by rows. But since the series 
is a positive term series, we may sum by columns, by 129, 2. 
Doing this we get 








—log S82 = 1, tA HS th HS +: (2 
where 
ae ‘iw 1 
He 
ints Fone ae TE ore 


The relation 2) is valid for | B\ <i m: 


In a similar manner we find 


D2 2 4 of 6 76 
— log cosr= Ft 1G 2414," _ Bev (3 
7 


2 ar 





valid for |x|<2Z. Here 
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The terms of G, are a part of H,. Obviously 
aeacet 
Qn 


These coefficients put in 3) give 


(ae 6 


2 4 6 
—log cose= (2-1), +4(B-N HA +4 P-D AG + 


valid for |x| < a If we differentiate 4) and 2), we get 


: x 
tan a= 2(2? — DAL + 2(24 — 1) H,7{ + 28-)ie caer. 


valid for |x| <7 : 


cot a=} 2H, %— 20,5 — 2H 
xz 


valid for 0<|a\|<m. 
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(4 


(5 


(6 


Comparing 5) with the development of tan x given 165, 3) 




















gives 
iL 1 i aw? 1 247? . 2. or 
12) Porpaaty eee era aU ee EE 
if 1 1 ate? a7* 23 arf 
= — = — eS — =B 
Hy ptgtgit 90:30. wt Bam 4 
il 1 1 6 1 25 a6 25 a6 
yee ee Sk pa = 6 
A, jet get get 945 42 6! Sawa 
al 1 1 78 1 O48 27 «8 
———— — — eee — =—— = B . 
Hs get gst get 9450 30 8! EW: 
Let us set J 
92n-1772n 
2, = 2 2n-1 
(2n)! 
Then 5) gives 
2 Ye 94 4 6/96 __ 
Bee YD Be +O Bye 3 + FORD Bab + 


valid for |z|< Si The coefficients B,, B, 


nouillian numbers. From 7) we see 


— ed 


CT 


(8 


-(9 


... are called Ber- 
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From 6), 8) we get 


1 a Q2n 
cotan #7 —- = — » 
x 


diye aoe (10 
' (2 nN) if 





3 


valid for 0 < |a| <7. 


219. Recursion formula for the Bernoutllian Numbers. 
If we set J (@) = tan z, 
we have by Taylor’s development 
Fa) = af O) + PALO 4 PO 5 
where fem-D(O)_ 2(2* — 1) Hy, _ 22" — 1) 
Ci) cat (2n)! 
Now by I, 408, 


f-V(0)— ee ee 3(0)— (* ah ies 6(0)—-.-=(—1)-1.(2 


From 1), 2) we get 


92n-1 92n mat 1 x. 92n-38/ D2n-2 
se a (e's n *) ce ae DF rae 


n i 


DG = W\ RIC OR | 


We have already found B,, B;, B;, B,; it is now easy to find 
successively : 


ae Od oe 91 — i 
B, mae By aa 2730 By =| Bis = 36h 
386 = 
BO gt ’ By = 4 LL, 


Thus to calculate By, we have from 3) 


Bin ad 











P= 1) p _ 9-8 M1) 1 4 948. 7.6 298-1) 1 
5 Tee ae ECE Se cp ve 
_ 9-8-7 28°94 — 
1S eS < gp 92-1) da. 
Thus 
By = —"__ {1 9 +. 168 — 2016 +. 9799 
er 0es i eee 


2 55719865 aes 
512.1023 066 
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The B and T Functions 


220. In Volume I we defined the B and I functions by means 
of integrals: 


ere ho) 
AGE) =f d+a)" Gd. 
(ua feta ld 2 
0 


which converge only when wu, v >0. Under this condition we saw 


that 
B (u, v) = Pw) T@) : (3 
TCu+t+v) 
We propose to show that P'(w) can be developed in the infinite 
product we 
oe) 
Gi ie eee (4 
(te Al pees 
n 


This product converges, as we saw, 197, 3, for any w#0, —1, 
—2,... From 201,7 and 207 it is obvious that G converges abso- 
lutely and uniformly at any point w different from these singular 
points. Thus the expression 4) has a wider domain of definition 
than that of 2). Since G=T', as we said, for w>90, we shall ex- 
tend the definition of the I function in accordance with 4), for 
negative w. 

It frequently happens that a function f(x) can be represented 
by different analytic expressions whose domains of convergence 
are different. For example, we saw 218, 9), that tan v can be de- 
veloped in a power series 


9222-1 92(94 1 
tang = = C=) Byr + ~ C= Beat + 


valid for |z|< z. On the other hand, 








7 x? f x 
t {i See? sin & 
oes 1 a fe ge COS Z 
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and " 2 
tan? = 2 = oan ee by 216, 6) 

(aan 
are analytic expressions valid for every « for which the function 


tan a is defined. 


221. 1. Before showing that G and I have the same values for 
u> 0, let us develop some of the properties of the product G given 
in 220, 4). In the first place, we have, by 210: 


z 


The function G(u) is continuous, except at the points u=0, —1, 
OW 
Since the factors of 4) are all positive for u>0, we see that 
G(u) ts positive for u>0. 
2. In the vicinity of the pointz=—m, m=0, 1, + 
H(u) 
z+m 


Gu) = 


where H(u) is continuous near this point, and does not vanish at 
this point. 


For u 
(+5) 


where # is the infinite product G with one factor left out. As we 
may reason on H as we did on G, we see H converges at the point 
c=—m. Hence H#0 at this point. But H also converges uni- 
formly about this point; hence A is continuous about it. 


222. 
@ =1lim4 eae 1 mt. a 
n=n U(W+1)(u+ 2)---(utn—1) 


To prove this relation, let us denote the product under the limit 
sign by P,. We have 


1 (213 See Lu ie > 
i‘ (3 23 a) =(1+5) (1+5) (14 oy, 
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Also 
(Ut 1)(U+2)--Cutn—T=(n—11(14 2)(145) (14 “-). 
2 n— 
Thus P,=G,. But G,=G, hence P,, is convergent and G= 
tim P,,. 


223. Euler's Constant. This is defined by the convergent series 


Sta fad 1\ 
— {=-1 @ d " 
p2 jem as n/) 
It is easy to see at once that 


ew eee 1 
aD i ia ook 





by 218, 7). By calculation it is found that 
O = .577215 --- 


224. Another expression of G is 


ee 
anh Ole a 





GC= 


uti(1 + Ae 
n 


where Cis the Eulerian constant. 


a= eu loga, 


For when a> 9, 
Hence epee) 
e 





wee 
n 
wu log(1+_) a 


Si ems eC) 
(1 +2 )e - 
n 


1 
Now Tle’ log G+.)-§ 


and hte 
Tl (1 +e : 
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are convergent. Hence 
ret oeGra) al 
G a uU 
ull (4 > Sus 
n 


from which 1) follows at once, using 228. 


225. Further Properties of G. 
i G(ut+1l)=uGw). 


Let us use the product 





a (n—1)! 
P — . 5 u 
n(u) u (w+1)--(u+n—1) i 


employed in 222, Then 
Fea eh a Oy 








u+n 
As 
LOS : 
S06 as N = 
Uu+tn 
we get 1) from 2) at once on passing to the limit. 
2) G(w+ny=uCut+1)---(u+n—1) G(x). 
This follows from 1) by repeated applications. 
3. G(in)=1-2-++n-1L=(n—1)! 
where m is a positive integer. 
4, G(u) 4A — uv) =— 
‘ sin wu 
or 
GA —u)=— uG(— u) by 1, 
ecu 
= ayn ciel). 
(U! (1 te 
n 
Hence 1 EC Gahes 
Gu) G41 —u)=-- eh he 
otal Ee eid 
=a Cassia ie Oo 
n n 
au i 


qa 


(3 


(4 


(5 
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We now use 213, 5). 

Let us note that by virtue of 1, 2 the value of G is known for 
all u>0, when it is known in the interval (0, 1). By virtue of 
5) G@ is known for w<0 when its value is known for u>0. 
Moreover the relation 5) shows the value of G is known in (#, 1) 
when its value is known in (0, 3). 

As a result of this we see G is known when its values in the 
interval (0, 4) are known; or indeed in any interval of length 4 

Gauss has given a table of log G(w) for 1<uw<1.5 calculated 

o 20 decimal places. A four-place table is given in “A Short 
Table of Integrals” by B. O. Peirce, for eee 

















5. GA) = Vr. (6 
For in 5) setu=4. Then 
G24) = 7. 
Hence GA) = £V7. 
We must take the plus sign here, since G > 0 when wu > 0, byi22.. 
Qn+1 12305 3.2 — 1 
6. ee net (7 
where is a positive integer. 
For 
(2n+1\ _ ( 2n—t) in A=) 
q (Pett) = @(4 = ~ ae ber sone 
= 2n— = 
Similarly a(- of 1) == a(22=*), etc. 
Bn+l)_2n—1 2-8, 8 1 g/l), 
Thus a 9 \= 5 5 5 5 5 


226. Expressions for log G(w), and its Derivatives. 
From 224, 1) we have for u>9, 


= LT eae Gl “)}. 1 
L(u) = log G (w) Cu — log u + x { on ( ae ( 
Differentiating, we get 
ai aS 2 
4 c 7» Ce u+ all C 
That this step is Fonaitiibie follows from 156, 1. 
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bo 
= 


We may write © 
— 3 
Cala Saat ( 


That the relations 2), 3) hold for any u#0, —1, —2- -- follows 
by reasoning similar to that employed in 216. In core we have 


Le =(-1y@- 11D i 


(uw+n—1)’ 
In particular, 


Lil) == Of 6 
bd) =(- re -)! Y4=(-Y'@-D! Ib. 


pest (4 


227. Development of log G(u) ina Power Series. If Taylor’s 
development is valid about the point w= 1, we have 


ee in2 
log G(u) = L(u) = L(1) + “4 iia ice Ga 1d) sop 
or using 226, 5), and setting w=1+42, 


log G4 ny Sos eas OH, js al 


n=2 


We show now this relation is valid for —34<a<1, by proving 
that 


R, = D8 Os Men Oe 


converges to 0, as 8 = oo 


For, if 0<2<1, then 


Also if —-4<2<0, 
R a A tt. 1 
ecle aay +2 n+Ox\*} 8 


1 ul 
< alt + ee = 
| Ss 2*1(n — vel 8 : 


The relation 1) is really valid for —1<a< 1, but for our pur- 
pose it suffices to know that it holds in y= (— 3,1). Legendre 
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ded 


has shown how the series 1) may be made to converge more 
rapidly. We have for any z in & 


log (1 + 2).=2— 3(= I= 
2 n 
This on adding and subtracting from 1) gives 
log @(1 +2) = —log (+2) + (1— C)r+ >(— 1)*(H, — b=. 
Changing here 2 into — z gives 
log @(1— 2x) = —log A —2)-—- C)e+ 2(H,— De 
Subtracting this from the foregoing gives 


log (1+ 2)—log GU — x) 








t 1+z 2. amt 
Slog ee theel C2 Dom a Hames —1). 
From 225, 4 
log @(1 +2) + log (1 — x) = log ee 
sin 72 
This with the preceding relation gives 
log G1+2) 
1 Oye — flog s +2 + log Soy Pe 
1— sin 72 ~*~ 4 cue 2m+1 
valid in 1. 


This series converges rapidly for 0<%<2, and enables us to 
compute @(w) in the interval 1<u<3. The other values of @ 
may be readily obtained as already ebecret 


298. 1. We show now with Pringsheim* that G(w) =T(u).,for 
u>9o. 
We have for 0<u<1, 


Tut n)= {ese tde 


=f"+fr 


* Math. Annalen, vol. 31, p. 455. 
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Now for any z in the interval (0, 7), 
at<n* , 2>an) 
since u>0 and u—1<9. 
Also for any 2 in the interval (, 0 ) 


gu <an'-1 oh. 
Hence 


nif ezatdr+n" f eta" Idr<T(u+n) 
0 nN 


n io 9) 
< nf e-*a"-Idx+ an e *ahdz. 
0 n 
Thus 


T(u+n) ee a (core 
Se yn Idx + — 20d, 
- J" edz + fe ardx 


< f"e*0"Mder =| eat e-*a"dz — 4 f"e-zande. 
0 no no 


Let us call these integrals A, B, C respectively. 
We see at once that 


Balest+y) _2! 
n 





=(n—1)! 
Also, integrating by parts, 


aan €5 "a" cc ui Lyn o— 
A=| > jek b andz = G5 











ne” 
Thus 
OOS, —1)!+ ee 
ne é 
Similarly 3 
Tw+ny (Cee a 
n” e” 
Hence 
(n—1)! n s 
where ; 
n™ n” 
Un => =r ° 
e"(n—1)! etn! 
Now fm ) uty 


2 n 
sd ape gb saat any prose jae 
nl iis nl 
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But z a 
ners e at 
n+1 (n+1)--(m+m) ? 


mn™ m m 


= a es ee Ee eee 
(n+1)---(n+m) (14++)--(1+™) (1+2)" 
n n n 
Let us take 


V,>1+ 











Then 


Since m may be taken large at pleasure, 


lim v, = 00 


and hence 
me lim g, = 9 
us 
Ce mat i 4 Set 


But from ['(w+ 1)= ul) we have 
Twtitn)_utn Put) _4 
n*n—1)! n n*(n—1)! 
also, as noo. Thus the relation 1) holds for 1<u<2, and in 
fact for any u>0. 








Bs Tut n)=u(ut1)-- utn—Dr~w, 
we have 
ah T(ut+n) : 
’ ESD ar crnth b per ce aR 
SETS ite ae ne (n— 1)! 0 Twt+n) 





u(u +1) +++ (utn—1) é (n—1)!n" 
Letting n+ oo, we get TWu)= Gu) for any u>0, making use 
of 1) and 222, 1). 
2. Having extended the definition of T'(u) to negative values 
of u, we may now take the relation 
Tul ' 
B(u, 0) = we | 2 
as a definition of the B function. This definition will be in 
accordance with 220, 1) for u, »> 0, and will define B for negative 
u, v when the right side of 2) has a value. 


CHAPTER VIII 
AGGREGATES 
Equivalence 


229. 1. Up to the present the aggregates we have dealt with 
have been point aggregates. We now consider aggregates in 
general. Any collection of well-determined objects, distinguish- 
able one from another, and thought of as a whole, may be called 
an aggregate or set. 

Thus the class of prime numbers, the class of integrable func- 
tions, the inhabitants of the United States, are aggregates. 

Some of the definitions given for point aggregates apply obvi- 
ously to aggregates in general, and we shall therefore not repeat 
them here, as it is only necessary to replace the term point by 
object or element. 

As in point sets, 2% = 0 shall mean that % embraces no elements. 

Let AX, B be two aggregates such that each element a of Y is 
associated with some one element 6 of 8, and conversely. We say 
that %& is equivalent to B and write 


A~ B. 
We also say % and ¥ are in one to one correspondence or are in 


uniform correspondence. To indicate that a is associated with 6 
in this correspondence we write 


a~ 6b. 
2. If U~ Band B¥~G, thnAw~G. 


For let a~b, b~ec. Then we can set A, € in uniform corre- 
spondence by setting a~ e. 


3. Let A= S+E4+9D+--- 
As BO D) -tes 


Tf BS B,S © Ge thee en 
276 
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For we can associate the elements of {& with those of A by 
keeping precisely the correspondence which exists between the 
elements of $ and B, of © and C, etc. 


Example 1. HX = 1, 2, 3, --- 
B= a,, My, ag, °° 
If we set a,~ n, U and % will stand in 1, 1 correspondence. 
Example 2. N=! 253, 4,/--: 
B= 2, = 6, 8, Mae 
If we set n of U in correspondence with 2” of B, A and F will 
be in uniform correspondence. 
We note that is a part of &; we have thus this result : An 
infinite aggregate may be put in uniform correspondence with a 


partial aggregate of itself. 
This is obviously impossible if %f is finite. 


Example 3. (1,023, 4, 
% = 101, 102, 10%, 104, --- 


If we set n ~ 16%, we establish a uniform correspondence be- 
tween 9% and B. We note again that I~ B although %> B. 


Example 4. Let = {£{, where, using the triadic system, 
E=- §,6,85-- E,=9, 2 
denote the Cantor set of I, 272. Let us associate with & the point 
LH + Loy °° @e 

where z, =0 when &,=0, and = 1 when £, =2 and read 1) in 
the dyadic system. 

Then {z} is the interval (0,1). Thus we have established a 
uniform correspondence between © and the points of a unit interval. 

In passing let us note that if £< £! and 2, 2’ are the correspond- 
ing points in fz}, then x Za 

This example also shows that we can set in uniform correspond- 
ence a discrete aggregate with the unit interval. 

We have only to prove that € is discrete. To this end consider 
the set of intervals ( marked heavy in the figure of I, 272. Ob- 
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viously we can select enough of these deleted intervals so that 
their lower content is as near 1 as we choose. Thus 


Cont C= 1. 


As Cont C <1, @ is metric and its content is 1. Hence © is 
discrete. 


930. 1. Le XU=a+A, B=B+ B, where a, 6 are elements 
of U, B respectively. IfA~ B, then A ~ B and conversely. 


For, since % ~ B, each element a of Wis associated with some 
one element 6 of B, and the same holds for B. If it so happens 
that «~ A, the uniform correspondence of A, B is obvious. If 
on the contrary « ~}! and B ~ a’, the uniform correspondence be- 
tween A, B can be established by setting a’ ~ 6’ and having the 
other elements in A, B correspond as in {~ B. 


2. We state as obvious the theorems: 
No part B of a finite set X can be ~ A. 
No finite part B of an infinite set X can be ~ wt. 


Cardinal Numbers 


931. 1. We attach now to each aggregate 2% an attribute 
called its cardinal number, which is defined as follows: 

1° Equivalent aggregates have the same cardinal number. 

2° If Nis ~ to a part of B, but B is not ~ W or to any part 
of %, the cardinal number of % is less than that of %, or the 
cardinal number of % is greater than that of %. The cardinal 
number of % may be denoted by the corresponding small letter 
a or by Card Y. 

The cardinal number of an aggregate is sometimes called its 
power or potency. 

If % is a finite set, let it consist of n objects or elements. 
Then its cardinal number shall be ». The cardinal number of 
a finite set is said to be finite, otherwise transfinite. It follows 
from the preceding definition that all transfinite cardinal num- 
bers are greater than any finite cardinal number. 
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2. It isa property of any two finite cardinal numbers a, b that 
either 


FG besorna >), “orn < b. (Gat 

This property has not yet been established for transfinite car- 
dinal numbers. ‘There is in fact a fourth alternative relative to 
%, B, besides the three involved in 1). For until the contrary 
has been shown, there is the possibility that : 

No part of &% is ~ B, and no part of B is ~ A. 

The reader should thus guard against expressly or tacitly 
assuming that one of the three relations 1) must hold for any 
two cardinal numbers. 


8. We note here another difference. If %, B are finite with- 
out common element, 


Card (4+ B) > Card A. (2 


Let now % denote the positive even and & the positive odd 
numbers. Obviously 


Card (A+ B) = Card A= Card B 
and the relation 2) does not hold for these transfinite numbers. 


4. We have, however, the following: 


Let XL > B, then 
Card A > Card B. 


For obviously % is ~ to a part of U, viz. B itself. 


5. This may be generalized as follows: 


see AW=B+C4+ D+ -- 
A=B+C0+D+:- 
Lf, Card $< Card B , Card © < Card (C, ete., 
then Card & < Card A. 


For from Card 8 < Card B follows that we can associate in 1, 
1 correspondence the elements of 8 with a part or whole of B. 

The same is true for 6, (; D, D; --- 

Thus we can associate the elements of % with a part or the 
whole of A. 
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Enumerable Sets 


232. 1. An aggregate which is equivalent to the system of 
positive integers {J or to a part of ¥ is enumerable. 

Thus all finite aggregates are enumerable. ‘The cardinal num- 
ber attached to an infinite enumerable set is &,, aleph zero. 

At times we shall also denote this cardinal by e, so that 

a— X Gi 
2. Every infinite aggregate U contains an infinite enumerable set B. 
For let a, be an element of 9 and 


i ay ae MW, - 
Then Q, is infinite; let a, be one of its elements and 
WW => Ag + Wt, . 


Then %, is infinite, etc. 


Then 
3) — ay, As eee 


is a part of 2% and forms an infinite enumerable set. 
3. From this follows that 


&, is the least transfinite cardinal number. 


233. The rational numbers are enumerable. 
For any rational number may be written 
m 
r= ad 
where, as usual, m is relatively prime to n. 
The equation 
|m|+|n|=p (2 
admits but a finite number of solutions for each value of 
p = 2, 3, 4, --- 
Each solution m, n of 2), these numbers being relatively prime, 
gives a rational number 1). Thus we get, e.g. 


a ae 

p=s , +2, + 4. 

paitig Bein3,aan ib. 

P=ONGS G4, I eres +3 
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Let us now arrange these solutions in a sequence, putting those 
corresponding to p=q before those corresponding to p=q+1. 
We get 


i aoe iow <lis Jee (3 


which is obviously enumerable. 


234. Let the indices t,, ty, +++ 4, range over enumerable sets. Then 


= fa... 


ts enumerable. 


For the equation 
@ Dorie Vg tg == Il 

where the v’s are positive integers, admits but a finite number 

of solutions for each n=p, p+1, p+ 2, p+3-. Thus the 

elements of B = {b,, 13 


may be arranged in a sequence 

b, ; by ° bs Sic 
by giving to m successively the values p, p + 1, --- and putting the 
elements ,,...,, corresponding to n= q+ 1 after those correspond- 
ing ton=q. 

Thus the set B is enumerable. Consider now %. Since each 
index t, ranges over an enumerable set, each value of ¢,, as 4), 18 
associated with some positive integer as m! and conversely. We 
may now establish a 1, 1 correspondence between % and B by 


setting 
~ a, 


Ue 
P 


, iP ee 
ee "My 12 


Hence %& is enumerable. 


235. 1. An enumerable set of enwmerable aggregates form an 
enumerable aggregate. 
For let &, B, © --- be the original aggregates. Since they form 
an enumerable set, they can be arranged in the order 
oeiame saa, 38) poh qd 
But each %, is enumerable ; therefore its elements can be 
arranged in the order 


my > mg > mg » “me 3 
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a“ 


Thus the a-elements in 1) form a set 
ee m, n, = 1, 2, «+ 
which is enumerable by 234. 
2. The real algebraic numbers form an enumerable set. 


For each algebraic number is a root of a uniquely determined 
irreducible equation of the form 


a+ aa 1+ -- +a, = 0, 
the a’s being rational numbers. Thus the totality of real algebraic 
numbers may be represented by 
1Pn, a4Q2°"* me 
where the index n runs over the positive integers and a, --- a, range 
over the rational numbers. 
3. Let X, B be two enumerable sets. Then 
Card 1 = Card B=): 
Card (1+ B) =xp- 
And in general if U,, U, +--+ are an enumerable set of enumerable 
tes, 
aggregates Card (,, Uy. --- ) = No: 
This follows from 1. 


236. Hvery isolated aggregate I, limited or not, forms an enumer- 
able set. 


For let us divide ®,, into cubes of side 1. Obviously these form 
an enumerable set C,, C,-:. About each point a of & in any C, 
as center we describe a cube of side o, so small that it contains no 
other point of 2. This is possible since Wisisolated. There are but 


a finite number of these cubes in C, of side o=-, v=1, 2, 3,--- 


SS 


for each v. Hence, by 235, 1, %& is enumerable. 


237. 1. Hvery aggregate of the first species A, limited or not, is 
enumerable. 


For let 9% be of order n. Then 
W = W.+ wy, 
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where %, denotes the isolated points of 2% and , the proper limit- 
ing points of Qf. 


Similarly, 
= te 
au! = 9, +t” 
Thus, 


A=W + MU. + We. + + UP. 
But A” is finite and AY < A”. 
Thus % being the sum of n +1 enumerable sets, is enumerable. 
2. If XU! is enumerable, so is A. 


For as in 1, 


A= A+ 2, 
and ESSE 


238. 1. Every infinite aggregate U contains a part B such that 
B~ A. 
For let © = (a,, 4), 43-:-) be an infinite enumerable set in Y, 


so that 
Y= E+ F. 


Let E=a,+ #. 


To establish a uniform correspondence between E, & let us 
associate a, in © with a,,, in &. Thus €~ £#. 
We now set 
B= H+ F- 
Obviously % ~ B since H~ &, and the elements of § are common 
to Wand B. 


2. IfA~B are infinite, each contains a part %,, By such that 
Pt Rk B, p) B ems MW, . 


For by 1, & contains a part a, such that A~A,. Similarly, 
contains a part By such that B~B,. AsX~B, we have the 
theorem. 
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239. 1. A theorem of great importance in determining 
whether two aggregates are equivalent is the following. It is 
the converse of 238, 2. 

Let XU, < UA, By, < B. TfUX, ~ B and B, ~ A, 
then 1S. 


In the correspondence %, ~ B, let %, be the elements of W, 
associated with %,. Then 
PUES et B, od yf 
and hence Xt ~ U,. fal 


But as U, > %,, we would infer from 1) that also 
W~ W,. (2 

As U, ~ 8 by hypothesis, the truth of the theorem follows at 
once from 2). 

To establish 2) we proceed thus. In the correspondence 1), let 
%, be that part of 2, which ~ %, in %. In the correspondence 
WM, ~ A,, let W, be that part of A, which ~ , in ,. 

Continuing in this way, we get the indefinite sequence 


eS 2S SW SS - 


such that Senor oy wees 
Wie alae Mem 
Let now 
A= A,+C, 9 WU, = %,+ 6, 9 ere 
D = DQ, W,, A ---) = 0. 
swat 
a A= 0OH+C,+6,4+6,4+ 6+ ese (8 


and similarly 


X4=0H+6,4+6,+6,+6,+ -- 
We note that we can also write 
%,=9+6,4+6,+6;,4+6,+ oe (4 


Now from the manner in which the sets Y,, Y, --+ were obtained, 
it follows that 
See OF Baum Orica: (9 


Thus the sets in 4) correspond uniformly to the sets directly 
above them in 3), and this establishes lb): 
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2. In connection with the foregoing proof, which is due to 
Bernstein, the reader must guard against the following error. It 
does not in general follow from 


A=%4+G , W=Ast+Gs » A~A, » W~ As 
that 
C, ~ G, 
which is the first relation in 5). 
Example. Let %= (ted, -3 94s) « 
H, = (2, 8, 4,5)» = (8, 4, 5, 6 +++) 
Bi (Os alone a) 
G,=1 S,= (3,4). 
Now A, X,, We » As are all enumerable sets; hence 
A~ A, » Wy, ~ As. 
But obviously G, is not equivalent to G,, since a set containing 


only one element cannot be put in 1 tol correspondence with a 
set consisting of two elements. 


Then 


940. 1. IfA>B>s, and A~G, then A~ B. 


For by hypothesis a part of B, viz. ©, is ~U. But a part of 2 
is ~ QB, viz. B itself. We apply now 239. 


2. Let « be any cardinal number. Li 
a<Card $<, 


ae a = Card 8. 
For let Card& =@. Then from 
a<Card 8 
it follows that 2% ~ a part or the whole of 8; while from 
Card B<«@ 


it follows that B is ~ a part or the whole of 2. 


3. Any part B of an onumerable set X is enumerable. 
For if % is finite, it is enumerable. If infinite, 
Card 8 >&p- 


On the other hand 
Card B < Card U = &- 
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4. Two infinite enumerable sets are equivalent. 

For both are equivalent to $, the set of positive integers. 

241. 1. Let © be any enumerable set in A; set T=E+R. If 
B is infinite, U~ B. 

For 8 being infinite, contains an infinite enumerable set §. 


Let 8=§+6. Then 
A= E+ K+ G, 


B=F+6. 
But E+ Fr~F. Hence A~B. 
2. We may state 1 thus: 
Card (Ql — ©) = Card A 
provided X — € ts infinite. 
3. From 1 follows at once the theorem: 
Let X be any infinite set and © an enumerable set. Then 
Card Ql + ©) = Card A. 


Some Space Transformations 


242. 1. Let 7’ be a transformation of space such that to each 
point 2 corresponds a single point x7, and conversely. 

Moreover, let x, y be any two points of space. After the trans- 
formation they go over into x7, yp. If 


Dist (a, y) = Dist (27, yz) 
we call Za displacement. 
If the displacement is defined by 
M=y+a, , + ga, +a, 
it is called a translation. 


If the displacement is such that all the points of a line in space 
remain unchanged by JZ, it is called a rotation whose azis is the 
fixed line. 
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If H_ denotes the original space, and 9, the transformed space 
after displacement, we have, obviously, 


R~Rr- 


2. Let 
Y= 4 5 ated a Ym = (Ly, 5 i on0, @! 


Then when x ranges over the m-way space &, y ranges over an 
m-way space 9). If we setr~ y as defined by 1), 


%~ 9). 


m8 Dist (0, y) =¢ Dist (0, 2). 


We call l)a transformation of similitude. Ift> 1, a figure in 
space is dilated; if t< 1, it is contracted. 


3. Let @ be any point in space. About it as center, let us de- 
scribe a sphere S of radius R. Let P be any other point. On the 
join of P, Q let us take a point P’ such that 


Dist (P'’, Q) = ay 


Then P’ is called the inverse of P with respect to S. This trans- 
formation of space is called inversion. Q is the center of inversion. 

Obviously points without SJ go over into points within, and con- 
versely. As P=, P= Qq. 

The correspondence between the old and new spaces is uniform, 
except there is no point corresponding to Q. 


The Cardinal ¢ 


943. 1. All or any part of space S may be put in uniform cor- 
respondence with a point set lying in a given cube C. 

For let G, denote the points within and on a unit sphere S about 
the origin, while ©, denotes the other points of space. By an in- 
version we can transform ©, into a figure ©; lying in S. By a 
transformation of similitude we can contract SG,, S; as much as we 
choose, getting S, @}. We may now displace these figures so 
as to bring them within @ in such a way as to have no points in 
common, the contraction being made sufficiently great. The 
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correspondence between © and the resulting aggregate is obviously 
uniform since all the transformations employed are. 

Asa result of this and 240, 1 we see that the aggregate of all 
real numbers is ~ to those lying in the interval (0, 1); for example, 
the aggregate of all points of ®,, is ~ to the points in a unit cube, 
or a unit sphere, etc. 


244. 1. The points lying in the unit interval 1 =(0*, 1*) are 
not enumerable. 
For if they were, they could be arranged in a sequence 
Disidaen tare at 
Let us express the a’s as decimals in the normal form. Then 
Og =O anlng 


Consider the decimal 
6=. 615,65 Ae 


also written in the normal form, where 
bay, > Ogden 5 bg tasg , 
Then 6 lies in & and is yet different from any number in 1). 
2. We have (O*, 1*) — (OL). aeby, 241. 3. 
~(a,6) , by 248, 
where a, 6 are finite or infinite. 
Thus the cardinal number of any interval, finite or infinite, 
with or without its end points is the same. 
We denote it by c and call it the cardinal number of the recti- 


linear continuum, or of the real number system R. 
Since ® contains the rational number system R, we have 


Cen 


3. The cardinal number of the irrational or of the transcendental 
numbers in any interval X ts also c. 


For the non-irrational numbers in % are the rational which are 
enumerable; and the non-transcendental numbers in % are the 
algebraic which are also enumerable. 
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4. The cardinal number of the Cantor set © of I, 272 isc. 


For each point a of © has the representation in the triadic 

system 
d= 0,0,0,°2- 5 a= 0,2. 

But if we read these numbers in the dyadic system, replacing 
each a, =2 by the value 1, we get all the points in the interval 
(0,1). As there is a uniform correspondence between these two 
sets of points, the theorem is established. 


245. An enumerable set UX is not perfect, and conversely a perfect 
set is not enumerable. 


For suppose the enumerable set 
MW = ay, ay + re! 

were perfect. In D,*(a,) lies an infinite partial set Y, of UL, 
since by hypothesis % is perfect. Let a,, be the point of lowest 
index in %,. Let us take r,< 7, suchs that, D,,(a,,). lies, in 
D,*(a,;). In D,*(a,,) lies an infinite partial set %, of %,. Let 
a,, be the point of lowest index in %,, ete. 

Consider now the sequence 

ay ae TRIG, 

It converges to a point « by I, 127, 2. But @ lies in %, since this 
is perfect. Thus « is some point of 1), saya=a,. But this 
leads to a contradiction. For a, lies in every D,* (am,); on the 
other hand, no point in this domain has an index as low as m, 
which = 0,asn=oo. Thus % cannot be perfect. 

Conversely, suppose the perfect set % were enumerable. This 
is impossible, for we have just seen that when 2 is enumerable it 
cannot be perfect. 


246. Let UX be the union of an enumerable set of aggregates X,, 
each having the cardinal number Cc. Then Card A = c. 

For let %, denote the elements of 2%, not in W,, Uy ++ Una: 
en af =U, +B, + Bet 


Let ©, denote the interval (n—1,*). Then the cardinal 
number of €,+ @,+ ° is ¢. 
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But Card S, < Card G,. 
Hence Card%<c , by 231,5 qd 


: d 
On the other hand, Card % > Card Y, =e. Q 
From 1), 2) we have the theorem, by 240, 2. 
247. 1. As already stated, the complex x= (a, %, +++ 2n) de- 


notes a point in m-way space. Let 2, %, - denote an infinite 
enumerable set. We may also say that the complex 


2 = (41, Yq, +--+ in inf.) 
denotes a point in o -way space R,- 
2. Let X denote a point set in®,, n finite or infinite. Then 
Card WU <c. qa 


For let us first consider the unit cube © whose codrdinates 2,, 
range over 8 =(0*,1*). Let D denote the diagonal of €. Then 


c=Card D < Card &. Q 
On the other hand we show Card © <c. 


For let us express each codrdinate z, as a decimal in normal 
form. Then 


yee O17 1971914 
Lo = * Up A%qg% 9344 °°° 
Lz = * Az AgeAggdgg °°* 

e e 


Let us now form the number 
Y = + M19 19%19 13% q9M9 °°" 


obtained by reading the above table diagonally. Let 9) denote the 
set of y’s so obtained as the a’s range over their values. Then 


YN< B. 


For the point y, for example, in which a,,= 0, n=1, 2, --- lies 
in B but not in ¥Y as otherwise z,=0. Let us now set r~y. 
Then © ~ Y) and hence Gerdie cic @ 


From 2), 3) we have Card €=c. 
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Let us now complete © by adding its faces, obtaining the set C. 
By a transformation of similitude 7’ we can bring Cz within €. 


Pence Card © = Card @. 
On the other hand, € is a part of C, hence 
Card © < Card @. 


Thus Card 0=c. The rest of the theorem follows now easily. 


248. Let § ={f} denote the aggregate of one-valued continuous 
functions over a unit cube & in Ry. 


zee ee 

Let @ denote the rational points of ©, 7.e. the points all ot 
whose codrdinates are rational. ‘Then any f is known when its 
values over @ are known. For if @ is an irrational point of @, 
we can approach it over a sequence of rational points a), a, +++ = @ 
But f being continuous, f(@) =limf(a,), and f is known at «. 
On the other hand, ( being enumerable, we can arrange its points 
im a sequence ae 

Let now 9%, be a space of an infinite enumerable number of 
dimensions, and let y= (y,, Yq °*) denote any one of its points. 

Let f have the value 7, at ¢,, the value 7, at c, and so on for 
the points of C. Then the complex 7, 7) °*- completely deter- 
mines f in G. But this complex also determines the point 
n= (n> Mg -7*) in R,- We now associate f with 7. Thus 


Card § < Card ®R =c. 


But obviously Card § > c¢, for among the elements of § there 
is anf which takes on any given value in the interval (0, 1), at 
a given point of €. 


249. There exist aggregates whose cardinal number is greater 
than any given cardinal number. 
Let B={b} be an aggregate whose cardinal number 6 is given. 


Let abe a symbol so related to B that it has arbitrarily either 
the value 1 or 2 corresponding to each 6 of B. Let & denote the 
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aggregate formed of all possible a’s of this kind, and let a be its 
cardinal number. 

Let 8 be an arbitrary element of B. Let us associate with PB 
that a which has the value 1 for 6=£8 and the value 2 for all 
other b’s. This establishes a correspondence between 8 and a 


part of &. Hence 
a = b. 


Suppose a=. Then there exists a correspondence which 
associates with each 6 some one a@ and conversely. This is 
impossible. 

For call a, that element of % which is associated with 6. Then 
a, has the value 1 or 2 for each B of 8. There exists, however, 
in % an element a! which for each 8 of % has just the other 
determination than the one a, has. But a’ is by hypothesis 
associated with some element of ¥, say that 


Paya 


Then for 6=8', a’ must have that one of the two values 1,2 . 
which a, has. But it has not, hence the contradiction. 


250. The aggregate of limited integrable functions § defined over 
% = (0, 1) has a cardinal number f > c. 


For let f(7) =0 in % except at the points € of the discrete 
Cantor set of I, 272, and 229, Ex. 4. At each point of @ let f 
have the value 1 or 2 at pleasure. The aggregate @ formed of 
all possible such functions has a cardinal number >, as the 
reasoning of 249 shows. But each f is continuous except in @, 
which is discrete. Hence f is integrable. But § >@. Hence 


{>c 


Arithmetic Operations with Cardinals 


251. Addition of Cardinals. Let X, B be two aggregates with- 
out common element, whose cardinal numbers are a, 6. We define 
the sum of a and b to be 


Card (A, B)=a+b. 
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od 


We have now the following obvious relations : 


Ro tN=N » a positive integer. ad 
Not Nyt NHN » % terms. @ 
NotNot - =Np > an infimte enumerable set of terms. (2 


Tf the cardinal numbers of U, B, © are a, b, ¢, then * 
a+(b+c)=(at+b)+e, 
a+b=b+a. 


The first relation states that addition is associative, the second 
that it is commutative. 


252. Multiplication. 


1. Let X=fat, G6 ={b} have the cardinal numbers a, 6b. The 
union of all the pairs (a, 6) forms a set called the product of X and 
%. It is denoted by %-B. We agree that (a, 6) shall be the 
same as (6, a). Then 


A- B= H- A. 
We define the product of a and 6 to be 
Card U- B= Card B-A=a-b=b-a. 


2. We have obviously the following formal relations as in finite 
cardinal numbers : ach Sc) 2 (a bye 


a-b=b-a, 
a(b +c) =ab + ac, 


which express respectively the associative, commutative, and dis- 
tripulative properties of cardinal numbers. 


Example 1. Let X= {a}, % =5b} denote the points on two 
indefinite right lines. Then 
A- B= f(a, b)}. 
If we take a, 6 to be the codrdinates of a point in a plane ®,, 
then X- B= R,- 


* The reader should note that here, as in the immediately following articles, ¢ is 
simply the cardinal number of © which is any set, like U, B- 
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Example 2. Let &% = {a} denote the family of circles 
e+ y= a’ a 

Let @={b} denote a set of segments of length 6. We can 
interpret (a, 6) to be the points on a cylinder whose base istL) 
and whose height is 0. Then &-% is the aggregate of these 
cylinders. 

253. 1. Ny=N-N » or ne=e. a 

For let N= (ny aes), 

S="(e7, 6) Iniut,) 

SSS CS CAY oe 1 @ze EN) 5 RMA wp ycoe 


(Gacy) os Gy) pegs ee) 2c 


Then 


=G,+G +--+ +, 


The cardinal number of the set on the left is m&,, while the 
cardinal number of the set on the right is &). 
2. ec=C. (2 


For let € = {ce} denote the points on a right line, and & = (1, 2, 
3, +++). 
hen GC = {(™, ¢)} 


may be regarded as the points on a right line 7,. Obviously, 


Cardatiati—= 
Hence 
ec = Card GG =c. 


254, Exponents. Before defining this notion let us recall a 


problem in the theory of combinations, treated in elementary 
algebra. 


Suppose that there are y compartments 
Chr Care Cy, 
and that we have k classes of objects 
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Let us place an object from any one of these classes in Cj, an 
object from any one of these classes in C,--- and so on, for each 
compartment. The result is a certain distribution of the objects 
from these k classes K, among the y compartments C. 


The number of distributions of objects from k classes among y 
compartments is ky. 


For in C, we may put an object from any one of the k classes. 
Thus (, may be filled in & ways. Similarly C, may be filled in 
k ways. Thus the compartments C,, OQ, may be filled in #* ways. 
Similarly O,, Ch, C; may be filled in k? ways, etc. 

255. 1. The totality of distributions of objects from k classes 
K among the y compartments @ form an aggregate which may be 
denoted by Ke. 


We call it the distribution of K over C. The number of distri- 
bution of this kind may be called the cardinal number of the set, 
and we have then Gatd Keak 


2. What we have here set forth for finite C’ and K may be ex- 
tended to any aggregates, U= {a}, O= {6} whose cardinal num- 
bers we call a,6. Thus the totality of distributions of the a’s 
among the 6’s, or the distribution of A over B, is denoted by 


A, 
and its cardinal number is taken to be the definition of the symbol 
ab, Thus, Card , WB = ae. 
256. Example 1. Let 
a+ ayer t+-- +a,= 9 a 


have rational number coefficients. Each coefficient a, can range 
over the enumerable set of elements in the rational number 
system Te {TF}; whose cardinal number iS No: The n coefficients 
fotm a set U = (a, +++ Gn) = {4}. To the totality of equations 1) 
corresponds a distribution of the 7’s among the a’s, or the set 


R* 
whose cardinal number is 
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fess Card R™ = x, =e 
we have the relation: 
NO=N » or e™=e 
for any integer n. 
On the other hand, the equations 1) may be associated with 


the complex 
(a, wae An)s 


and the totality of equations 1) is associated with 


G = (Ga; se Ay). 


ss {ayy y)} = $a} + Lag 

{ (ay, My, g)} = { (ay, M)$ > tags, ete. 
eas C = fayy + fag} + fay}. 
hae Card € =e-e-+-e , mn times as factor. 
ay Card © = Card R*, 


since each of these sets is associated uniformly with the equations 


De eas e™=e-e---e , n times as factor. 


257. Hxample 2. Any point 2 in m-way space ®,, depends on 
m coordinates x, 2%, +++ %m, each of which may range over the set 
of real numbers , whose cardinal number isc. The m codrdi- 
nates 2, --+ 2, form a finite set 


A= (Binh) 


Thus to ®,, = {2} corresponds the distribution of the numbers in 
®, among the m elements of ¥, or the set 


K* 
whose cardinal number is 
cm, 
As Card R* = c¢ 
we have 
c™= ¢ for any integer m. (1 


As in Example 1 we show 


C™=C-CeeeC , mtimes as factor. 
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258. ae Te = g?. a”. a 
To prove this we have only to show that 
gStE and yA e he 


can be put in 1-1 correspondence. But this is obvious. For 
the set on the left is the totality of all the distributions of the 
elements of 2% among the sets formed of 8 and ©. On the other 
hand, the set on the right is formed of a combination of a distri- 
bution of the elements of % among the %, and among the ©. But 
such a distribution may be regarded as the distribution first con- 
sidered. 


259. (a®)e = ab, a 


We have only to show that we can put in 1-1 correspondence 
the elements of 
(1255 and 13°, (2 
Let X= ja}, B= fb}, C= fe}. We note that A&B is a union of 
distributions of the a’s amang the 6’s, and that the left side of 2) 
is formed of the distributions of these sets among the c’s. These 
are obviously associated uniformly with the distributions of the 
a’s among the elements of B-G. 


260. 1. c*™ = (m®)* =m" = m=C a 
where m, n are positive integers. 

For each number in the interval € = (0, 1*) can be represented 
in normal form once and once only by 


+ Q4Ao, +++ in the m-adic system, (2 


where the 0<a,<m. [I, 145]. 
Now the set of numbers 2) is the distribution of ¢@= 0, 1, 2, 
.-.m — 1) over © = (4%; 4%) 4 ++), OF 
ME 


whose cardinal number is 
me. 


On the other hand, the cardinal number € is ¢. 
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Hence, me =¢. 
As n° =e, we have 1), using 1) in 257. 


2. The result obtained in 247, 2 may be stated: 


oe (3 
3. Ste: (4 
For obviously ee CC = Cee 


But by 3), ce=c and by 1) n*=c. 


261. 1. The cardinal number t of all functions f (x1 +++ Lm) which 
take on but two values in the domain of definition X, of cardinal num- 
ber a, tg 2%. 


Moreover, 2U>a. 
This follows at once from the reasoning of 249. 


2. Let f be the cardinal number of the class of all functions de- 
fined over a domain X whose cardinal number isc. Then 
| AS Cl 


For the class of functions which have but two values in 2 is by 
1e2c: 
On the other hand, obviously 


f=ce. 
But 
com (2e)c, by 260, 1) 
== 2 ec, by 259, 1) 
= 2¢, by 253, 2). 
Thus, CGC cee Gs 
That Poe 


follows from 250, since the class of functions there considered lies 
in the class here considered. 


3. The cardinal number i of the class of limited integrable fune- 
tions in the interval A is =f, the cardinal number of all limited 
functions defined over U. 
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For let D be a Cantor set in U[I, 272]. Being discrete, any 
limited function defined over D is integrable. But by 229, Ex. 4, 
the points of 9% may be set in uniform correspondence with the 
points of D. 


4. The set of all functions 
F@=A@ +h) + @ 


which are the sum of convergent series, and whose terms are continu- 
ous in X, has the cardinal number c. 


For the set § of continuous functions in & has the cardinal 
number c by 248. These functions are to be distributed among 
the enumerable set © of terms in 2). Hence the set of these 
functions is 

aS 


whose cardinal number is " 
ie 


Remark. Not every integrable function can be represented by 
the series 2). 

For the class of integrable functions has a cardinal number > ¢, 
by 250. 

5. The cardinal number of all enumerable sets in an m-way space 
Wi tee 

For it is obviously the cardinal number of the distribution of 
R, over an enumerable set ©, or 


Card ge ae (° == Cs 


Numbers of Liouville 


262. In I, 200 we have defined algebraic numbers as roots of 
equations of the type 


age" + Ce +a, =9 (1 


where the coefficients a are integers. All other numbers in # we 
said were transcendental. We did not take up the question 
whether there are any transcendental numbers, whether in fact, 
not all numbers in § are roots of equations of the type 1). 


300 AGGREGATES 


The first to actually show the existence of transcendental num- 
bers was Liouville. He showed how to form an infinity of such 
numbers. At present we have practical means of deciding 
whether a given number is algebraic or not. It was one of the 
signal achievements of Hermite to have shown that e = 2.71818 -- 
1s ee cndenenlt 

Shortly after Lindemann, adapting Hermite’s methods, proved 
that a7 = 3.14159 --- is also transcendental. Thereby that famous 
problem the Quadrature of the Circle was answered in the negative. 
The researches of Hermite and Lindemann enable us also to form 
an infinity of transcendental numbers. It is, however, not our pur- 
pose to give an account of these famous results. We shall limit 
our considerations to certain numbers which we call the numbers 
of Liouville. 

In passing let us note that the existence of transcendental num- 
bers follows at once from 235, 2 and 244, 2. 

For the cardinal number of the set of real algebraic number is 
e, and that of the set of all real numbers is c, andc > e. 


263. In algebra it is shown that any algebraic number @ is a 
root of an ztrreducible equation, 
SF (@) = aa" + 0,27 14 --- +a, = 9 a 
whose coefficients are integers without common divisor. We say 
the order of « is m. 


We prove now the theorem 


Let 
an 


In 


=a, an algebraic number of order m,asn=0. Then 


> Pno In relatively prime, 


|a'—7,| >— , n>». (2 


gat 

For let « be a root of 1). We may take §>0 so small that 
J (2)#0 in D,*(@), and s so large that r, lies in D(a), tor n> &: 
Thus 


lf Cr,)| = Ay Pn + De "dn + ove + Amn | x 1 3 
In = 
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for n>, since the numerator of the middle member is an integer, 
and hence > 1. 


On the other hand, by the Law of the Mean [I, 397], 
fra) — FO)=COa— OF) 


where 8 lies in Dj(a#). Now f(«)=0 and f’(8)< some M. 
Hence 
(75) iL 
an = ni > ——— 4 
|r ce| M — Mq; C 
on using 3). But however large M is, there exists a v, such that 
gn > M, for any n>». This in 4) gives 2). 





264. 1. The numbers 
pee Beds Gy agers. 
101! as 102! es 103! aie a 
where a, < 10", and not all of them vanish after a certain inde, are 
transcendental. 


For if ZL is algebraic, let its order be m. Then if LZ, denotes 
the sum of the first m terms of 1), there exists a such that 
1 
n=|L—L,\ > Foam 9 forn>v. (2 
But 1 


An 


me 41 ae ene ! 
a 1O@+D! te “—< JQum+Dn! a: G 


y' being taken sufficiently large. But 8) contradicts 2). 
The numbers 1) we call the numbers of Liouville. 
2. The set of Liouville numbers has the cardinal number C. 


For all real numbers in the interval (0*, 1) can be represented 
by 


b b b 

bale nal ge a ae CP PAN 

B= 70+ 7027 Lo8* SS 

where not all the 6’s vanish after a certain index. The numbers 
b 


pout Pear ar Ae 
can obviously be put in uniform correspondence with the set {Bt. 
Thus Card jxj=c. But {Lj > ir}, hence Card {Z}>c. On the 
other hand, the numbers {2} form only a part of the numbers in 
(0*, 1). Hence Card {L}<c. 


CHAPTER IX 
ORDINAL NUMBERS 


Ordered Sets 


265. An aggregate % is ordered, when a, 6 being any two of 
its elements, either a precedes 6, or a succeeds 6, according to some 
law; such that if a precedes 6, and 6 precedes ¢, then a shall pre- 
cede c. The fact that a precedes 6 may be indicated by 

a<b. 
Then Pai 


states that a succeeds 6. 


Hxample 1. The aggregates 
1, 2, 3, «-- 
2, 4, 6, ++ 
Ay, Ags Ag, +++ 
+» — 3, —2, —1, 0,1, 2, 3, ... 
are ordered. OS aa eae eRe 


Example 2. The rational number system R can be ordered in 


an infinite variety of ways. For, being enumerable, they can be 


rran i 
arranged in a sequence Ady, Teoh 


Now interchange 7, with r,. In this way we obtain an infinity 
of sequences. 


Example 3. The points of the circumference of a circle may be 
ordered in an infinite variety of ways. 
¥or example, let two of its points P,, P, make the angles «+ ue 
a+, with a given radius, the angle 6 varying from 0 to 27. 
Let P, precede P, when 6, < @,. 
3802 
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Example 4. The positive integers 3 may be ordered in an infi- 
nite variety of ways besides their natural order. For instance, we 
may write them in the order 


Teayn0, =" 2,04, 0, -** 
so that the odd numbers precede the even. Or in the order 
Nees 0 earn o,2 oS, Vince 3,0, 9512, >. 


and soon. We may go farther and arrange them in an infinity 
of sets. Thus in the first set put all primes; in the second set 
the products of two primes; in the third set the products of 
three primes; etc., allowing ‘repetitions of the factors. Let any 
number in set m precede all the numbers in set n >m. The num- 
bers in each set may be arranged in order of magnitude. 


Example 5. The points of the plane §, may be ordered in an 
infinite variety of ways. Let Z, denote the right line parallel to 
the z-axis at a distance y from this axis, taking account of the sign 
of y. We order now the points of ®, by stipulating that any 
point on L,, precedes the points on any Ly, when y/! <y", while 
points on any JZ, shall have the order they already possess on that 
line due to their position. 


266. Similar Sets. Let X, B be ordered and equivalent. Let 
a~b,a~B. If when a<ein A, b<BP in B, we say A is similar 
to B, and write 1 ~ B. 


Thus the two ordered and equivalent aggregates are similar 
when corresponding elements in the two sets occur in the same 
relative order. 


Example 1. Let Of ex 1,.9%3,3% 
B= Ay, Ag, Ay *°* 


In the correspondence & ~ 8, let n be associated with a,. Then 
A ~ B. 
Example 2. Let Sr ileo, 4s 


B= ay A, oie) Ams by, ba, bs O12 
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In the correspondence I ~ B, let a,~r for r= 1, 2, --- m; also 


let 6,~m+n,n=1,2-- Then A ~ %. 
Example 3. Let Cai ores 


¥= b,, by +2 Ay, Ag t* Ams 


Let the correspondence between % and 8 be the same as in 
Ex. 2. Then % is not similar to 8. For 1 is the first element in 
% while its associated element a, is not first in B. 


Example 4. Let "2, Spee 


f= ay, Ay see b,, b, eee 


Let a,~2n,6,~2n—1. Then A ~ B but Ais not > B. 


267. Lett AU~B,B~xC. Thenl~e. 


For leta~b,a’~b' nA~B. Letdbw~e, b'~e' in B~E. Let 
us establish a correspondence &~€ by setting a~ ce, a!~c'. Then 
ifa <a’ in, c<e’in€. Hence Ax~G. 


Eutactic Sets 


268. Let &% be any ordered aggregate, and Sa part of %, the 
elements of § being kept in the same relative order as in AU. If A 
and each % both have a first element, we say that % is well ordered, 
or eutactie. 


Example 1. = 2, 3, --- 500 is well ordered. For it has a first 
element 2. Moreover any part of % as 6, 15, 25, 496 also has a 
first element. 


Example 2. W=12, 13, 14, --- in inf. is well ordered. For it 
has a first element 12, and any part of {% whose elements pre- 
serve the same relative order as in %, has a first element, viz. 
the least number in Q. 

The condition that the elements of 8 should keep the same rel- 
ative order as in & is necessary. For B=--- 28, 26, 24, 22, 20, 
21, 23, 25, 27, ... is a partial aggregate having no first element. 
But the elements of B do not have the order they have in YQ. 
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Example 3. Wet % = rational numbers in the interval (0, 1) 
arranged in their order of magnitude. Then & is ordered. It 
also has a first element, viz. 0. It is not well ordered however. 
For the partial set 8 consisting of the positive rational numbers of 
% has no first element. 


Example 4. An ordered set which is not well ordered may some- 
times be made so by ordering its elements according to another 
law. 


Thus in Ex. 3, let us arrange % in a manner similar to 283. 
Obviously % is now well ordered. 


Example 5. = ay, dy +++ by, bg ++ is well ordered. For a, is the 
first element of %; and any part of Was 
Ay, Ages 
Sie A SE 


Tip ipeicolis 18 


has a first element. 


269. 1. Every partial set B of a well-ordered aggregate 8 2s well 
ordered. 


For 8 has a first element, since it is a part of % which is well 
ordered. If © isa part of Q, it is also a part of Y, and hence has 
a first element. 


2. Ff a is not the last element of a well-ordered aggregate X, there 
is an element of X immediately following a. 
For let 8 be the part of % formed of the elements after a. It 
has a first element 6 since % is well ordered. Suppose now 
Ges 
Then 6 is not the first element of B, as ¢ < b is in B. 


3. When convenient the element immediately succeeding @ may 
be denoted by 
a+1. 
Similarly we may denote the element immediately preceding 2, 


when it exists, by 
a—1l. 
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For example, let 
1 = ayay 2 bby 
Then QA) = Ghee Ones 
d,—Ll=4,-, > m—1=)n-1- 


There is, however, no 0, —1. 


270. 1. If X ts well ordered, it is impossible to pick out an in- 
finite sequence of the type 


Oy Gy da 


=e Ag 90gs Oy 


For 


is a part of & whose elements occur in the same relative order as 
in A, and B has no first element. 
2. A sequence as 1) may be called a decreasing sequence, while 
ay ea Ag ee Ag GOOG 
may be called inereasing. 
In every infinite well ordered aggregate there exist increasing 
sequences. 

3. Let A, B, ©, ++» be a well ordered set. Let X= fa} be well 
ordered in the a's, 8 =§b{ be well ordered in the b’s, ete. The set 
Y= , Oe: 

is well ordered with regard to the little letters a, b «.- 


For WU has a first element in the little letters, viz. the first ele- 
ment of 2%. Moreover, any part of U, as ¥, has a first element in 
the little letters. For if it has not, there exists in % an infinite 
decreasing sequence 

t>s>r>- 


This, however, is impossible, as such a sequence would deter- 
mine a similar sequence in U as 


T>S>R>-- 
which is impossible as 1 is well ordered with regard to YU, B --- 
4. Let X<B<C<-. a 
Let each element of X precede each element of B, ete 
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Let each AX, B, ++» be well ordered. 
Let 


Then 


B=A+B, C= B+C~ 
6=A+B+C+-- 


is a well ordered set, S preserving the relative order of elements 
intact. 


For © has a first element, viz. the first element of &%. Any 
part S of © has a first element. For, if not, there exists in 
an infinite decreasing sequence 


ees ay De ae (2 


Now r lies in some set of 1) as ®. Hence gq, p, «+ also lie in 
R. But in there is no sequence as 2). 


5. Let %, B, ©, --- be an ordered set of well ordered aggre- 
gates, no two of which have an element in common. The reader 
must guard against assuming that Y+O+€E+-, keeping the 
relative order intact, is necessarily well ordered. 

For let us modify Ex. 5 in 265 by taking instead of all the 
points on each L, only a well ordered set which we denote by Y,. 


Then the sum a = a, 


has a definite meaning. The elements of A we supposed arranged 
as in Ex. 5 of 265. 
Obviously 9 is not well ordered. 


Sections 


271. We now introduce a notion which in the theory of well- 
ordered sets plays a part analogous to Dedekind’s partitions in 
the theory of the real number system &. Cf. I, 128. 

Let 9{ be a well ordered set. The elements preceding a given 
element a of % form a partial set called the section of YU generated 
by a. We may denote it by 

Sa, 


or by the corresponding small letter a. 
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Example ip. Let yt = ib, vi 3, ibe 
Then 
$100 =1, 2,--- 99 
is the section of generated by the element 100. 


Example 2. Let 
y= Ay) Agee? b,, by Sete 
Then 
Sb, = Ady +++ Dybgbgby 
is the section generated by 6;. 
Sb, = a,a,°°° 
that generated by 6,, etc. 


272. 1. Every section of a well ordered aggregate is well ordered. 
For each section of % is a partial aggregate of %, and hence 
well ordered by 269, 1. 


2. In the well ordered set U, leta<b. Then Sa is a section 
of Sb. 

3. Let S denote the aggregate of sections of an infinite well 
ordered set %X. If we order S such that Sa< Sb in S whena<bm 
YA, S ts well ordered. 

For the correspondence between % and @ is uniform and similar. 


273. Let X, B be well ordered and A~B. If awd, then 
Sa = 80. 


For in & let a’<a'>a. Let b’~a’ and b'' wa". Since 


W%~B, we have 
blecbl<b; 
hence the theorem. 


274. If W is well ordered, 2% is not similar to any one of its 
sections. 

For if &~ Sa, to a in & corresponds an element a,<a in Sa. 
To a, in X corresponds an element a, in Sa, etc. In this way we 
obtain an infinite decreasing sequence 


a> a,>a4,> tee, 
which is impossible by 270, 1. 
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275. Let UX, B be well ordered andU~ B. Thento Sain Y can- 
not correspond two sections Sb, SB each = Sa. 


For let } < 8B, and Sa~ Sb, Sa~ SB. Then 


Sb = SB, by 267. ret 
But 1) contradicts 274. 


276. Let A,B be two well ordered aggregates. It 1s impossible 
to establish a uniform and similar correspondence between UA and B 
in more than one way. 


For say Sa ~ Sd in one correspondence, and Sa~ S@ in an- 
other, 8, 8 being different elements of 8. Then 
Sb =~ SB, by 267. 
This contradicts 275. 


277. 1. We can now prove the following theorem, which is 
the converse of 278. 


Let %, B be well ordered. If to each section of U corresponds one 
similar section of B, and conversely, then 8 = 7. 


Let us first show that %~%. Since to any Sa of & corre- 
sponds a similar section Sd in 8%, let us set a~b. No other 
a'~ b, and no other 6’ ~a, as then Sa! =~ Sb or Sb! x Sa, which 
contradicts 274. Let the first element of % correspond to the 
first of 8. Thus the correspondence we have set up between 
and % is uniform and % ~ &. 

We show now that this correspondence is similar. For let 

a~banda’~J’, a< a. 
Then }! <b. For a’ lies in Sa = Sb and 6! ~ a’ lies in Sb. 
2. From 1 and 273 we have now the fundamental theorem : 


In order that two well-ordered sets U, B be similar, it is necessary 
and sufficient that to each section of U corresponds a similar section 
of B, and conversely. 


278. Let X, B be well ordered. If to each section of X corre- 
sponds a similar section of B, but not conversely, then X is similar to 


a section of B. 
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Let us begin by ordering the sections of Wand B as in 272, 3. 
Let B denote the aggregate of sections of % to which similar sec- 
tions of & do not correspond. Then B is well ordered and has a 
first section, say Sb. Let B<6. Then to S@ in B corresponds 
by hypothesis a similar section Se in 9. On the other hand, to 
any section Sa’ of 9 corresponds a similar section Sb’ of B. Ob- 
viously 6'<}. Thus to any section of Y corresponds a similar 
section of 86 and conversely. Hence & =~ Sb by 277, 1. 


279. Let X, B be well ordered. Hither AU rs semilar to B or one 
is similar to a section of the other. 


For either : 
1° To each section of % corresponds a similar section of B 
and conversely ; 
or 2° To each section of one corresponds a similar section of 
the other but not conversely ; 
or 8° There is at least one section in both & and ¥B to which no 
similar section corresponds in the other. 


If 1° holds, %~B by 277, 1. If 2° holds, either & or B is similar 
to a section of the other. 

We conclude by showing 8° is impossible. 

For let A be the set of sections of {& to which no similar section 
in 8 corresponds. Let B have the same meaning for 8. If we 
suppose %, B ordered as in 272, 3, A will have a first section say 
Sa, and B a first section S8. 

Let a<a. Then to Sa in & corresponds by hypothesis a sec- 
tion Sb of SS asin 278. Similarly if 6’ < B, to Sb’ of B corre- 
sponds a section Sa’ of Se. But then Sa SB by 277, 1, and this 
contradicts the hypothesis. 


Ordinal Numbers 


280. 1. With each well ordered aggregate % we associate an 
uttribute called its ordinal number, which we define as follows: 


1° If Y~B, they have the same ordinal number. 
2° If %~a section of B, the ordinal number of Y is less than 
that of B. 
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3° Ifa section of & is ~ B, the ordinal number of Y is greater 
than that of %. 


The ordinal number of 2% may be denoted by 
Ord YI, 


or when no ambiguity can arise, by the corresponding small letter a. 
As any two well ordered aggregates 2%, % fall under one and only 
one of the three preceding cases, any two ordinal numbers a, b 
satisfy one of the three following relations, and only one, viz. : 


a=b°,; a<b , a>b, 
and if a < Bb, it follows that b >a. 
Obviously they enjoy also the following properties. 


a Cope bec thena = Cc. 


For if c= Ord &, the first two relations state that 
AW~B , BE. 


But then 1 ~¢ : by 267. 
Hence ae 
3. If a= be Ce, tren t= C. 


981. 1. Let % be a finite aggregate, embracing say » elements. 
Then we set 
Ord A= n. 


Thus the ordinal number of a finite aggregate has exactly similar 
properties to those of finite cardinal numbers. The ordinal num- 
ber of a finite aggregate is called finete, otherwise transfinite. 

The ordinal number belonging to the well ordered set formed 
of the positive integers ae OnS) 
we call o. 


2. The least transfinite ordinal number is w. 


For suppose «= Ord &<a, is transfinite. Then Wis ~ a 
section of 3. But every section of 3 is finite, hence the 
contradiction. 
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3. The cardinal number of a set % is independent of the order 
in which the elements of % occur. This is not so in general for 
ordinal numbers. 

For example, let gy _ MOR 

G = 1, 3, 5, --- 2, 4, 6, «-- 

Here Card 2 = Card 8 = &- 

ul Ord X < Ord &, 


since % is similar to a section of %, viz. the set of odd numbers, 
ib Sheds es 


282. 1. Addition of Ordinals. Let %, SB be well ordered sets 
without common elements. Let © be the aggregate formed by 
placing the elements of % after those of MU, leaving the order in B 
otherwise unchanged. Then the ordinal number of @ is called the 
sum of the ordinal numbers of % and ¥, or 


Ord € = Ord % + Ord ¥, 
or c=a+t DB. 


The extension of this definition to any set of well-ordered aggre- 
gates such that the result is well ordered is obvious. 


2. We note that ne hes Ra ee 


For 9 is similar to a section of ©, and B is equivalent to a part 


of ©. 


3. The addition of ordinal numbers ts associative. 


This is an immediate consequence of the definition of addition. 


4. The addition of ordinal numbers is not always commutative. 


aire i =(aja, it Ini). Ord A = a, 
B= (6,6, -* b,), Ord 8 =n; 
let © = (aja, --- 5,5, +--+ 5,), Ord € =¢, 
D = (0, --- b,a,aq ++), Ord D = bd. 
Then 


C=>oa+n 9 d=n+ a. 
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But % ~a section of G, viz.: ~ Sb,, while OD ~%. Hence 
Oe 3 o =), 
or 
o+t+n>o@o , N+o0=o0. 


5. Ifa>b, thenc+a>c+b, anda+c>brte. 


For let Pe Ordo. b = Ord 8, c = Ord @. 


Since a > b, we can take for $ a section Sb of A Thenc+ ais 
the ordinal number of 


© + A, @! 
and c + 6 is the ordinal number of 
© + 88, @ 


preserving the relative order of the elements. 


But 2) is a section of 1), and hence c ta>e+ b. 
The proof of the rest of the theorem is obvious. 


983. 1. The ordinal number immediately following a igatl. 


For let a= Ord &. Let & be a set formed by adding after all 
the elements of % another element 6. Then 
a+1i=OrdS=b. 
Suppose now 
a<c-) , c= Orde. a 
Then © is similar to a section of B. But the greatest section 
of Bis Sh=A. Hence 
Can, 


which contradicts 1). a 
2. Leta>b. Then there vs one and only one ordinal number 9 


such that epee. 


oe ct a=OrdX , b=OrdS. 

We may take % to be a section Sb of A. Let D denote the set 
of elements of %, coming after Sd. It is well ordered and has an 
ordinal number >. Then 


Bf =a B + D, 
preserving the relative order, and hence 
a=b+d. 


There is no other number, as 282, 5 shows. 
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284. 1. Multiplication of Ordinals. Let %, B be well-ordered 
aggregates having a, 6 as ordinal numbers. Let us replace each 
element of % by an aggregate ~ %. The resulting aggregate € 


we denote by B. W. 


As © is a well-ordered set by 270, 3 it has an ordinal number c. 
We define now the product b - a to be c, and write 


Io (Sie 


We say ¢ is the result of multiplying a by b, and call a, b factors. 
We write 


2. Multiplication is associative. 
This is an immediate consequence of the definition. 
3. Multiplication rs not always commutative. 


For example, let 


A =(a,4,), 

8 = (1, 2, 8 --- in inf.). 
B + = (6,545, +++, ¢1¢,¢3 -**). 
8 = (bi Oy, boca Des Cas 2s) 
Hence Ord CS oye ok Jeno, 

Ord(1- B)= 2o=oa. 

4. Ifa<b, then ca<cb. 
For € - % is a section of © - B. 


Then 


Limitary Numbers 


285. 1. Let 
Oy < Oy << Oy << eee ad 


be an infinite increasing enumerable sequence of ordinal numbers. 
There exists a first ordinal number « yreater than every &,. 


L 
7 «, = Ord ,. 
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Since o&,_;< oq, U,-) is similar to a section of Y,. For simplicity 
we may take ,_, to be a section of A. Let, therefore, 
I, = Nn-1 = Ba 
A= A, + B, + Bzyt+ seis, 
keeping the relative order of the elements intact. Then % is well 
ordered and has an ordinal number «. 


As any Y,, is a section of W, 
On << &. 


Consider now 


Moreover any number 8<« is also < some Gp. For if S has 
the ordinal number 8, 8 must be similar to a section of 2%. But 
there is no last section of . 


2. The number a we have just determined is called the limit of 
the sequence 1). We write 


a=lime, , oreé,=—a. 
We also say that « corresponds to the sequence 1). 


All numbers corresponding to infinite enumerable increasing 
sequences of ordinal numbers are called limitary. 


3. If every «, inl) 1 < B, then «< B. 
For if B<«, « is not the least ordinal number greater than 


every @,- 


4, If B<a, Bis < some a,. 


286. In order that 0 < tty < a 


jer By < + (2 
define the same number X it is necessary and sufficient that each 
number in either sequence is surpassed by a number in the other. 


For let pee MS = 8. 


If no 8, is greater than ¢,,, B< ty, <0, by 985, 3, and a#8. 


On the other hand, if each o,< some B,, «<f. Similarly 
BS. 
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487. Cantor's Principles of Generating Ordinals. We have now 
two methods of generating ordinal numbers. First, by adding 1 
to any ordinal number «. In this way we get 


a,a+1,a+2,--- 
Secondly, by taking the limit of an infinite enumerable increas- 
ing sequence of ordinal numbers, as 
hy < My < Oy < ve 
Cantor calls these two methods the first and second principles 
of generating ordinal numbers. 


Starting with the ordinal number 1, we get by successive appli- 
cations of the first principle the numbers 


Lp Ziv Ouaes a5 
The limit of this sequence is by 285, 1. Using the first prin- 
ciple alone, this number would not be attained; to get it requires 


the application of the second principle. Making use of the first 
principle again, we obtain 


o+1, wo + 2, @ +3, + 


The second principle gives now the limitary number » + o=o2 
by 285, 1. From this we get, using the first principle, as before, 


wo2+ 1, w2 + 2, @2 + 3, --- 
whose limit is #3. In this way we may obtain the numbers 
am+n , m,n finite. 
The limit of any increasing sequence of these numbers as 
mo , @2 , w3 , ow, +. 
is @- wo =o, by 285, 1. 
From o we can get numbers of the type 
ol +am+n l, m, n finite. 


Obviously we may proceed in this way indefinitely and obtain 
all numbers of the type 


-] = 
way + w” a, +o" 244 + oe +4, qd 
where a, a, --- a, are finite ordinals. 
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But here the process does not end. For the sequence 
ocw<a<- 


has a limit which we denote by ». 
Continuing we obtain 


wa”, ow” , etc. 


288. It is interesting to see how we may obtain well ordered 
sets of points whose ordinal numbers are the numbers just con- 
sidered. 

In the unit interval % = (0, 1), let us take the points 


1 3 7 L5 
eS doen ea Ci da 
These form a well ordered set whose ordinal number is @. 

The points 1) divided into a set of intervals, 


Wt, ) Wy ’ As Sa ©) 


In m of these intervals, let us take a set similar to1). This 
gives us a set whose ordinal number is om. 

In each interval 2), let us take a set similar to 1). This gives 
us a set whose ordinal number is o%. The points of this set 
divide 9 into a set of intervals. In each of these intervals, 
let us take a set of points similar to 1). This gives a set of 
points whose ordinal number is @%, etc. 

Let us now put in 9%, a set of points B, whose ordinal number 
iso. In, let us put a set B, whose ordinal number is o%, and 
so on, for the other intervals of ZY 

We thus get in % the well ordered set 


B= B,+ Bt Vstor 
whose ordinal number is the limit of 
6, ofa , 0 + ot ob; 
This by 286 has the same limit as 
wr wi So airy OF o”. 


With this set we may now form a set whose ordinal number is 
w”, etc. 
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Classes of Ordinals 


289. Cantor has divided the ordinal numbers into classes. 

Class 1, denoted by Z,, embraces all finite ordinal numbers. 

Class 2, denoted by Z,, embraces all transfinite ordinal numbers 
corresponding to well ordered enumerable sets; that is, to sets 
whose cardinal number is &). For this reason we also write 


Lea Zing)s 
It will be shown in 293, 1 that Z, isnot enumerable. Moreover 
if we set x, = Card Z,, 


there is no cardinal number between &, and &, as will be shown in 
29+. We are thus justified in saying that Class 8, denoted by 
Z, or Z(&,), embraces all ordinal numbers corresponding to well 
ordered sets whose cardinal number is N,, etc. 

Let 8 = Ord % be any ordinal number. Then all the numbers 
«<P correspond to sections of 8. These sections form a well 
ordered set by 272, 8. Therefore if we arrange the numbers 
« < # in an order such that «! precedes « when Sa! < Sa, they are 
well ordered. We shall call this the natural order. Then the 
first number in Z, is 1, the first number of Z, iso. The first 
number in Z, is denoted by 0. 


290. As the numbers in Class 1 are the positive integers, they 
need no comment here. Let us therefore turn to Class 2. 
Lf «18 in Z,, 80 18 w@+1. 


For let a= Ord %. Let % be the well ordered set obtained 
by placing an element 6 after all the elements of Y. Then 


«+1= Ord §. 


But % is enumerable since % is. 
Hence «+1 lies in Z,- 


291. Let ey < tly < tty < ove 


be an enumerable infinite set of numbers in Z,. Then a=lim «, lies 
m Zy. 
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For using the notation employed in the proof of 285, 1, @ is the 
ordinal number of 
A= A, + By + By + vee 
But %,, B,, B.--: are each enumerable. 
Hence % is enumerable by 235, 1, and «@ lies in Zs: 


292. We prove now the converse of 290 and 291. 


Each number « in Z,, except , is obtained by adding 1 to some 
number in Z,; or it ts the limit of an infinite enumerable increasing 
set of numbers in Zp. 


For, let «= Ord %. Suppose first, that & has a last element, 
say a. Since is enumerable, so is Sa. Hence 
B=Ord - Sa 
isin Z, Then aia! 
Suppose secondly, that has no last element. All the numbers 


B<a in Z, belong to sections of %. Since A is enumerable, the 
numbers § are enumerable. Let them be arranged in a sequence 


By, Bos Bg °° a 
Since they have no greatest, let 8! be the first number in it 
> B,, let By be the first number in it > @/, etc. We get thus the 


seq uence Bi < BI< P< a ae Ke 
whose limit is A, say. 

Then =u. For X is>any number in 1), which embraces all 
the numbers of Z,<«@. Moreover it is the least number which 
enjoys this property. 


993. 1. The numbers of Z, are not enumerable. 


For suppose they were. Let us arrange them in the sequence 


Cys Oa eS d 
Then, as in 292, there exists in this sequence the infinite enu- 
merable sequence a, <a, <a < + (2 


such that there are numbers in 2) greater than any given number 
in 1). 
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Let «!=«'. Then lies in Z, by 291. On the other hand, by 
285, a! is > any number in 2), and therefore > any number in 
1). But 1) embraces all the numbers of Z,, by hypothesis. We 
are thus led to a contradiction. 


2. We set , = Card Za 


294. There is no cardinal number between &, and &). 


For let e=Card & be such a number. Then % is ~ an infinite 
partial aggregate of Z,, which without loss of generality may be 
taken to be a section of Z,. But every such section is enumer- 
able. Hence 2 is enumerable and «=, which is a contradiction. 


295. We have just seen that the numbers in Z, are not enumer- 
able. Let us order them so that each number is less than any 
succeeding number. We shall call this the natural order. 


1. The numbers of Z, when arranged in their natural order form 
a well ordered set. 

For Z, has a first element . Moreover any partial set Z, the 
relative order being preserved, has a first element. For if it has 
not, there exists an infinite enumerable decreasing sequence 


a>B>y>-- 


This, however, is not possible. For 8, y, --- form a part of Sa 
which is well ordered. 

There is thus one well ordered set having §, as cardinal num- 
ber. Let 


OSOrdZ,% 
Let now 2% be an enumerable well ordered set whose ordinal 
number is « The set Zy +%, 


the elements of % coming after Z,, has the cardinal number &, by 
241, 3. It is well ordered by 270, 3. It has therefore an ordinal 
number which lies in Z,, viz. Q+a by 282, 1. Thus Z, embraces 
an infinity of numbers. 


2. The least number in Z, 18 Q. 


For to any number «<Q corresponds a section 9 of Z, Hence 
« lies in Z,. 
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296. 1. An aggregate formed of an &, set of N, sets is an &, set. 
Consider the set 


ae ! 1 1 
A= a5! Byg9' Fyg *1° Aw *** Aya °° 
1 ! 
Ag1 > A999 | Mog Aan! *** Aga °°* 
foe a<Q 
1 
ry Pens a cad Ne 
Qo» Aas» Qag *** Gage 71° Bag 2° 


Here each row is an &, set. As there are an &, set of rows, A 
is an &, set of &, sets. To show that A is an &, set, we associate 
each a, with some number in the first two number classes. 

In the first place the elements @,, where « « < @ may be associ- 
ated with the numbers 1, 2, 3,---< . The elements @,,, ax 
lying just inside the o” square and which are characterized 
by the condition that t=1, 2,---@; «=1,2.-<o form an 
enumerable set and may therefore be associated with the ordinals 
w,o+1,--- <2. For the same reason the elements just inside 
the w + 1% square may be associated with the ordinals 2, #2 + 1, 
... <3. In this way we may continue. For when we have 
arrived at the a row and column (edge of the a square) we 
have only used up an enumerable set of numbers in the sequence 


ab ap sod(oy cos Ze A) (1 
in our process of association. There are thus still an &, set left 
in 1) to continue the process of association. 

2. Asa corollary of 1 we have: 


The ordinal numbers 
02, 083, OA, «+ 
lie in Z,. 


297. 1. Let a<B<y<- ‘el 


be an increasing sequence of numbers in Z, having 8, as cardinal 
number and such that any section of 1) has ® as its cardinal. 
There exists a first ordinal number d in Z, greater than any number 


in 1). 
For let a=Ord I, B = Ord %, y= Ord © ee 
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Since « < we may take Y to be a section of B. Similarly 
we may suppose % is a section of 6, ete. 

Let now pee (ewe) Ga Ree Oe. 

Consider now UE Rel a 


keeping the relative order intact. Then % is well ordered by 


270, 4. Let 
rA= Ord &. 


Since Card 2=8,, by 296, 1, » ties in Zs. 
As any , B, --- is a section of %, 
og, Bucase- aN 


Moreover, any number uw < 2 is also < some «@, f, ¥ -*- For if 
M has ordinal number p, Yt must be similar to a section of &. 
But there is no last section in &. 


2. We shall call sequences of the type 1), an &, sequence. 
The number » whose existence we have just established, we shall 
call the limit of 1). We shall also write 


a< Boyer =r 


to indicate that a, 8, --- is an 8, sequence whose limit is 2. 


298. 1. The preceding theorem gives us a third method of 
generating ordinal numbers. We call it the third principle. 

We have seen that the first and second principles suffice to gen- 
erate the numbers of the first two classes of ordinal numbers but 
do not suffice to generate even the first number, viz. Qin Z,. We 
prove now the following fundamental theorem : 


2. The three principles already described are necessary and suffi- 
etent to generate the numbers in Z,. 
For let « = Ord be any number of Z,. If %f has a last element, 
reasoning similar to 292, 1 shows that 
ea=B+1. 


If %& has no last element, all the numbers of Z,<a form an &) 
or &, set. In the former case 


“a=0+ B, 
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where 8 lies in Z,. In the latter case, reasoning similar to 2921 
shows that we can pick out an &, increasing sequence 


By < By < Bye = & 


299. 1. The numbers of Z, form a set whose cardinal number « 
ig >. 

The proof is entirely similar to 293, 1. Suppose, in fact, that 
a=%,. Let us arrange the elements of Z, in the 8, sequence 


Oy 5 Ba or0 By ors ho sss qd 

As in 292, there exists in this sequence an &, increasing sequence 
! I} ee yh 

1 <Wy< =. Q 

Then «! lies in Z, by 297, 1. On the other hand @' is greater than 

any number in 2) and hence greater than any number in 1). 


But 1) embraces all the numbers in Z; by hypothesis. We are 
thus led to a contradiction. 


2. 
py) x, = Card Z,. 
3. There is no cardinal number between &, and &, . 


For let a= Card % be such a number. Then 2% is equivalent to 
a section of Z,. But every such section has the cardinal num- 
ber &,. 


300. The reasoning of the preceding paragraphs may be at 
once generalized. The ordinal numbers of Z, corresponding to 
well ordered sets of cardinal number &,_» form a well ordered set 
having a greater cardinal number « than &,-,- Moreover there is 
no cardinal lying between &,_, and «. We may therefore ap 
propriately denote a by &,-1. The 8,_, sequence of ordinal 
numbers 

ai B<aiy »°* 
lying in Z, has a limit lying in Z,, and this fact embodies the 
n® principle for generating ordinal numbers. The first » prin- 
ciples are just adequate to generate the numbers of Z,. They do 
not suffice to generate even the first number in Z,,;- 
Finally we note that an %,, set of &, sets forms an &,, set. 


CHAPTER X 
POINT SETS 


Pantaxis 


301. 1. (Borel.) Let each point of the limited or unlimited set 
YH lie at the center of a cube ©. Then there exists an enumerable set 
of non-overlapping cubes {c§ such that each ¢ lies within some &, and 
each point of U lies in somec. If Wes limited and complete, there 
is a finite set {c} having this property. 

For let D,, D,-+- be a sequence of superposed cubical divisions 
of norms=0. Any cell of D, which lies within some © and 
which contains a point of % we call a black cell; the other cells 
of D we call white. The black cells are not further subdivided. 
The division D, divides each white cell. Any of these subdivided 
cells which lies within some © and contains a point of %& we calla 
black cell, the others are white. Continuing we get an enumer- 
able set of non-overlapping cubical cells {c}. 

Each point a of & lies within somec. For a is the center of 
some ©. But when n is taken sufficiently large, a lies in a cell of 
D,,, which cell lies within €. 

Let now X be limited and complete. Hach a lies within a cube ¢, 
or on the faces of a finite number of these c. With a we associ- 
ate the diagonal 6 of the smallest of these cubes. Suppose 
Miné=0 in. As % is complete, there is a point « in % such 
that Min 6=0, in any V,(@). This is not possible, since if 7 is 
taken sufficiently small, all the points of V, lie in a finite number 
of the cubes c. 

Thus Min 6>0. As the c’s do not overlap, there are but a 
finite number. 


2. In the foregoing theorem the points of % are not necessarily 
inner points of the cubesc. Let @ be a point of 2 on the face of 
one of these c. Since a lies within some G, it is obvious that the 
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cells of some D,, n sufficiently large, which surround a form a 
cube ¢, lying within ©. Thus the points of W& lie within an 
enumerable set of cells {c}, each ¢ lying within some @. The 
cells c of course will in general overlap. Obviously also, if % is 
complete, the points of % will lie within a finite number of 
these e’s. 


302. If UX is dense, Y' is perfect. 

For, in the first place, 2’ is dense. In fact, let « be a point of 
9’. Then in any D*(a) there are points of %. Let a be such a 
point. Since % is dense, it is a limiting point of Y& and hence is a 
point of 4’. Thus in any D*(@) there are points of QM’. 

Secondly, 2! is complete, by I, 266. 


303. Let B be a complete partial set of the perfect aggregate 2. 
Then CE=UA—B is dense. 

For if © contains the isolated point ¢, all the points of 2 in Ly ECC) 
lie in %, if r is taken sufficiently small. But B being com- 
plete, ¢ must then le in 8. 

Remark. We take this occasion to note that a finite set is to be 
regarded as complete. 


304. 1. If X does not embrace all R,, it has at least one frontier 
point in Ny- 

For let a be a point of %, and 6 a point of R, not in %. The 
points on the join of a, 6 have coordinates 


pea bo Sa) =7O), 0Sea1, 11, 2, ++ 
Let 6’ be the maximum of those 6’s such that (9) belongs to 
if @<6'. Then (6) is a frontier point of %. 


2. Let 2%, B have no point in common. If Dist (a, B)>0, we 
say U, B are exterior to each other. 


305. 1. Let % = {a} be a limited or unlimited point set in R,,. 
We say B<% is pantactic in 9, when in each D;(a) there is a 
point &. 

We say B is apantactic in when in each D;(a) there is a point 
« of X% such that some D,(«) contains no point of B. 
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Example 1. Let & be the unit interval (0, 1), and & the ra- 
tional points in %. Then % is pantactic in a. 


Example 2. Let % be the interval (0, 1), and % the Cantor set 
of I, 272. Then % is apantactic in Y. 


2. If B<AU is pantactic in A, UA contains no tsolated pownts not 
in B. 

For let a be a point of & not in B. Then by definition, in any 
D;(a) there is a point of 8. Hence there are an infinity of points 
of 8 in this domain. Hence a is a limiting point of A. 


306. Let % be complete. We say 6 < Wis of the 1° category 
in YX, if B is the union of an enumerable set of apantactic sets 
in Y. 

If % is not of the 1° category, we say it is of the 2° category. 

Sets of the 1° category may be called Baire sets. 


Example. Let & be the unit interval, and 8 the rational 
points in it. Then % is of the 1° category. 

For % being enumerable, let 8 = {6,}. But each 0, is a single 
point and is thus apantactic in Y. 

The same reasoning shows that if 8 is any enumerable set in 
A, then B is of the 1° category. 


307. 1. Jf B ts of the 1° category nA, XA- B= Bis > 0. 


For since % is of the 1° category in YW, it is the union of an 
enumerable set of apantactic sets {8,. Then by definition there 
exist points @,, a, --* in UW such that 


D;,(44) a D;,( ag) e006 o) 8, = 0 el 


where D(a,) contains no point of 8,, D(a.) no point of B,, ete. 
Let 6 be the point determined by 1). Since %& is complete by 
definition, 6 is a point of %. As it is not in any Q,, it is not 
in 8. Hence B contains at least one point. 


2. Let Ube the union of an enumerable set of sets {U,{, each A, 
being of the 1° category in B. Then YU is of the 1° category in B. 


This is obvious, since the union of an enumerable set of enu- 
merable sets is enumerable. 
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3. Let B be of the 1° category inX. Then B=A-B is of the 
2° category in A. 
For otherwise 8 + B would be of the 1° category in a. But 
A— (64+ B) =9, 
and this violates 1. 
4. It is now easy to give examples of sets of the 2° category. 


For instance, the irrational points in the interval (0, 1) form a 
set of the 2° category. 


308. Let be a set of the 1° category in the cube Q. Then 
A=D-Y has the cardinal number c. 

If A has an inner point, D(a), for sufficiently small 6, lies in A. 
As Card D;=c, the theorem is proved. 

Suppose that A has no inner point. Let % be the union of the 
apantactic sets U,< %,< + in O20 Let Ape O= A.) -Letig, be 
the maximum of the sides of the cubes lying wholly in A,. Ob- 
viously g, = 9, since by hypothesis A has no inner points. Let @ 
be a cube lying in A,. As q@= 0, there exists an m, such that Q 
has at least two cubes lying in A,,; call them @), @,- There ex- 
ists an N, > Ny such that Q), @ each have two cubes in A,,; call 


them O, G45 B05 pe 20d. g' Cv 


or more shortly Q.,, .- 

Each of these gives rise similarly to two cubes in some A,,, 
which may be denoted by Q.,, u, «> where the indices as before have 
the values 0,1. In this way we may continue getting the cubes 


Qy ’ A a ’ Orn at 
Let « be a point lying in a sequence of these cubes. It obvi- 
ously does not lie in U, if the indices are not, after a certain stage, 
all 0 or all 1. This point « is characterized by the sequence 


bylolal, o0m 
which may be read as a number in the dyadic system. But these 
numbers have the cardinal number c. 


309. Let % be a complete apantactie set in a cube Q. Then there 
exists an enumerable set of cubical cells {q} such that each point of 
W lies on a face of one of these q, or is a limit point of their faces. 
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For let D, > D,> +++ be a sequence of superimposed divisions 
of Q, whose norms 6,=0. Let 


yy, Ug, Ayg°* e 
be the cells of D, containing no point of & within them. Let 
yy, Ayn, tog ** @ 


denote those cells of D, containing no point of % within them and 
not lying ina cell of 1). In this way we may get an infinite se- 
quence of cells D = {d,,,}, where for each m, the corresponding 
is finite, and moo. Each point a of A liesinsomed,,. For 
being complete, Dist (a, 2) >0. As the norms 6, = 0, a must lie 
in some cell of D,, for a sufficiently large n. The truth of the 
theorem is now obvious. 


310. Let B be pantactic in MX. Then there exists an enumerable 
set © < BY which is pantactie in A. 


For let D, > D,> --- be a set of superimposed cubical divisions 
of norms d,=0. In any cell of D, containing within it a point 
of %, there is at least one point of 8. If the point of lies on 
the face of two or more cells, the foregoing statement will hold 
for at least one of the cells. Let us now take one of these points 
in each of these cells; this gives an enumerable set G@,. .The 
same holds for the cells of D,. Let us take a point in each of 
these cells, taking when possible points of €,. Let ©, denote the 
points of this set not in @,. Continuing in this way, let 


© — &, =F &, oases 
Then € is pantactic in A, and is enumerable, since each &, is. 


Corollary. In any set U, finite or infinite, there exists an enumer- 
able set © which is pantactic in A. 


For we have only to set 8 = % in the above theorem. 

311. 1. The points © where the continuous function i (iy et Con) 
takes on a given value g in the complete set U, form a complete set. 

For let ¢, ¢,+++ be points of © which =e. We show ¢ is a 


int of ©. F 
eat ie 9=f(Q)=f(@) = 
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As f is continuous, 


5 CAS) =f(c). 
fe)=%9 


Hence 


and ¢ lies in @. 


2. Let f(xy +++ tm) be continuous im the limited or unlimited set %. 
Tf the value of f is known in an enumerable pantactic set © in A, 
which contains all the isolated points of %, in case there be such, the 
value of f is known at every point of Mf. 


For let a be a limiting point of % notin €. Since Cis pantactic 
in %, there exists a sequence of points e, °° in © which =a. 


Since f is continuous, f (én) =f(a). As f is known at each é,, 
it is known at a. 


3. Let ¥= Sf} be the class of one-valued continuous functions 
defined over a limited point set XU. Then 
f= Card § =c. 


For let #,, be a space of an infinite enumerable number of 
dimensions, and let 


Y= (Yr Yar °°) 
denote one of its points. Let f have the value 7, at e,, the value 
ny at e +++ for the points of & defined in 2. Then the complex 


(ys Na ***) 
completely determines f. But this complex determines also a 
point 7 in ®., whose coordinates are 7,, We now associate f with 


n- Hence f<Card ®, =c. 


On the other hand, f>c, since in % there is the function 
Sf (ayo Um) = J 0 9, where g is any veal number. 


312. Let B denote the class of complete or perfect subsets lying in 
the infinite set Y, which latter contains at least one complete set. 


Then b =Card 8 =c. 
For let a,, a) °° =4% all these points lying in‘ A. Then 


a, 3 a, Oia =a 3 by << lg<lg cr? Gh 


But for «, we may take any number in $,= (1, 2, 3, +++)3 for ty 
we may take any number in J,=(4 +1, 4 + 2 +++)» ete. 
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Obviously the cardinal number of the class of these sequences 


{)isie.— cae bat (4, is Gi, i, °°) 
is a complete set in Y&. Hence b>c. On the other hand, b<c. 
For let Ds pee Q 


be a sequence of superimposed cubical division of norms = 0. 
Each D, embraces an enumerable set of cells. Thus the set of 
divisions gives an enumerable set of cells. Lach cell shall have 
assigned to it, for a given set in %, the sign + or — according as 
% is exterior to this cell or not. This determines a distribution 
of two things over an enumerable set of compartments. 

The cardinal number of the class of these distributions is 2*=c. 
But each % determines a distribution. Hence b<c. 


Transfiute Derivatives 


313. 1. We have seen, I, 266, that 
9! ee gt”! E q > ey 
RS De OU tars ey Cl 


Let now %& be a limited point aggregate of the second species. 
It has then derivatives of every finite order. Therefore by 18, 


Do Xl, W", Wi!, «+d (2 


contains at least one point, and in analogy with 1), we call the 
set 2) the derivative of order w of %, and denote it by 


Yo, 
Ae, 
Now we may reason on %° as on any point set. If it is infinite, 


it must have at least one limiting point, and may of course have 
more. In any case its derivative is denoted by 


J (ot) or Jot}, 
The derivative of (e+! is denoted by 
Qi (o+2) or Qior2 ; ete. 


Making use of we can now state the theorem: 


Thus 


or more shortly by 
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In order that the point set U is of the first spectes at ig necessary 
and sufficient that YU = 0. 


2. We have seen in 18 that &* is complete. The reasoning of 
I, 266 shows that et}, Wr’, ---, when they exist, are also complete. 
Then 18 shows that, ¢f °*” n = 1, 2, «++ exest, 


Do Nez Nort Res eee +++) 3 


exists and is complete. The set 3) is called the derivative of order 
w - 2 and is denoted by 


He? or We. 


Obviously we may continue in this way indefinitely until we 
reach a derivative of order « containing only a finite number of 
points. Then gat = 0 


That this process of derivation may never stop is illustrated by 
taking for WU any limited perfect set, for then 
Y= QU — XA" = eee =e = A” = cns0 


3. We may generalize as follows: Let « denote a limitary ordi: 
nal number. If each %% > 0, 8 < «, we set 


HO = Ye = Dos AF} 


when it exists. 
4. If %* > 0, while W +! =0, we say HN is of order a. 


314. 1. Let a bea limiting point of U. Let 
a; = Card V;(a). 


Obviously @ is monotone decreasing with 6. Suppose that 
there exists an « anda 8, > 0, such that for all 0<8 <6 


«= Card V (a). 
We shall say that a is a limiting point of rank a. 
If every a; 2 &, we shall say that 
Rank a = @. 
If every a >, we shall say that 


Rank a>«. 
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2. Let % be a limited aggregate of cardinal number «. Then there 
is at least one limiting point of U, of rank a. 

The demonstration is entirely similar to I, 264. Let 5, > 
6, > +++ = 0. Let us effect a cubical division of & of norm 6,. In 
at least one cell lies an aggregate Y%, having the cardinal num- 
ber «. Let us effect a cubical division of %, of norm 6,. In at 
least one cell lies an aggregate %, having the cardinal number , 
etc. These cells converge to a point a, such that 

Card V,(a) =, 


however small 6 is taken. 
3. If Card I> e, there exists a limiting point of X of rank > e. 
The demonstration is similar to that of 2. 


4. If there is no limiting point of U of rank > e, Wis enumerable. 
This follows trom 8. 


5. Let Card Y be >e. Let B denote the limiting points of 
whose ranks are >e. Then B is perfect. 

For obviously 8 is complete. We need therefore only to show 
that it is dense. To this end let 6 be a point of SB. About 6 let 
us describe a sequence of concentric spheres of radii r, = 0. These 
spheres determine a sequence of spherical shells {S,}, no two of 
which have a point incommon. If %, denote the points of Win S,, 


we have "Vive Vib) =A + A + Az + eee 

Thus if each Y,, were enumerable, V is enumerable and hence 
Rank 6 is not >e. Thus there is one set %,, which is not enu- 
merable, and hence by 8 there exists a point of 8 in S,,. But then 
there are points of 8 in any V,*(6), and 6 is not isolated. 

6. A set XM which contains no dense component is enumerable. 

For suppose % were not enumerable. Let $$ denote the proper 
limiting points of 2. Then $ contains a point whose rank is > e. 


But the set of these points is dense. This contradicts the hy- 
pothesis of the theorem. 


315. Leta liein Z,. If A*> 0, it ts complete. 


For if @ is non-limitary, reasoning similar to I, 266 shows that 
Y%* is complete. Suppose then that « is limitary, and Q* is not 
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complete. The derivatives of X& of order < « which are not com- 
plete, form a well ordered set and have therefore a first element 
98, where @ is necessarily a limitary number. Then 


= DW) , <P. 


But every point of Y lies in each W. Hence every limiting 
point of is a limiting point of each %{y and hence lies in ?. 
Hence 8 is complete, which is a contradiction. 


316. Let « be a limitary number in Z,. If AF >0 for each 
B< a, XU exists. 


For there exists an&,,, m<n-— 2, sequence 
yx d<cecnc- =o. el 


Let ¢ be a point of W, da point of UW, ea point of W, ete. 
Then the set (Cad ene) 


has at least one limiting point / of rank &,,. Let e be any number 
in 1). Then Jisa limiting point of rank &,, of the set 


(Ce, fu"): 


Thus J is a limiting point of every UW, 8< % and hence of +. 


317. Let us show how we may form point sets whose order « 
is any number in 4, or Line 

We take the unit interval % = (0, 1) as the base of our con- 
siderations. 

In %, take the points 


a 1 AGS 
Bias ey se ea as @ 


Obviously B{ = 1, By! = 0. Hence %, is of order 1. The set 
%, divides HM into a set of intervals 


Utena @ 

Ing y= (5) take a set of points similar to 1) which has as 

single limiting point, the point 3. In %,= G; 2) take a set of 

points similar to 1) which has as single limiting point, the point 
3, etc. Let us call the resulting set of points 8, 
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Obviousl 
viously Se 


Hence B! = Bi =1 Re Bi! = 0 
Thus %, is of order 2. 


In each of the intervals 2) we may place a set of points similar 
to B,, such that the right-hand end point of each interval Q, is a 
limiting point of the set. The resulting set 83 is of order 3, ete. 

This shows that we may form sets of every finite order. 

Let us now place a set of order 1 in Q%,, a set of order 2 in %, 
etc. The resulting set B. is of order. For 8® has no points 
in M,, WU, --- X,-1, while the point 1 lies in every 6%. 

Thus 


( as 
Viera= al 
Hence 
Bory = 0, 


and %, is of order o. 

Let us now place in each WU, a set similar to %,, having the 
right-hand end point of %, as limitirhe point. The resulting set 
B.4, is of order a + 1. In this way we may proceed to form sets 
of order » + 2, » + 3, ++. just as we did for orders 2, 8,--- We 
may also form now a set of order 2, as we before formed a set 
of order o. 


Thus we may form sets of order 
OME @ © 02 Oe, wc Ste erento a4 

and hence of order @?, etc. 

318. 1. Let YX be limited or not, and let X) denote the isolated 
points of M8. Then 

URS SOR See eee G 

For : 
Thus 


MN = Of! + OY" Ne 
MY Of! SOY! ee. Sea) +A; 


that is, Y’ is the sum of the points of 9% not in QM’, of the points 
of YW” not in 9’, ete. If now there are points common to every 


(n) 
3) | we have A = Ty ire Yc) wed =1, 2, soe <<, 
e 
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On %° we can reason as on Y', and in general for any «<Q we 
h 
ave 7 = SAP) + QI), 
B<a 


which gives 1). 
2. If A%=0, A and A! are enumerable. 
For not every I) > 0 «<0, by 316. 
Hence there is a first «, call it y, such that %=0. Then 1) 


reduces to 
oy = VA” t B=1, Dace ty. 
B 


But the summation extends over an enumerable set of terms, 
each of which is enumerable by 289. Hence 2’ is enumerable. 
But then % is also enumerable by 287, 2. 

3. Conversely, if W' is enumerable, U° = 0. 

For if %°> 0, there is a non-enumerable set of terms in 1), if 
no %@) is perfect ; and as each term contains at least one point, 
%! is not enumerable. If some A‘) is perfect, 2’ contains a per- 
fect partial set and is therefore not enumerable by 245. 

4, From 2, 3, we have: 

For XU! to be enumerable, it is necessary and sufficient that there 
exists a number « in Z, or Z, such that U* = 9. 


5. If X is complete, it 1s necessary and sufficient in order that % 
be enumerable, that there exists an a im Z, or Z, such that A+ = 0. 
For x= 1 +N, 
and the first term is enumerable. 


6. If %®=0 for some 8 <Q, we say % is reducible, otherwise it 
is wreducible. 


319. If A > 0, it is perfect. 

By 315 it is complete. We therefore have only to show that 
its isolated points AP=0. Suppose the contrary; let a be an 
isolated point of 2°. 

Let us describe a sphere ‘’ of radius r about a, containing no 
other point of A°. Let denote the points of Yin S. Let 


pony >rm> i = 0. 
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Let S,, denote a sphere about @ of radius r,. Let 8, denote the 
points of B lying between S,_,, S,, including those points which 
may lie on S,_y. Then 
i= B+ 5, B, + S00. ate (hc 

Jach B, is enumerable. For any point of Bf is a point of 
8° =a. Hence 8° =0 and &,, is enumerable by 318, 2. 

Thus 8 is enumerable.. This, however, is impossible since 
8" =a, and is thus > 0. 


320. 1. In the relation 
f= SYP 44° = 1,2, <9, 
B 
the first term on the right 1s enumerable. 
For let us set B= SAM; 
B 


also let Ss Bay 


Let 8, denote the points of 8 whose distance 6 from %{% satis- 


fies the relation (a OT ae 


Then the distance of any point of 8, from A° is >7,,,. If By 
includes all points of 8 whose distance from Y° is > r,;, we have 


B= B+ B, + B, + Sis 


Each %, is enumerable. For if not, 6° >0. Any point of 
B2 as 6 lies in 1°. - Hence 


IDiStC0s ot ee: 
On the other hand, as 6 lies in Q/,, its distance from YA® is 
> Tni1, Which is a contradiction. 


2. If X! is not enumerable, there exists a first number «in Z, or 
Z, such that X* is perfect. 

This is a corollary of 1. 

3. If Urs complete and not enumerable, there exists a first number 
ain Z,+ Z, such that X* is perfect. 


+. If Nis complete, Y=E+B; 


where € is enumerable, and B is perfect. If X is enumerable, GF = 0. 
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Complete Sets 


321. Let us study now some of the properties of complete point 
sets. We begin by considering limited perfect rectilinear sets. 
Let % be such a set. It has a first point a and a last point 6. It 
therefore lies in the interval J=(a, 5). If YW is pantactic in any 
partial interval J= (a, 8) of J, % embraces all the points of J, 
since % is perfect. Let us therefore suppose that 2% is apantactic 
in J. An example of such sets is the Cantor set of I, 272. 

Let D = {8} be a set of intervals no two of which have a point 
in common. We say D is pantactic in an interval J, when J con- 
tains no interval which does not contain some interval 6, or at 
least a part of some 6. 

It is separated when no two of its intervals have a point in 
common. 


322. 1. Every limited rectilinear apantactic perfect set WU deter- 
mines an enumerable pantactic set of separated intervals D = 18}, 
whose end points alone lie in . 


For let & lie in J=(«, 8), where «, 8 are the first and last 
points of %. Let 8=J—. Each point 6 of 8 falls in some in- 
terval 8 whose end points lie in %. For otherwise we could 
approach 6 as near as we chose, ranging over a set of points of Y. 
But then 8 is a point of Y, as this is perfect. Let us therefore 
take these intervals as large as possible and call them é. 

The intervals 8 are pantactic in J, for otherwise % could not be 
apantactic. They are enumerable, for but a finite set can have 
lengths > J/n+1and <I/n, n= 1, 2 

It is separated, since %{ contains no isolated points. 


9. The set of intervals D={5{ just considered are said to be 
adjoint to U, or determined by %, or belonging to %. 


323. Let U be an apantactic limited rectilinear perfect point set, to 
which belongs the set of intervals D={8{. Then X is formed of the 
end points H= {e} of these intervals, and their limiting points E'. 


For we have just seen that the end points e belong to Wt. More: 
over, % being perfect, H’ must be a part of 2%. 
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9 contains no other points. For let @ be a point of %& not in F, 
E'. Let @ be another point of %{. In the interval (a, «) lies an 
end point e of some interval of D. In the interval (a, e) lies an- 
other end point e,. In the interval (a, ¢;) lies another end point 
é, etc. The set of points e@, e1, @g:** =4. Hence a lies in HE’, 


which is a contradiction. 


324. Conversely, the end points E = fet and the limiting points of 
the end points of a pantactic enumerable set of separated intervals 
D = §8} form a perfect apantactic set I. 

For in the first place, & is complete, since {= CH, #'). AW can 
contain no isolated points, since the intervals 6 are separated. 
Hence % is perfect. It is apantactic, since otherwise would em- 
brace all the points of some interval, which is impossible, as D is 


pantactic. 


325. Since the adjoint set of intervals D = {8} is enumerable, it 
can be arranged in a 1, 2, 8, --- order according to size as follows. 

Let & be the largest interval, or if several are equally large, one 
of them. The interval 8 causes J to fall into two other intervals. 
The interval to the left of 8, call J), that to the right of 6, call J. 
The largest interval in J), call 6), that in J,, call 6,. In this way 
we may continue without end, getting a sequence of intervals 


8, 89, 815 S009 Sor B19) Oy °° a 
and a similar series of intervals 
Dell Fy algielgiac 


The lengths of the intervals in 1) form a monotone decreasing 
sequence which = 0. 


If v denote a complex of indices yx --- 
D= {8,3 = TOE 
ane renee veteran 
326. 1. The cardinal number of every perfect limited rectilinear 
point set Uf is c. 


For if Y& is not apantactic, it embraces all the points of some in- 
terval, and hence Card Y=c. Let it be therefore apantactic. 
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Let D= §6,} be its adjoint set of intervals, arranged as in 326. 
Let © be the Cantor set of I, 272. Let its adjoint set of intervals 
be H= §n,}, arranged also as in 825. If we set 6,~,, we have 


D~H. Hence Card 9 = Card G. 
But Card €=c by 244, 4. 


2. The cardinal number of every limited rectilinear complete set 
is either € or c. 


For we have seen, 320, 4, that 
A=E+P, PSO, 
where € is enumerable and § is perfect, 
Ti = 0, Gard 3= ¢. 
li $9, Card = c. 
For Card 9 = Card € + Card P=e+c=c. 


327. The cardinal number of every limited complete set U in R, ts 
either e orc. It isc, if U has a perfect component. 


The proof may be made by induction. 

For simplicity take m=2. By a transformation of space [242], 
we may bring 2% into a unit square S. Let us therefore suppose 
% were in § originally. Then Card &<c by 247, 2. 

Let © be the projection of & on one of the sides of S, and $ the 
points of %& lying on a parallel to the other side passing through a 
point of ©. If S has a perfect component, Card $=c, and hence 
Card X=c. If B does not have a perfect component, the cardinal 
number of each B ise. Now © is complete by IJ, 717, 4. Hence 
if © contains a perfect component, Card €=c, otherwise Card 
© =e. In the first case Card & =c, in the second it is e. 


398. 1. Let % be a complete set lying within the cube Q. Let 
D, > D, > ++: denote a set of superimposed cubical divisions of Q 
of norms =0. Let d, be the set of those cubes of D, containing 
no point of %. Let d, be the set of those cubes of D, not in d,, 
which contain no point of %{. In this way we may continue. Let 
B={d,}. Then every point of A=OQ—Aliesin B. For A being 
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complete, any point a of A is an inner point of A. Hence D,(@) 
lies in A, for some p sufficiently small. Hence a lies in some dn: 
We have thus the result: 


Any limited complete set is uniquely determined by an enumerable 
set of cubes {d,{, each of which is exterior to tt. 

We may call 8 =§d,,} the border of A, and the cells d,, border 
cells. 

2. The totality of all limited perfect or complete sets has the car- 


dinal number c. 


For any limited complete set € is completely determined by its 
border {d,}. The totality of such sets has a cardinal number 
<ct=c. Hence Card {€}<¢. Since among the sets € is a c-set 
of segments, Card € > c. 


329. If A, denote the isolated points of %, and YW, its proper 
limiting points, we may write 


Df ee Mf, aS ») 
Similarly we have 


MW, =A. + Axe, 


Wy = Apa, =- Wass etc. 
We thus have 


MW = UW + Wa, + Way + ove + Myr + Whe. 


At the end of each step, certain points of Y are sifted out. They 
may be considered as adhering loosely to 2, while the part which 
remains may be regarded as cohering more closely to the set. Thus 
we may call %,»-1,, the n™ adherent, and %,» the n™ coherent. 


If the n coherent is 0, X is enumerable. 

If the above process does not stop after a finite number of steps, 
let We. = Dv (My, Are, Wha oe). 

If %., > 0, we call it the coherent of order w. 

Then obviously Y= Tym, + Wy. 


We may now sift 2, as we did Y. 
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If « is a limitary number, defined by 
1 << Gy < Og + ==1005 
we set = Dv {Mr{ 
and call it, when it exists, the coherent of order «. Thus we can 


write Ee Ee, + 8 leo ad 
where § is a number in Z. 


330. 1. When Y is enumerable, 
Y= Va + We fol, 2,6. 8 


=3+0; ad 
where & is the sum of an enumerable set of isolated sets, and D, when 
it exists, 1s dense. 

For the adherences of different orders have no point in common 
with those of any other order. They are thus distinct. Thus the 
sum & can contain but an enumerable set of adherents, for other- 
wise 3 could not be enumerable. Thus there is a first ordinal 
number 8 for which 

NA = 0. 
As now in general 
As= M8. + I,e+1, 
we have Oe = Wet! = Wet? = oe 

As %,8 thus contains no isolated points, it is dense, when not 0, 
by I, 270. 

2. When X is not enumerable, D > 9. For if not, % = %, and $ 
is enumerable. 


331. = A. a 
For let D be a cubical division of space. As usual let 
A » Ub 


denote those cells of D containing a point of 9%, Y’ respectively. 
The cells of X!, not in Wp will be adjacent to those of Xp, and 
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these may be consolidated with the cells of D, forming a new di- 
vision A of norm 8 which in general will not be cubical. Then 


X= Ww +". 
The last term is formed of cells that contain only a finite number 


of points of %. These cells may be subdivided, forming a new 
division # such that in 


We = Ws, + Ue” Q2 
the last term is < ¢/3- Nowif 6 is sufficiently small, 


dhe oh ; Dem N sar (3 


Hence from 2), 3) we have 1). 


332. Jf A> 0, Card A =c. 


For let 8 denote the sifted set of & [I, 712]. Then % is per- 
fect. Hence Card 8 =c, hence Card Y= c. 


333. Let X=fat, where each a is metric and not discrete. If no 
two of the a’s have more than their frontiers in common, IU is an 
enumerable set in the a’s. WX may be unlimited. 


Let us first suppose that %f lies in a cube Q. Let « denote a on 
removing its proper frontier points. Then no two of the a’s have 
a point incommon. Let 


> da> + = 9, 


where the first term g, = ©. There can be but a finite number of 


sets a, such that their contents lie between two successive q’s. 
For if 


a a. 550 > Ys 
we have ie ee 
(Fo Pe ae) 0 = a, > Ns+ 


But the sum on the left is =Q, for any n. 


As nmay =o, this makes Q = 0, which is absurd. 

If & is not limited, we may effect a cubical division of ®,,. 
This in general will split some of the a’s into smaller sets b. In 
each cube of this division there is but an enumerable set of the b’s 
by what has just been proved. 


CHAPTER XI 
MEASURE 


Upper Measure 


334. 1. Let % be a limited point set. An enumerable set of 
metric sets D=§d,}, such that each point of % lies in some Ghee 
called an enclosure of A. If each point of Y lies within some d,, D 
is called an outer enclosure. The sets d, are called cells. To each 
enclosure corresponds the finite or infinite series 


— 


2d, el 


which may or may not converge. In any case the minimum of all 
the numbers 1) is finite and <0. For let A bea cubical division 
of space, %, is obviously an enclosure and the corresponding sum 
1) is also M4, since we have agreed to read this last symbol either 
as a point set or as its content. 


We call Min 3d, 


with respect to the class of all possible enclosures D, the upper 
measure of %, and write 


Y = Meas % = Min Sd,. 
D 


2. The minimum of the sums 1) is the same when we restrict our- 
selves to the class of all outer enclosures. 


For let D=§d,} be any enclosure. For each d,, there exists a 
cubical division of space such that those of its cells, call them d,,. 
containing points of d, have a content differing from d, by < * 


Obviously the cells {d,,} form an outer enclosure of %{, and 
2d,,— 2d,<E5=6. 
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As e is small at pleasure, Min <d, over the class of outer en- 
closures = Min &d, over the class of all enclosures. 

3. Two metric sets whose common points lie on their frontiers 
are called non-overlapping. The enclosure D = 2d, is called non- 
overlapping, when any two of its cells are non-overlapping. 


Any enclosure D may be replaced by a non-overlapping enclosure. 
For let U(d,; d,) = 4d, + @, 
U(d,, dy, dg) = d, + €, + ég, 
U(d, dz dz dy) = dy + ey + &s + eq, ete. 

Obviously each e, is metric. For uniformity let us set d, = e. 

Then H = fe,} is a non-overlapping enclosure of YU. As 
eos Sd, 

we see that the minimum of the sums 1) is the same, when we restrict 
ourselves to the class of non-overlapping enclosures. 

Obviously we may adjoin to any cell e,, any or all of its 
improper limiting points. 

4. In the enclosure H= §e,} found in 3, no two of its cells 


have a point in common. Such enclosures may be called distinct. 


335. 1. Let D= Sd, H = Se,} be two non-overlapping enclosures 
of A. Let 


Then 
Noe een ee 
1g a non-overlapping enclosure of I. 


For 6,, is metric by 22,2. Two of the 8s are obviously non- 
overlapping. Each point of %& lies in some d, and in some e,, 
hence a lies in 6,,. 


2. We say A is the divisor of the enclosures D, E. 
336. If U<, X< B. al 


For let H= fe} be an enclosure of 8. Those of its cells d, con- 
taining a point of %{ form an enclosure D= {d,} of Y%. Now the 


class of all enclosures A = {8} of % contains the class D as a sub- 
class. 
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As zd, Ss 22, 
we have 
Min 38, < Min 3d, < Min 32, 
A D Ez 


from which 1) follows at once. 


337. If U is metric, 


% = W. ad 
For let D be a cubical division of space such that 
%—H<e , A-Ap<e. (2 


Let us set B=A,. Let H=S§e,} be an outer enclosure of &. 
Since B is complete, there exists a finite set of cells in # which 
contain all the points of 8 by 301. The volume of this set is 


obviously +8; hence a fortiori 


Le, > B. 
Hence ee ee 
B>B. 
But a 
A> B, by 336, 
a B me Ay 
>A—e, by 2). 3 
Onthe other hand, — _ ee : § 
N<Ap<A+e, by 2). G 


From 3), 4) we have 1), since ¢ is arbitrarily small. 


338. If Wis complete, — — 
Ff XU 18s complete. i-7. 


For by definition : ; 
Y= Min <d.,, 
with respect to all outer enclosures D={d,j. But Y being com- 
plete, we can replace D by a finite set of cells F=$f.t lying in D, 
such that F’ is an enclosure of %. Finally the enclosure can be 
replaced by a non-overlapping enclosure G =59,} by 334, s. 

Thus = . 
9% = Min >9., 
with respect to the class of enclosures G. But this minimum 
value is also % by 2, 8. 
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339. Let the limited set 1 ={U,} be the union of a finite or infinite 
enumerable set of sets %,. Then 


YX < VY, qd 
For to each 9, corresponds an enclosure D,, = {dn} such that 


Sdu<%,+5 , €>0, arbitrarily small. 


But the cells of all the enclosures D,,, also form an enclosure. 
Hence 


a < Ed, <3(H,+ <) 
2, +. 


This gives 1), as € is small at pleasure. 


340. Let X lie in the metric set M. Let A=M A, be the 
complementary set. Then 


%+A>M 
For from M = A+ A, 
follows ere ee 
M< A+ A, by 339 
But = 2 
M = Ni, by 837 


341. Jf A=B+G, and B, C are exterior to each other, 
Y=B+E. ad 


For, if any enclosure D=$d,{ of 2% embraces a cell containing 
a point of G and G, it may be split up into two metric cells di, 
di’, each containing points of 8 only, or of € only. Then 


d,=d, + da. 
Thus we may suppose the cells of D embrace only cells 


D' ={d'} containing no point of ©, and cells D!’={d!'} con- 
taining no point of 8. Then 


Sd, = Xd! + Sd". (2 


t t 
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By properly choosing D, we may crowd the sum on the left 
down toward its minimum. Now the class of enclosures D’ is 
included in the class of all enclosures of %, and a similar remark 
holds for D’’. 

Thus from 2) follows that 

A>B+C. 

This with 339 gives 1). 


342. If A=]B+M, Mt being metric, 
1=B+M. d 


For let D be a cubical division of norm d. Let n denote points 
of M in the cells containing points of Front Pt. Let m denote 
the other points of §%. Then mand & are exterior to each other, 
and by 337 and 341, 

Meas (6+ m)= 8+ in. 
As 


A=B+m+n, 
Meas(S+m)<A by 336. 
ae %<B+M+H by 339. 
Ee BiM<U<B+M+H. (2 


Now if d is sufficiently small, 
M —e<im ; n<e. 
Thus 2) gives, as it <M, 
Bi M—-<A<B+iMte, 
which gives 1), as e>0 is arbitrarily small. 


343. 1. Let U lie in the metric set B, and also in the metric set 


bie Bet B=8-Y , C=C-4%. 
Then Qe. Pi Ceac.. 
For let 
» 


D = Dv(B, ©) 5 B= 
B=%,+D 
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Thus 


— ge 


Seattle Si Ghee ied 


9. If X<B, the complement of Y with respect to 8 will 
frequently be denoted by the corresponding English letter. Thus 


A=O0QM, ModS 
= §— Y. 


Lower Measure 


344. 1. Weare now in position to define the notion of lower 
measure. Let %{ lie in a metric set Yt. The complementary set 


A=M—-—%° has an upper measure A. We say now that M— A 
is the lower measure of YA, and write 


% = Meas X= IM — A. 
By 848 this definition is independent of the set Yt chosen. 


When ot se at 


we say % is measurable, and write 
T= A=W. 
A set whose measure is 0 is called a null set. 
2. Let B= {e,} be an enclosure of A. 
Then {= Max (M- =a), 
with respect to the class of all enclosures E. 


3. If €= fe,} is an enclosure of 1, the enclosures H and € may 
obviously, without loss of generality, be restricted to metric cells 
which contain no points not in 9. If this is the case, and if ©, 
FH are each non-overlapping, we shall say they are normal enclosures. 

If ©, § are two normal enclosures of a set , obviously their 
divisor is also normal. 
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$45. 1. A> 0. 


For let 9 lie in the metric set Nt. 
Then — 


x=N-A 
But by 3386, “ae 
cee A<M, 
hence —-— = 
m—-A>0 
2. U< A. 
For let 9{ lie in the metric set I. 
Tal) sels SP 
ee 7+ A>M by 340 
Hence by a Aaa. 


d set U 
a<X<a<¥. fe 
For let D={d,} be an enclosure of Y. Then 
% = Min Sd, 
D 
when D ranges over the class / of all finite enclosures. On the 


other hand, 
Py = Min zd, 
D 


when D ranges over the class E of all enumerable enclosures. 
But the class H includes the class /. Hence <A. 


To show that x < @ 
we observe that as just shown | - 
A>A 
Hence, Ee Ee 
MN A<M-—A=A. 6 
2: A+u=M, dy 16 


This with 8) gives 2). 
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2. If U is metric, it is measurable, and 
= 
This follows at once from 1). 
347. Let be measurable and lie in the metric set ¢. Then A 
is measurable, and é an Me GN a 
se A=R-4. @ 


since Y is measurable. This last gives 


A= —%. 


This with 2) shows that Mees A; hence A is measurable. From 
2) now follows 1). 7, 


348. If %< B, then 


1 
For as usual let A, B be the complements of 9, 8 with respect 
to a metric set I. Since A < B, A> B. 
Hence, by 336, Ete 
A> B. 
Thus, ag FO 
M-A<M-—B 
which gives 1). 


349. For U to be measurable, it is necessary and sufficient that 
Y+A=M qd 
where It is any metric set > UA, and A= IM — YA. 
It is sufficient, for then 1) shows that 
X= MN — A. 
But the right side is by definition %; hence Y= af. 
It is necessary as 347 shows. 5 . 


350. Let U= {a,} be the wnion of an enumerable set of non- 
overlapping metric sets. Then X is measurable, and 
2 — =0n¢ ad 
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Let § denote the infinite series on the right of 1). As usual 
let S,, denote the sum of the first n terms. Let *a,'= "Cay; °° a,)- 
Then %, < Y% and by 336, 


, = Sn < % , for any x. (2 
Thus S is convergent and 
S< Y. (3 
On the other hand, by 339, 
A<S (4 


From 8), 4) follows that 
§ =% = lim S, = lim 4,. 6 
We show now that %{ is measurable. To this end, let It be a 


metric set > %, and A, + A, = Mi as usual. 
Then 


i, + A, = M. (6 
But “A <A; , “hence An AN 
Thus 6) gives ea 


for any n. Hence 


or using 5), 
Hence by 389, = 


Thus by 349, % is measurable. 


351. Let jt Cs 
then B+ G< a. a 
For let I be a metric set > Yl. Let A, B, C be the comple- 
ments of %, B, ©, with reference to Mt. 
Let B= fen} 3 F=Sf,} 
be normal enclosures of B,C. Let 


de, =a Cras Fin)s 
and D = jdmnt the divisor of H#, F. 
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As all the points of A are in B, and also in O, they are in both 
E and F, and hence in the cells of D, which thus forms a normal 


enclosure of A. Let 
Vn (Any Ama vee) 9 Wins (din> don vee )e 
Let us set 


Then by 350, 


€m = Ym + Im Bw = Pia eal 
Ym = Sia ’ Mn ae dae 
By 347, Dn ee e_cat 


Hence 


Sep ed ee oe 
Te ee Sl Soke = Oe 


Hence adding, 
(M— Le.) + (M— Ef) 
=e Odi = (So ataSe, td) ae 
Wi Us On aaa m,n = 1, 2, ++ 
Thus by 339, the termin[ ]is <0. Thus 2) gives 
(M — Te,) + (M— Tf)< M— TVdyn < U. GB 


Now 


But = 
B = Max (M — Lz) 


€ = Max (M — Sf). 
Thus 3) gives 1) at once. 


Measurable Sets 
352. 1. Let Y= B+C. If B, € are measurable, then A is 


measurable, and 


%=8+¢. a 
5 B+E<% , by 351 
<X<B+T , by 339 
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2. LetA=Bt+C TA, Bare measurable, so is € and 


For let 9 lie in the metric set Jt. Then 
mM—-A=M—- (B+ C€)=(M- ® — B. 
m A=C-8$; 

ence i= B ib A. 


es @ is measurable by 1. Hence © is measurable by 347, 
an 


Thus 


X= H+. 
From this follows 2) at once. 


353. 1. Let X= DA, be the sum of an enumerable set of measur- 
able sets. Then YU is measurable and 


7 = TA,. 

If % is the sum of a finite number of sets, the theorem is obvi- 
ously true by 352,1. In case 9% embraces an infinite number of 
sets, the reasoning of 350 may be employed. 

2. Let N= {N,,} be the union of an enumerable set of null sets. 
Then N is a null set. 

Follows at once from 1. 

3. Let X= {A,} be the union of an enumerable set of measurable 


sets whose common points two and two, form null sets. Then is 


measurable and 


co 


1 = EH, 


4. Let © = §e,} be a non-overlapping enclosure of A. Then € 18 


measurable, and ae 
G = de,. 


5. Let 8<%. Those cells of & containing a point of 6 may 
be denoted by Bg, and their measure will then be of course 


Se. 
If B=4H, this will be é. This notation is analogous to that 
used in volume I when treating content. 
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6. If §= {fa} ts another non-overlapping enclosure of some set 


th 
en D = DG, §) 


is measurable. 


For the cells of D are 
Scx = Doce, fe)- 
Thus 6,, is metric, and 


Sy Om 


354. 1. Harnack Sets. Let % be an interval of length 7. Let 
wy = L, + ly + «+ 


be a positive term series whose sum dX > 0 is <1. As in defining 
Cantor’s set, I, 272, let us place a black interval of length J, in the 
middle of 9{. Ina similar manner let us place in each of the re- 
maining or white intervals, a black interval, whose total lengths 
=/,. Let us continue in this way; we get an enumerable set of 
black intervals %, and obviously 


§ =2. 


If we omit the end points from each of the black intervals we get 
a set B*, and obviously 


8* = 2. 
The set H = A — BF 
we call a Harnack set. ‘This is complete by 324; and by 338, 347, 
$=H=/-». 


When dX = J, © is discrete, and the set reduces to a set similar 
to Cantor’s set. When 7 <1, we get an apantactic perfect set 
whose upper content is 7 — 7 > 0, and whose lower content is 0. 


2. Within each of the black intervals let us put a set of points 
having the end points for its first derivative. The totality of 
these points form an isolated set ¥ and 3’ = §. But by 331, 


¥ = 3’. If now G is not discrete, ¥ is not. We have thus the 
theorem : 


There exist isolated pownt sets which are not discrete. 
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8. Itis easy toextend Harnack sets to #,. For example, in R,, 
let S be the unit square. On two of its adjacent sides let us place 
congruent Harnack sets 6. We now draw lines through the end 
points of the black intervals parallel to the sides. There results 
an enumerable set of black squares G = {S,}. The sides of the 
squares © and their limiting points form obviously an apantactic 
perfect set &. 

Let aj+az+e- =m 
be a series whose sum 0< m<l. 


We can choose © such that the square corresponding to its larg- 
est black interval has the area a?; the four squares corresponding 
to the next two largest black intervals have the total area a3, ete. 


Then 


S= ta2 = m. 
Hence g 


355. 1. If © = fe,} is an enclosure of & such that 
See =o 2 €, 


it is called an e-enclosure. Let A be the complement of & with 
respect to the metric set Jt. Let E = §e,} be an eenclosure of A. 
We call G, E complementarg e-enclosures belonging to Y. 


2. If X is measurable, then each pair of complementary ¢/2 
normal enclosures &, EH, whose divisor D = Dv(G, EF), is such that 
De, e small at pleasure. qd 


For let &, E be any pair of complementary e/2 normal enclo- 
sures. Then 


oa la € Lad Kon € 
E-—W D} 0) EA — 5 
Adding, we get g < G+ #- (+4) <6; 
ae 0<€+E-M<e. (2 


But the points of Mt fall into one of three classes: 1° the points 
of D; 2° those of € not in D; 3° those of # not in ®. Thus 
€+ #=M+5. 
This in 2) gives 1). 
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356. 1. Up to the present we have used only metric enclosures 
of a set %. If the cells enclosing % are measurable, we call the 
enclosure measurable. 

Let © = fe,} be a measurable enclosure. If the points common 
to any two of its cells form a null set, we say € is non- 


overlapping. The terms distinct, normal, go over without 
change. 
2. We prove now that F _ Min Son a 


with respect to the class of non-overlapping measurable enclosures. 


For, as in 339, there exists a metric enclosure m, = {dx} of 
each e, such that =d,, differs from on by <e/2%. But the set 


K 
‘m,} forms a metric enclosure of 2. Thus 


which establishes 1). 


357. Let © be a distinct measurable enclosure of A. Let f denote 
those cells containing points of the complement A. If for eache >0 


there exists an © such that f < e, then % is measurable. 

For let E=e+f. Then e<%. Hence e< Wf by 348. But 
H<E=e+fFsAte 

H = i 
ence A—U<e, 
dt = 

and thus {= 1. 

358. 1. The divisor D of two measurable sets A, B is also meas- 


urable. 


For let €, H be a pair of complementary e/4 normal enclosures 
belonging to U; let §, # be similar enclosures of B. Let 


e=Dv(G, #) , f= DG, P). 
e<e/2 , F<e/2, by 355,2. 


Then 
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Now © = Do(G, §) is a normal metric enclosure of . More- 
over its cells g which contain points of D and O(D) lie among 
the cells of e, f. Hence 

ar Te Tee 
= ttl G 5 
Thus by 357, D is measurable. 
2. Let X, B be measurable. 


Let D= DviA,B) , U= 2, B). 
Then i+ 8=1+. 

For u=A+(B— D). 
Hence l= % + Meas (6 —D) 


Sees 

359. Let Y= USA, } be the union of an enumerable set of 
measurable cells ; moreover let U be limited. Then % is measurable. 
Sedge B,=%, » ly %)=B1+ Be 

(Hs, Ay, Us) = By + Ba + Ba» eben 

then { = >S,,. ‘al 

For D = Dv(H,, A) is measurable by 358. 

a Y=D+a, , %=D+a. 
Then aj, ag are measurable by 352, 2. 

Bs UL = (Hyg) = D+ 0, +035 
Ul is measurable. As U and ©, are measurable, so is 8,. In a 
similar manner we show that B,, B, --- are measurable. As 

A= =S,,, 


9 is measurable by 353, 1, and the relation 1) holds by the same 
theorem. 


360. Let U, << %, <-- be a set of measurable aggregates whose 
union U is limited. Then Xf is measurable, and 


X= lim II, 


n=O 
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For let 6,=%,—-% » 4 =%—% 
For uniformity let us set a,=%. Then 

Y= Zan. 
As each a, is measurable _ yi 

= 24,, 


= lim (ay ae S Gn) 
ss linoler 
361. Let %,, U,-++ be measurable and their union limited. If 


D = Dv {A,t > 0, wz is measurable. 

For let 9{ lie in the metric set Nt; 
let D+ D=MN , A+A,=M 
as usual. 


Now ®D denoting the points common to all the Y,, no point of 
D can lie in all of the ,,, hence it lies in some one or more of the 


A,. Thus DasAre ad 
On the other hand, a point of {A,} lies in some A,,, hence it 


does not lie in Y%,,. Hence it does not liein . Thus it lies in 
D. Hence {A,} < D. (2 


From 1), 2) we have D=5A,} 
= t*~n 5° 


As each A, is measurable, so is D. Hence ®D is. 


362. If U,7%, > -+- is an enumerable set of measurable aggre- 
gates, ther divisor D is measurable, and 


= lim %,. 
For as usual let D, A, be the complements of D, %, with respect 
to some metric set J. 
Then 
Daag a eae 


Hence by 360, D=lim A,. 
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As D=M—D, 
we have A=-H—D 
=lim W,. 


363. 1. The points z= (a -+: Um) such that 
Cy ee PEO da 
form a standard rectangular cell, whose edges have the lengths 
= byt. 5 8 Cm = Om — Om 
When e, = ¢,= +7" = &m the cell is a standard cube. A normal 


enclosure of the limited set 4, whose cells © = {e,{ are standard 
cells, is called a standard enclosure. 


2. For each e>0, there are standard e-enclosures of any limited 
set YU. 
For let © = {e,} be any 7-enclosure of A. Then 
ze, —A<». 2 
Each e, being metric, may be enclosed in the cells of a finite 
standard outer enclosure F,,, such that 
Bot, <n/2 5 n=1,%-~ 
Then § = {F,} is an enclosure of 2%, and 
TH < EE, + 0/2")= n+ 


<i+27, by 2)- 

But the enclosure F can be replaced by a non-overlapping 
standard enclosure © = {9,5 a8 in 334,38. But @<2F,.- 

Hence if 27 is taken <¢, - 
G-A<e, 
and @ is an e-enclosure. 

3. Let E=fenl, T= fhe 
be two non-overlapping enclosures of the same or of different 
sets. Let Ca, = Dv (em> fade 
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Let en = CAL: Cn, 29 Om, 3°") + @ns (3 
then e,, is measurable. By this process the metric or measurable 
cell e,, falls into an enumerable set of non-overlapping measur- 
able cells, as indicated in 3). If we suppose this decomposition to 
take place for each cell of ©, we shall say we have superimposed § 


on &. 


364. (W. H. Young.) Let © be any complete set in limited Y. 
Then _ 
WU = Max €. (1 


For let % lie within a cube J, and let A= IM—A, C=M- C 
be as usual the complementary sets. 

Let 8 = {b,} be a border set of © [328]. It is also a non- 
overlapping enclosure of C(; we may suppose it is a standard en- 
closure of C. Let # be a standard e-enclosure of A. Let us 


superimpose # on %, getting a measurable enclosure A of both C 
and A. Then 


CO SOP Ae 
Hence 
C=M-— C=M- Cy<M— Ay. 
Thus pe 
¢ =G, by 338 
< Meas (M— Ay) 
<M-—A,, — by 352, 2 
<M — A. 
Hence 
C<%, 
and thus asl era 
Max €<- (2 
On the other hand, it is easy to show that 
Max €>Y. (3 


For let Ap be an e-outer enclosure of A, formed of standard 


non-overlapping cells all of which, after having discarded certain 
parts, lie in 9. 


LOW ER- MEASURE 361 
Let RKR=M—AD+H, (4 


where % denotes the frontier points of Ap lying in &%. Obviously 
& is complete. Since each face of D is a null set, § is a null set. 
Thus each set on the right of 4) is measurable, hence 


aay Tee! eG 


EH AS fF i0<d <e 
=e’. 
Thus Max C>R=K>A-«, 


from which follows 8), since ¢ is small at pleasure. 


365. 1. If X zs complete, rt is measurable, and 


i = %. 
For by 364, 


Is 
$2 


On the other hand, 
A= A, by 338. 


2. Let B be any measurable set in the limited set A. Then 


Y= Max 8. qa 
For A> B= B. 
Hence, aU > Max §. @ 


But the class of measurable components of % embraces the 
class of complete components G, since each € is measurable by 1. 


Thus Max 8 > Max €. (3 
From 2), 8) we have 1), on using 364. 


366. Van Vleck Sets. Let & denote the unit interval (0, 1), 
whose middle point call M. Let 3 denote the irrational points of 
©. Let the division D,, = 1, 2, --- divide € into equal intervals 
5, of length 1/2". 
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We throw the points $ into two classes U= ja}, B= {b} having 
the following properties : 

1° To each a corresponds a point 6 symmetrical with respect 
to M, and conversely. 

2° Tf a falls in the segment 6 of D,, each of the other seg- 
ments 8’ of D, shall contain a point a! of %& such that a’ is situated 
in 8! as a is situated in 6. 

3° Each 8 of D, shall contain a point a’ of & such that it is 
situated in 8, as any given point a of Y is situated in &. 

4° 9 shall contain a point a situated in € as any given point 
a’ of Y is in any 6,. 

The 1° condition states that % goes over into B on rotating & 
about M. The 2° condition states that % falls into n=1, 2, 2%, 
23, ... congruent subsets. The 8° condition states that the subset 
%, of Xin §, goes over into Y on stretching it in the ratio 2": 1. 
The condition 4° states that % goes over into Y%f, on contracting it 
in the ratio 1: 2”. 

We show now that 9, and therefore 8 are not measurable. In 
the first place, we note that 


X= ¥, 
by 1°. As$=%+%, if W or B were measurable, the other would 
be, and a 
A= S= 4. 


Thus if we show oT or B= 1, neither 9 nor 8 is measurable. 


We show this by proving that if Y= «<1, then ¥ is a measurable 


set, and 6=1. But when % is measurable, 6 = } as we saw, and 
we are led to a contradiction. 

Let e=e,+¢,+.--- be a positive term series whose sum e is 
small at pleasure. Let ©, = fe,} be a non-overlapping e¢,-enclosure 
of UY, lying in © Then 


G,=3¢,=e+e=4 , 0<d <a. 
Let 8, = 3—G,; then B, <%, and 


wn lo 


$,—-€-G =1-«, 


=1—«a-—¢>1l—-a-e. 
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Each interval e, contains one or more intervals 1, Mn» ++ Of 
some D,, such that mi a 
=Nam = 0p — Fn 9 0<o, 
where 
o= 20, 
may be taken small at pleasure. 

Now each 7, has a subset %,, of %& entirely similar to Y. 
Hence there exists an enclosure G,,, of %,., whose measure &,,, is 
such that - 
= th 5 OF bpm = &y7nm- 

Oy 

But © ={G,n} is a non-overlapping enclosure of %f, whose 
measure = a 
oa 27am = 0 (€n — On) 

n,n 


=@—ot,=0@+ 6 : 0<ah<e 
if o is taken sufficiently small. 


Let %, denote the irrational points in @,—G,. Itisa part of 
%, and %, has no point in common with 8,. We have 


$26 = Cee 
=ate —e— € 
>a(1 — «)— &. 
In this way we may continue. Thus % contains the measurable 


t 
componen Seen. 
whose measure is 
>(1—a){L+at et +} — Zen 
>l—e. 


As ¢ is small at pleasure, B=1. 


367. (W. H. Young.) Let 
YW» Wy» We a 


be an infinite enumerable set of point sets whose union % ts limited. 
epee 0 1, Then there exists a set of points each 
of whach belongs to an infinity of the sets 1) and of lower measure > 
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For by 366, 2, there exists in the sets 1), measurable sets 
G, 5 G, 5 or ole! (2 
each of whose measures G, >. Let us consider the first of 


@, ) G, a G,,. (3 


these sets, viz.: 


The points common to any two of the sets 3) form a measurable 
set D. by 358, 1. . Hence the union Cin = {Due} is measurable, by 
359. The difference of one of the sets 3), as ©, and Dv(G,, C,,), 
is a measurable set c, which contains no point in common with the 
remaining sets of 3). Moreover 

fe SS = Ce. 


In the same way we may reason with the other sets ©, @, --- 
of 3). Thus % contains m measurable sets c,, cg +++ c, no two of 
which have a common point. 


Hence 
= Cy fewer + Ce 
is a measurable set and 


A>c> n(a — GA): 
The first and last members give 
Co ae 
Thus however small « > 0 may be, there exists a w such that 


Ga Mw (1 —= a (4 


o_ 


Let us now group the sets 2) in sets of w. These sets give rise 
to a sequence of measurable sets 


Cie » Gy 5 Gy (5 


such that the points of each set in 5) belong to at least two of the 
sets 1) and such that the measure of each is > the right side of 4). 

We may now reason on the sets 5) as we did on those in 2). 
We would thus be led to a sequence of measurable sets 


@, ; C,, 5 G3, eve (6 
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such that the points of each set in 6) lie in at least two of the sets 
5), and hence in at least 22 of the sets 1), and such that their 


measures are. - . 
>(1 — = (1 — Se > —e)a. 


In this way we may continue indefinitely. Let now %, be the 
union of all the points of %{, common to at least two of the sets 1). 
Let %, be the union of the points of & common to at least 2? of 
the sets 1), etc. In this way we get the sequence 


$B, >, = 500 


each of which contains a measurable set whose measure is 
> — €)a. 
We have now only to apply 25 and 364. 


368. As corollaries of 867 we have: 


1. Let Q,, D, «++ be an infinite enxmerable set of non-overlapping 
cubes whose union is limited. Let each 5, >a>Q0. Then there 
exists a set of points d whose cardinal number is ¢, lying in an infin- 
ity of the OQ, and such that d} > a. 


2. (Areel@.) Let yy, Yo =" On each line y,, there exists an 
enumerable set of intervals of length 6. Should the number of wnter- 
vals v, on the lines y, be finite, let v, =~. In any case 6, >a>9, 
n=1, 2, --- and the projections of these intervals lie in X=(a, 6). 
Then there exists at least one point x= E in U, such that the ordinate 
through & is cut by an infinity of these intervals. 


Associate Sets 


369. 1. Let E> & > eg =O. cl 
Let ©, be a standard e,-enclosure of Y,. If the cells of ©. lie in 
y oy 9 

&,. we write €,>G,2>-« (2 


and call 2) a standard sequence of enclosures belonging to 1). 
Obviously such sequences exist. The set 
A. = Dv} G,} 
is called an outer associated set of Y. Obviously 


A < A. 
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9. Each outer associated set A, is measurable, and 


1 = I, = ha G,. qa 
For each &, is measurable; hence 2, is measurable by 362, and 
Y, = lim ©, 
= lim (2% +e), 0<4<eE, 
= 1, as €,= 0. 


370. 1. Let A be the complement of % with respect to some 
cube Q containing %. Let A, be an outer associated set of A. 


Then ae 
is called an inner associated set of %. Obviously 
A, < 


2. The inner associated set XU, is measurable, and 
== 2. 


For A, is measurable by 369, 2. Hence %.=0Q —A, is meas- 
urable. But 


by 369, 2. Hence 


Separated Sets 


371. Let WY, B be two limited point sets. If there exist 
measurable enclosures ©, § of YU, B such that D= Dv(G, F) isa 
null set, we say 2, B are separated. 

If we superimpose § on G, we get an enclosure of €=(Y, B) 
such that those cells containing points of both M1, 8 form a null 
set, since these cells are precisely D. We shall call such an en- 
closure of € a null enclosure. 

Let &={,} ¢ we shall call this a separated division of X into 
the subsets %,, if each pair Y,,, %,, is separated. We shall also 
say the %, are separated. 
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372. For XI, B to be separated, it is necessary and sufficient that 
D= Dv(A., Be) 


as a null set. 


It is sufficient. For let 
C=(4,8) , X~=D+a4, $.=9O+4+5. 
& =(a, b, D) 


is a measurable enclosure of G, consisting of three measurable 
cells. Of these only D contains points of both %, B. But by 
hypothesis is a null set. Hence %, B are separated. 

It is necessary. For let Mt be a null distinct enclosure of G, 
such that those of its cells 2, containing points of %, B form a 
null set. Let us superimpose Jt on the enclosure € above, get- 
ting an enclosure § of YW. 

The cells of § arising from a contain no point of 8; similarly 
the cells arising from 6 contain no point of Y. On the other 
hand, the cells arising from ©, split up into three classes 


Da o) Dp b) Das + 


Then 


The first contains no point of B, the second no point of 2, the 
cells of the last contain both points of YF, B. As Dao Mt, 


Da, = 0. qd 
On the other hand, 
A, =a ah D ea a ) 
ance a+D.+ Du = W- 
Thus 45,25, @ 
by 1). Also T,=—a+D=A% by 369,2. 
Thisewith 2) gives 7 ee 
a+ D,7a+®. 
Hence B=. (3 
But H>O, oe D. 


This with 3) gives D, = 0. 
In a similar manner we find that 9, =. Hence ® is a null 
get by 8). 
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373. 1. If U, B are separated, then D = Dv (A, B) is a null set. 

For D, = Dv(A,, B,) is a null set by 372. But D < ®,. 

2. Let 2, B be the Van Vleck sets in 366. We saw there that 
7 —-B=1. Then by 369, 2, %,=B8,=1. The divisor of %., Bis 
not a null set. Hence by 372, Y, B are not separated. Thus the 
condition that D be a null set is necessary, but not sufficient. 


374. 1. Let {%,t, {B,} be separated divisions of %. Let 
C,, = Dv(U,, B.)- Then {Suef 18 a separated division of % also. 


We have to show there exists a null enclosure of any two of the 
sets Cin» Gan» Now ©,, lies in %, and B,; also Gn lies in 9,1 By- 
By hypothesis there exists a null enclosure © of %,. %,; and a null 
enclosure & of B,, B,- Then G© = Dv, §) is a null enclosure of 
%,, Y, and of G,, B,- Thus those cells of G, call them G,, con- 
taining points of both Y,, %,, form a null set; and those of its cells 
G,, containing points of both B,, B, also form a null set. 

Let G={g} denote the cells of © that contain points of both 
Ces Gmn- Then a cell g contains points of WU, B. B,- Thus g 
lies in ©, or G,. Thus in either case G is a null set. Hencej{€,§ 
form a separated division of Q%. 


2. Let D be a separated division of % into the cells d,, d,-:- 
Let # be another separated division of % into the cells e,, e ++ 
We have seen that F ={f,,} where f,,= Dv(d,, e,) is also a sepa- 
rated division of 2. We shall say that F is obtained by superim- 
posing # on D or D on #, and write F= D+ H= H+ D. 


3. Let H be a separated division of the separated component 6 
of 2, while D is a separated division of Y. If d, is a cell of D, e, 
a cell of H, and d,,= Dv(d,, e,), then 


d, = (4... d,s >) a 6. 
Thus superposing Hon D causes each cell d, to fall into sepa- 


rated cells d,, d,,--- 6,. The union of all these cells, arising from 


different d,, gives a separated division of 2% which we also denote 
by D+ LE. 


375. Let {U,} be a separated division of UX. Let B < AU, and let 
denote the points of Bin%,. Then {B,} is a separated division 
of B. 
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For let D be a null enclosure of %,, %,. Let Dy denote the 
cells of D containing points of both Y,, %,. Let € denote the 
cells of D containing points of B; let €,,, denote the cells con- 
taining points of both %,,, 8,. Then 


SF = Ds. 


As ©, is a null set, so is €,- 


376. 1. Let %=(B, ©) be a separated division of A. Then 
%=B+C. a 


For let ¢, > € > + = 9. There exist e,-measurable enclosures 
of Y, B, €; call them respectively A,, B,, C,. Then €,=A,+ 
B,,+ C,, is an e,-enclosure of 2, 8, € simultaneously. 

Since 8, © are separated, there exist enclosures By, Cof BES 
such that those cells of D= B+ C containing points of both B 
and © form a null set. Let us now superpose D on &, getting 
an e,-enclosure E,= Se,,} of WU, B, © simultaneously. Let &%, 
denote the cells of Z, containing points of B alone; ¢,, those 
cells containing only points of ©; and ¢@, those cells containing 
points of both %, ©. Then 


Bean = Een + Elen + Rie @ 
As 2e,,= 0, we see that as n= 0, 
<5 ieee Gee, = 6. 

Hence passing to the limit n = ©, in 2) we get 1). 
2. Let = {B,} be a separated division of limited A. Then 

I = =B,. él 
For in the first place, the series 

B= >8, @ 

is convergent. In fact let U, = (B,, By + Ba): 

Then %, < YX, and hence I, = I. 
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On the other hand, by 1 
7,=8,+ -- +8,=B,, 
the sum of the first m terms of the series 2). Thus 
B, <%, 
and hence B is convergent by 80,4. Thus 
B< 4%. 


On the other hand, by 339, 
B> U4. 


The last two relations give 1). 


CHAPTER XII 
LEBESGUE INTEGRALS 


General Theory 


377. In the foregoing chapters we have developed a theory of 
integration which rests on the notion of content. In this chapter 
we propose to develop a theory of integration due to Lebesgue, 
which rests on the notion of measure. The presentation here 
given differs considerably from that of Lebesgue. As the reader 
will see, the theory of Lebesgue integrals as here presented differs 
from that of the theory of ordinary integrals only in employing 
an infinite number of cells instead of a finite number. 


378. In the following we shall suppose the field of integration 
% to be limited, as also the integrand Y lies in R,, and for brevity 
we set f(x) =f(2,-++%m). Let us effect a separated division of 
% into cells 8,, 6,---. If each cell 8, lies in a cube of side d, we 
shall say D is a separated division of norm d. 

As before, let 


M.=Maxf , m=Minf , o,= Ose f=M.—m, in 6,. 
aoe SS — SMS, 5 Sp = =ms., 

the summation extending over all the cells of 2%, are called the 
upper and lower sums of f over U with respect to D. 


The sum nee S05, 


is called the oscillatory sum with respect to D. 


379. If m= Min f, M= Max f in X, then 


mI < Sp < Sp < U4. 


ie m<m,<M,<M. 


371 
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pene Sms, < Ems, <=MS, < 2M. 
chines mE5, < Sp < Sp < US,. 
But i " I, 

by 376, 2. 


380. 1. Since f is limited in Y, 
Max Sp , Min Sp 
with respect to the class of all separated divisions D of A, are 


finite. We call them respectively the lower and upper Lebesgue 
integrals of f over the field %, and write 


[ f= Max So : [ f= Min S- 
=a a wt 


In order to distinguish these new integrals from the old ones, 
we have slightly modified the old symbol rfl to resemble somewhat 
script ZL, or if , in honor of the author of these integrals. 


If ‘ 
[rq[s 
~~ w 
we say f is L-integrable over XU, and denote the common value by 


e 
wt 
which we call the L-integral. 


The integrals treated of in Vol. I we will call R-integrals, t.e. 
integrals in the sense of Riemann. 


2. Let f be limited over the null set A. Then f ts L-integrable in 
Y, and 


[f=o 


This is obvious from 379. 


381. Let YI be metric or complete. Then 


Sis [ts Se a 
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For let d,, d,--- be an unmixed metric or complete division of 
M% of norm d. Let each cell d, be split up into the separated cells 
da, dis a 

Then since d, is complete or metric, 

d, a d, ca rds 

Hence using the customary notation, 


md. < md. <Md <Md,,. 


kK UK — kK UK —— 


Thus summing over «, 


Summing over ¢ gives 
=m_d, am d. <2M,d, < =Md.. 


Thus by definition, ms 
i<[s< 
owt 
Letting now d = 0, we get 1). 
2. Let % be metrie or complete. If f is R-integrable in YA, it is 


L-integrable and 
{f= if f. (2 
4 a 


3. In case that 9 is not metric or complete, the relations 1), 2) 
may not hold. 


Example 1. Let %& denote the rational points in the interval 


(Onl). 
Let ; Py 
fiz 45 400 De aes even 
= 2, when » is odd. 
Then 


| yas fy 
SS a 


since 9 is a null set. Thus 1) does not hold. 
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374 
Example 2. Let f =1 at the rational points {in (0,1). Then 
(3 


jan [ f=? and [ f< SF 


Let g=—1in&. Then 


20 ; g=—1 , and g< [9 
Ire lt Se? < Jn 


(4 


Thus in 3) the Z-integral is less than the #-integral, while in 


4) it is greater. 
Let f=1 at the irrational points %& in (0, 1). 


Example 8. 
Then 
[t-te 


although 9 is neither metric nor complete. 
382. Let D, A be separated divisions of I. Let 
EHE=D+A= $e}. 
Sz < Sp, Ss 


Then 
Sr es Sd» Sa. 


d,,+*+ on superimposing 


a 


For any cell d, of D splits up into d 


A, and a * 
t — 2d, 
But = Diseaty 
MM... uK = Ma... 
and = se 
MD. = md, 
Thus ss a 
Sp < Sp yee, Ze Sp. 
There exists a sequence of sepa- 


383. 1. Extremal Sequences. 
rated divisions 
De th ED eat ad 


each D,,, being obtained from D, by superposition, such that 


8, > Sp, 2-= [F, 
1 


Dae: 
(2 


(38 
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For let ¢, >«, >-+; =0. For each e,, there exists a division 
E,, such that 


0< 5, = fice 
= A 


we eT ee re Ep, os 


and for uniformity set ZH, = D,. Then by 382, 


Hence = 
0< V5 al Zk,’ 
"La 
Letting n = 0 we get 2). 
Thus there exists a sequence { D/,} of the type 1) for 2), anda 


sequence {D'} of the same type for 3). Let now D, = Di, + Di. 
Obviously 2), 3) hold simultaneously for the sequence {D,}. 


2. The sequence 1) is called an extremal sequence. 


3. Let {D,} be an extremal sequence, and E any separated divt- 
sion of U. Let E,=D, +E. Then E,, E,--- is an extremal 
sequence also. 


384. Let f be L-integrable in I. Then for any extremal sequence 
{D3 


[fain re4, a 


where d, are the cells of D,, and E any point of U in d,. 


HO: m fa. 


sie 8, < FETS S,- 
Passing to the limit we get 1). 


385. 1. Let m= Minf, M= Max fin&. Then 
mil < [ fs Miu. 
~S 


This follows at once from 379 and 383, 1. 
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2. Let F = Max |f| in A, then 
[t|< 2 
yt 


386. In order that f be L-integrable in U, it is necessary that, for 
each extremal sequence {D, }, 


lim OQ, f = 9; 


n=2 


This follows from 1. 


and it is sufficient if there exists a sequence of superimposed separated 


divisions 5 E,%, such that 
lim Oe Ff = 0. 
N= 


It is necessary. For 


[= lim Sp, ip am Sie 
Sa + pe 


As f is Z-integrable, 
O= “fie | = lim (Sp, — Sp,) = lim Op, f. 
A Le = 
It is sufficient. For “b 
Ss,< | <Ss,. 
ale LY 
Both {S,,}, {8,3 are limited monotone sequences. Their 


limits therefore exist. Hence 


0= hm Q, = lim Sir. — lim 37 - 


fede 
387. In order that f be L-integrable, it is necessary and sufficient 
that for each e>0, there exists a separated division D of %, for 
which Of. a 


It is necessary. For by 386, there exists an extremal sequence 
{D,}, such that 


Thus 


0< OQ, f<e , forany n > some m. 
Thus we may take D,, for D. 
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It is sufficient. For let «4 >a >-- =0. Let {D,} be an 
extremal sequence for which 


0< 0) f<«&,. 
Tet A, = D,, A, =A,+ D5 Ay=A,+ D+ Then {A,} isa 
set of superimposed separated divisions, and obviously 

Of <e = 0. 


Hence f is L-integrable by 386. 


388. In order that f be L-integrable, it is necessary and sufficient 
that, for each pair of positive numbers , o there exists a separated 
division D of A, such that uf m1, Ng, +++ are those cells in which 
Osc f > , then 

27, <9. qd 


It is necessary. For by 387 there exists a separated division 
D = §8. for which 


Of = 205, < oo. (2 
If 6,, 9, --» denote the cells of D in which Osef <o, 
0, f = 2o7, + 208, > o27.. 3 
This in 2) gives 1). 


It is sufficient. For taking « >0 small at pleasure, let us then 
take 





€ € 
c= 5 O=—,; (4 
2 2% 
where 2 = Osc f in Y. 
From 1), 3), and 4) we have, since w, < Q, 
0, f< TOF, + B08, < o + Bod, < 00 + oY = €. 


We now apply 387. 


389. 1. If f is L-integrable in U, it is in B< Qf. 


For let {D,} be an extremal sequence of f relative to U. Then 
by 386, 
y Qy,f = 0. a 
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But the sequence {D,} defines a sequence of superposed sepa- 
rated divisions of 8, which we denote by §.#,}. Obviously 


Oz,F < IF. 
Oz, f= 0, 
and f is L-integrable in 6 by 386. 


2. If f is L-integrable in A, so as | f |. 
The proof is analogous to I, 507, using an extremal sequence 


fous fe 


390. 1. Let {%,} be a separated division of % into a finite or in- 
finite number of subsets. Let f be limited in %. Then 


[pptaler i] ses a 


For let us 1° suppose that the subsets 2, --- WU, are finite in num- 
ber. Let $D,} be an extremal sequence of f relative to YW, and 
{Dnt an extremal sequence relative to Y,,. Let 


FE, = Da t+ Dyn t oo + Din- 


Hence by 1), 








Then {#,} is an extremal sequence of f relative to 2, and also 
relative to each Y%,. 

Now cs sa is 
Bie, SO ee PA, x, 
Letting n = 0, we get 1), for this case. 


Let now r be infinite. We have 


(= 34, 2 


Let B,=(1,--U,) , ©, =A-,. 


Then %,, ©, form a separated division of 2, and 
%= B+ G,. 
If v is taken large enough, 2) shows that 


€ 


Cn < a7 


» nm>v , M=Max|f| in %. 
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Thus by case 1°, 


where by 385, 2 
|? |< MG, <e 5 MP 


Thus 1) follows from 38) in this case. 
2. Let {U,} be a separated division of U. Then 


[y-3 Le 
Ot Wn 
if f is L-integrable in A, or of it is im each M,, and limited in %. 


391. 1. Let f=g in U except at the points of a null set MN. 


Then fe = i y a 


For let A=B+N. Then 
fr-[o ods & 
Similarly - g= i g: (3 
A =D 


But f=gin%. Thus 2), 3) give 1). 


392. 1. Ife>0; [o-ef[4 


Ife<0; fares [ene ff 


The proof is similar to 3, 3, using extremal sequences. 


2. If f is L-integrable in U, 80 is cf, and 


where ¢ is a constant, 
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393. 1. Let F(x) =f,(@) + °° +hr@)s each fn being limited 
in. Then 
[fm < Ip F< ai uy d 


For let §D,} be an extremal sequence common to Fy fys-*Fa> In 


each cell 
Any 5 dng sere 


of D, we have 


> Min f, < Min F< Max F< = Max /f,,. 


Multiplying by d,,, summing over s and then letting n=, 
gives 1). 


2. If fix), ++ frCx) are each L-integrable in UI, 8o ts 


R= Oint oe a Grliaa 


and 
[Paap ft * +0 | fa 
pf ot Bf 


poets [oro <[s+f'9 < [+o 


For using the notation of 393, 


Min (f+ g) < Minf+ Maxg < Max(f+ 9) 
in each cell d,, of D,. 


2. If g is L-integrable in U, 


fio+n= [r+ fo 


Reasoning similar to 3, 4, using extremal sequences. 


3. fie-n< [7-9 
fr-f fos f[o- 9): 
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fo-ns[ s+ [os [r- [95 
ow Uf ow 2 DDE s wt ~~ 
4. If f, 9 are L-integrable in A, so is f —g, and 


[ar-o=[ 77 fe 


395. If f, g are L-integrable in M, so ts f+ 9. 


For 


etc. 


Also their quotient f/g is L-integrable provided it is limited in U. 


The proof of the first part of the theorem is analogous to I, 
505, using extremal sequences common to both feand-g. Lhe 
proof of the second half is obvious and is left to the reader. 


396. 1. Let f, 9 be limited in A, and f <g, except possibly in a 


null set N. Then a L 
| 1S | gy: qd 
wt ~ 


Let us suppose first that f<g everywhere in Qf. 

Let {D,} be an extremal sequence common to both f and g. 
ge Spf ss So,J : 

Letting n= 0, we get 1). 

We consider now the general case. Let %=B+ MN. Then 


since 
[ f= g= 9. 
=a) aN 


But in 8, f<g without exception. We may therefore use the 
result of case 1°. 


2. Letf>0imA. Then 


Ming: [te ff-osMoxo- [oF 


eos f- Ming <fg <f Maxg. 
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397. The relations of 4 also hold for L-integrals, viz. ¢ 


iL fs [Isl a 
Le<Leb ‘ 
- [iris] fs fish @ 
-firi< [rs fir (4 


The proof is analogous to that employed for the #-integrals, 
using extremal sequences. 





398. Let X=(B,, C,) be a separated division for each u=0 
Let ©, +0. Then 


lim Ja iE f. 
For by 390, 1, 


DeLel 
SN By &Cx 

But by 885, 2, the last integral = 0, since C, = 0, and since f is 
limited. 


399. Let f be limited and continuous in A, except possibly at the 
points of a null set N. Then f is L-integrable in A. 


Let us first take 2 =0. Then/f is continuous in AY. Let Y lie 
in a standard cube Q. If Osc f is not < e in Y, let us divide Q 
into 2" cubes. If in one of these cubes 


Osc f<e, al 
let us call it a Black cube. A cube in which 1) does not hold we 
will call white. Kach white cube we now divide in 2” cubes. 
These we call black or white according as 1) holds for them or 
does not. In this way we continue until we reach a stage where 


all cubes are black, or if not we continue indefinitely. In the 
latter case, we get an infinite enumerable set of cubes 


i> ar Ig °° (2 
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Each point a of & lies in at least one cube 2). For since f is 
continuous at 7 = a, 


If) —f(a)|<e/2 , win Va). 

Thus when the process of division has been carried so far that 
the diagonals of the corresponding cubes are <6, the inequality 
1) holds for a cube containing a. This cube is a black cube. 

Thus, in either case, each point of 2% lies in a black cube. 

Now the cubes 2) effect a separated division D of Y, and in 
each of its cells 1) holds. Hence fis L-integrable in 2. 


Let us now suppose N> 9. We set 
Y= C+ NR. 


Then f is L-integrable in © by case 1°. It is L-integrable in R 
by 880, 2. Then it is L-integrable in & by 399, 1. 


2. If f is L-integrable in %, we cannot say that the points of 
discontinuity of f form a null set. 


Example. Let f =1 at the irrational points 9, in &= (0, 1); 
—0 at the other points §, in Y. 
Then each point of % is a point of discontinuity. But here 


fie Le l= E> 


since R is a null set. Thus fis L-integrable. 


400. If f(2,-** Lm) has limited variation in U, it is L-integrable. 


For let D be a cubical division of space of normd. Then by I, 
709, there exists a fixed number V, such that 


Sod™1< V 
for any D. Let, o be any pair of positive numbers. We take 
d such that Pe tk | a 


Let d! denote those cells in which Ose f >, and let the number 
of these cells be v. Let , denote the points of %f in ad. Then 


vod" 1< Ted" 1< V. 
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Hence V 6 
ae oat Ce 
ue Sy vin ae bye), 
od” al 


Hence f is L-integrable by 388. 


401. Let Cen UO) lies Saye 
=0,in A= B— AW. 


zing [r= fe d 


if 1°, $ is L-integrable in B; or 2°, fis L-integrable in U, and U, A 
are separated parts of 8. 


On the 1° hypothesis let {€,} be an extremal sequence of ¢. 
Let the cells of ©, be e,, e,--- They effect a separated division 
of % into cells d,, d,--- Let m,, M, be the extremes of f in d, and 
n,, NV, the extremes of ¢ ine, Then for those cells containing at 
least a point of Y, 


ne, < md, < Md, < NZ, @ 
is obviously true when e,=d, Letd,<e. Iim <0), 
ne, <M, 12 since m,=7n,. (3 
If m, > 9, n, =, and 3) holds. 
If M <0, Md,<N&, since N=0. (4 


If M, > 0, 4) still holds, since M=W.. 


Thus 2) holds in all these cases. Summing 2) gives 
Bnei < [ f<2WMe, 
B Lx ~ 8 


for the division G,, since in a cell e of &, containing no point of %, 
¢=0. Letting s =o, we get 1), since the end members 


= [ 
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On the 2° hypothesis, 


ee cael alas 


since ¢ being = 0 in A, is L-integrable, and we can apply 390. 


[f= 


we call fa null function in YU. 


402. 1. If 


2. If f>0 is a null function in U, the points B where f > 0 form 
a null set. 


For let Y= 3+, so that f= 0 in B. 


By 401, o=[ta[s a 


Let «> 6, >= 0. Let $, denote the points of $ where 


f>e, Then 
{2 (ues byl )i 
Pp Pn 


Each §, is a null set. For 


> €,B, = 0. 
Hence $,, = 0. 


Then B={Bi—a+ Gt 
where M1=%) Q2= B.— Bi Q3 = Bs — Qs °° 


As each Q, is a null set, $3 is a null set. 


Integrand Sets 


403. Let % be a limited point set lying in an m-way space Rn. 
Let f (2, +++ %m) be a limited function defined over {. Any 
point of % may be represented by 


a = (A, +*+ An): 
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The point w= (+++ Unlm+1) 


lies in an m + 1 way space Rp+z. The set of points {x} in which 
m+ Tanges from —% to +o is called an ordinate through a. If 


m+ is restricted by Ney ee 2 
we shall call the ordinate a positive ordinate of length 1; if it is re- 
stricted by — Soren 0, 


it is a negative ordinate. The set of ordinates through all the 
points a of %, each having a length =f (a), and taken positively 
or negatively, as f(a) is Z 0, form a point set 3 in Rn+y Which 
we call an integrand set. The points of § for which z,,, has a 
fixed value 2m, = ¢ forma section of S, and is denoted by S(e) or 


bye dae 


404. Let X= ja} be a limited point set in Rn- Through each 
point a, let us erect a positive ordinate of constant length l, getting a 


set ©, in Ra, Then 


© =. a 


For let €, > & > +++ form a standard sequence of enclosures of 
©, such that & =5 e 


Let us project each section of , corresponding to a given value 
of Gm+z OD Kms and let , be their divisor. Then &%,>%. Thus 
S< W<H1<6,. 


Letting n = o, and using 2), we get 


Sal 


To prove the rest of 1), let O be the complement of © with re- 
spect to some standard cube © in Ry+1, of base Q in Rn. 
Then, as just shown, 


O=1A , where A=Q-MUY%. 
Hence © 
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405. Let f >0 be L-integrable in YU. Then 


[f-3 a 


where & is the integrand set corresponding to f. 


For let {8,} be a separated division D of %. On each cell 6 
erect a cylinder ©, of height M,= Max fin 6,. Then by 404, 


g, = 5M. 


Let € = {G,}; the ©, are separated. Hence, ¢>0 being small 
at pleasure, 


$< E=2E,= 2iM< | f+s 
uw 
for a properly chosen D. Thus 


Secale 2 
w 
Similarly we find 
[ fs3. GB 
wa 


From 2), 3) follows 1). 


406. Let f>0 be L-integrable over the measurable field M. Then 
the corresponding integrand set 3 18 measurable, and 


S= [fF @ 
S< ['F 


Using the notation of 405, let c, be a cylinder erected on 6, of 
height m, = Min f in 8. Letc={c,j. Thene<3, and hence 
ate @ 
But % being measurable, each c, is measurable, by 404. Hence 
cis by 359. Thus 2) gives 
c< 4. (3 


Now for a properly chosen D, 
—€ +f I< =m, EC. 
== ho 


For by 2) in 405, 
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[<* a 
wl 


as € is arbitrarily small. From 2), 3), 4) 


[s<9s3s [2 


from which follows 1). 


Hence 


Measurable Functions 
407. Let f(2,-++%m) be limited in the limited measurable set 2. 
Let %,, denote the points of 2 at which 
Neel Ee: 


If each %,, is measurable, we say f 2s measurable in I. 
We should bear in mind that when f is measurable in YY, neces- 
sarily 9{ itself is measurable, by hypothesis. 


408. 1. If f is measurable in I, the points € of U, at which f = C, 


form a measurable set. 
For let %,, denote the points where 
—e + C<f<C+e,, 
> eH. 


Then by hypothesis, %, is measurable. But C= Dvf A,,}. 
Hence € is measurable by 361. 


where 


2. If f is measurable in U, the set of points where 
<i <b 

is measurable, and conversely. 

Follows from 1, and 407. 

3. If the points A, in UX where f>Xr form a measurable set Sor 
each 2X, f ts measurable in A. 

For %,, having the same meaning as in 407, 

May = My sy valley 


Each set on the right being measurable, so is M,- 
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409. 1. If fis measurable in A, it is L-integrable. 


For setting m= Min f, M= Max f in Y, let us effect a division 
D of the interval § =(m, M) of norm 4d, by interpolating a finite 


number of points 
P. M,<M,< M3 < -* 


Let us call the resulting segments, as well as their lengths, 


dis tay dg == 
Let %, denote the points of in which 
mi<f<m, , +=1,2,-+3 m=m. 


We now form the sums 


sp = =m, 5 3p = mA. 


ens [ F580. qd 
DE 


Obviously 


But Ep — 8p = m,A, + My + 2 — {ml + my + coe 


= I, (m, —m)+ (7, —m)+- 

< dj, +g + 

< dit 

= (0.5 .asd=9. (2 
We may now apply 387. 
2. If f is measurable in U 


{- lim Tm,_I, = lim EmM,, @ 
w 


using the notation in 1. 
This follows from 1), 2) in 1. 


3. The relation 3) is taken by Lebesgue as definition of his 
integrals. His theory is restricted to measurable fields and to 
measurable functions. For Lebesgue’s own development of his 
theory the reader is referred to his paper, Intégrale, Longueur, 
Aire, Annali di Mat., Ser. 3, vol. 7 (1902); and to his book, 
Legons sur U Intégration. Paris, 1904. He may also consult the 
excellent account of it in Hobson’s book, The Theory of Functions 
of a Real Variable. Cambridge, Engiand, 1907. 
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Semi-Divisors and Quasi-Divisors 
410. 1. The convergence of infinite series leads to the two 
following classes of point sets. 
Let F= 3h, 1+ Big) = Bf, + Sf = Fat Fas qa 
n+ 
each f, being defined in QW. 


Let us take e > 0 small at pleasure, and then fix it. 
Let us denote by %, the points of & at which 


—e< F(x) <e. 2 

Of course %, may not exist. We are thus led in general to the 
sets 1 se tle eels os £3 
The complementary set A,=%—Y%, will denote the points 
where | F(a) | >. (4 
If now F is convergent at 2, there exists a vy such that this point 
lies in of weal eto (5 


The totality of the points of convergence forms a set which has 
this property: corresponding to each of its points x, there exists 
a vy such that 2 lies in the set 5). A set having this property is 
called the semi-divisor of the sets 3), and is denoted by 


Sdv $i. 


Suppose now, on the other hand, that 1) does not converge at 
the point z in Y%. Then there exists an infinite set of indices 


Ny < Ng <i o = OD, 


such that = 
| ¥,,(2) | oe 
Thus, the point z lies in an infinity of the sets 
A, 5 An 4 A; ae (6 


The totality of points such that each lies in an infinity of the 
sets 6) is called the quasi-divisor of 6) and is denoted by 


Qdv {A,}. 
Sdv {%,} + Qdv {A,} = %. qa 


Obviously, 
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We may generalize these remarks at once. Since F(z) is 


nothing but 
lim F,,(@), 


we can apply these notions to the case that the functions f,(a +++ 2m) 
are defined in %, and that 


lim f, = ¢. 


2. We may go still farther and proceed in the following abstract 
manner. 
The divisor D of the point sets 


4, 5 a) 2d ¢@! 
is the set of points lying in all the sets 1). 


The totality of points each of which lies in an infinity of the sets 
1) is called the quasi-divisor and is denoted by 


Qdv {Y,. (2 


The totality of points a, to each of which correspond an index mq, 
such that a lies in 


Wee see ees 
forms a set called the semi-divisor of 1), and is denoted by 
Sdv {%,$- (3 
If we denote 2), 3) by Q and S respectively, we have, obviously, 
D<S<0. (4 
3, In the special case that > %, >--- we have 
O=S=D. (5 


For denoting the complementary sets by the corresponding 
Roman letters, we have 
D = A, + Dv 5 A,) + Dv QL; As) + Ct 


But @Q has precisely the same expression. 


Thus Q =D, and hence by 4), S= D. 
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4... Det 1,4 A, =B, 10 de 25 2: Then 
Qdv {U,} + Sdv {A,j =B. 
For each point 6 of & lies 
either 1° only in a finite number of %,, or in none at all, 
or 2° in an infinite number of %,. 
In the 1° case, 6 does not lie in %,, W441 ++ hence it lies in 
A,, Ay, °*: In the 2° case 6 lies obviously in Qdv }2,§. 
5. If %, Uy ++ are measurable, and their union is limited, 


O=Qdv {A} , G=Sdv {A} 
are measurable. 
For let D, = Dv(Mn, Ariz 17)» Then S@= {9,}. 
But G is measurable, as each D, is. Thus Sdv j{A,} is measur- 
able, and hence © is by 4. 


6. Let Q = Qdv §Y,}, each Y,, being measurable, and their union 
limited. If there are an infinity of the %,, say 
“alive eae eee 3 by<lg< eee 


whose measure is > «, then 


ro 


Q>a. (6 
For let 8, = QU. Wy 07)» then $B, >a. 
Let 8 = Dv§{B,}. As Bee aes 


co 


$=lim B,>« ‘gee (T 
by 362. As Q>8% we have 6) at once, from 7). 


Timit Functions 


411. Let é 
é fun PCOS Pas tyes bn) = (4 + Vm) 


as x ranges over X, 7t finite or infinite. Let f be measurable in A 


and numerically <M, for each t near tr. Then is measurable in 
Y also. 


To prove this we show that the points % of % where 
rN<o<p qd 
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form a measurable set for each X, #. For simplicity let 7 be finite. 
Let t,, t,--- =73 also let e,>e,>--=0. Let ©,,, denote the 
points of 2 where 
A= En < Sf , te) <M + en: @ 
Then for each point 2 of %, there is an sy such that 2) holds for 
any t,,ifs>s8s). Let @,= Sdv {G,,}- Then @<G,. But the G,, 
being measurable, ©, is by 410, 5. Finally 8 = Dv §©,}, and hence 
% is measurable. 


412. Let lim f(@y 00+ Lm Ey = PC Lm) 
t=T 


for x in UX, and 7 finite or infinite. Let t', t!! -.»=7. Let each 
f, =F (a, t) be measurable, and numerically <M. Let b=fe+9e- 
Let @, denote the points where 


|9.| ><. 
Then for each e>9, Ten a: qd 


For by 411, ¢ is measurable, hence g, is measurable in %, hence 
G, is measurable. 
Suppose now that 1) does not hold. Then 


iim 6, =1>0. 


sa 
Then there are an infinity of the G,, as ©, G,, +++ whose 
measures are >A>O. Then by 410, 6, the measure of 


G = Qdv {G,} 
is >). But this is not so, since f, = ¢, at each point of Y. 


413. 1. Let ying ¢(ary oe apy ty 20+ te) = OCR “1° Hen) 
t=T 
for x in U, and 7 finite or infinite. 
tae Cai w= a 


Tf cach f, =f (a, t”) ts measurable, and numerically < Min U for 
each sequence 1), then 


[eatin [£@9- ( 
W t=T WY 
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For set SW aa 
and let lg. |< : eae Leo ae 


Then as in 412, @ and g, are measurable in Y%. Then by 409, 
they are L-integrable, and 


[o= [rt fia 6) 


Let %, denote the points of Y%f, at which 
Gee <3 
and let 6, + B,=%. Then %,, B, are measurable, since g, is. 


Thus by 390, = 3 
if Is =| Ye a Ys: 
wr Bs B, 


Hence Mi p 3 _ 
Le < V%S,+¢B,< N%, + A. 
yt 


By 412, 8,£0. Thus 


lim [(9.=0. 
s=a »)f 





Hence passing to the limit in 3), we get 2), for the sequence 
1). Since we can do this for every sequence of points ¢ which 
=, the relation 2) holds. 


Cem Let F= Pah ark eee Lm) 


converge in UX. If each term f, is measurable, and each | F, |< M, 
then F is L-integrable, and 


Leaf 


Iterated Integrals 
414. In Vol. I, 732, seq. we have seen that the relation, 


Sele dhaale 


holds when fis R-integrable in the metrie field %. This result 
was extended to iterable fields in 14 of the present volume. We 
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wish now to generalize still further to the case that f is L-inte- 
grable in the measurable field Y. The method employed is due to 
Dr. W. A. Wilson,* and is essentially simpler than that employed 
by Lebesgue. 


1. Let 2 =(2,-++2,) denote a point in s-way space R,, s=m+n. 
If we denote the first m codrdinates by 2, +++ 2», and the remaining 
coordinates by y, +++ Yn We have 


—— (2, -* Bm Yy Yn) 


The points w= (ay °° Xp, 00-0) 


range over an m-way space §t,,, when 2 ranges over R, We call 
a the projection of z on Ry- 

Let z range over a point set & lying in &,, then xz will range 
over a set 8 in R,,, called the projection of Won Rm. The points 
of & whose projection is x is called the section of X corresponding 
toz. We may denote it by 


%(x), or more shortly by &. 
We write 7% = B.C 


to denote that % is conceived of as formed of the sections @, cor- 
responding to the different points of its projection %. 

2. Let OQ denotea standard cube containing Y, let q denote its 
projection on &,,. Then B <q. Suppose each section A(x) is 
measurable. It will be convenient to let (2) denote a function 
of x defined over q such that 


(2) = Meas A(xv) = € when = lies in %, 
==) when = lies in q— %. 
This function therefore is equal to the measure of the section of 
W corresponding to the point 2, when such a section exists; and 


when not, the function = 0. 
When each section (a) is not measurable, we can introduce 


the functions 


U(r) , Ue). 


* Dr. Wilson’s results were obtained in August, 1909, and were presented by me 
in the course of an address which I had the honor to give at the Second Decennial 
Celebration of Clark University, September, 1909, 
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Here the first = € when a section exists, otherwise it = 0, in q. 
A similar definition holds for the other function. 


3. Let us note that the sections . 


Ww) b (x), 
where X,, XU, are the outer and inner associated sets belonging to %, 
are always measurable. 


For %,= DviG,}, where each &, is a standard enclosure, each 
of whose cells e@am is rectangular. But the sections e,,,(%) are 
also rectangular. Hence 


W.(2) = Dv feam(@)t, 


being the divisor of measurable sets, is measurable. 


415. Let %, be an outer associated set of U, both lying in the stand- 
ard cube Q. Then U,(x) is L-integrable in q, and 


= i (2). a 
q 


kor let {€,} be a sequence of standard enclosures of YI, and 
©, = fern? Then 


™ 


€, = Llvm 2 
€,(@) = Beam(2). Cc 


and 


Now enm being a standard cell, é,,,(x) has a constant value > 0 
for all 2 contained in the projection of e,, on q. It is thus con- 
tinuous in q except for a discrete set. It thus has an R-integral, 


and 
ane if ony 
€,= J bam) 


= i Sinn(x), by 413, 2, 
q 


i E,(z), (4 


This in 2) gives 


by 38). 
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On the other hand, E(x) is a measurable function by 411. Also 
1 = I, = lim g, 


meatal if E,(2) 
q 
= i lim G,(z), by 418, 1. (5 
q 


.(z) = lim €,(2). 
Thus this in 5) gives 1). 


Now 


416. Let X lie in the standard cube Q. Let %, be an inner asso- 
ciated set. Then %,(x) is L-integrable in q, and 
= | I,(2). 
= q 
2) = A, -*A,. 
I.(2) = Q(x) — A,(2). 
Hence 9.(a) is L-integrable in q, and 


if Gi.(2) = i} S@)- ip 42) 


OA Dy LS, 
=%,=% by 370, 2. 


For 
Thus 


417. Let measurable % lie in the standard cube OQ. 


Then - 7 
{= (X(2). C 
ik: 
For W(x) < A(x) <A). 
Hence — Px (x ("%(2) = 4%, 2 
a if Hc) < [ Mars {io ( 


using 396, 1, and 415, 416. From 2) we conclude 1) at once. 


418. Let Y=B-C be measurable. Then € are L-integrable in 


B, and i= 6. 
B= 
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For by 417, 5 = [ X) 
a= 


= G, 
B= 
by 401. 
419. If Y=B- C ts measurable, the points of B at which © is not 
measurable form a null set Nt. 


For by 418, ee lk C2718 
B as 
Hence fe G 
= € —@). 
,E-® 
Thus d= C-—E 


is a null function in B, and by 402, 2, points where ¢>0 form a 
null set. 


420. Let X=B-C be measurable. Let 6 denote the points of B 
for which the corresponding sections © are measurable. Then 


i= | ¢. 
b 

For by 419, He peN 
and Nisa null set. Hence by 418, 


421. Let f>0 in Y. If the integrand set 4, corresponding to f 
be measurable, then f is L-integrable in A, and 


5 = Jin 
wo 
For the points of § lying in an m+1 way space R,,,, may be 


denoted by £= (Yy°** Yn» 2)s 


where y¥=(4,°" Ym) ranges over R,,, in which WY lies. Thus A 
may be regarded as the projection of Y on ®,,. To each point y 
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of % corresponds a section $(y), which for brevity may be denoted 


by &. Thus we may write 
GF=A-R. 


As & is nothing but an ordinate through y of length F(y), we 
have by 419, px a a 
ee | e= | Ye 
A 5) f 


422. Let f be L-integrable over the measurable field I = B-. 
Let b denote those points of B, for which f is L-integrable over the 
corresponding sections &. Then 


fin bbe 


Moreover N = B — b is a null set. 
Let us 1° suppose f >0. Then by 406, & is measurable and 


=| F @ 


Let 8 denote the points of % for which $(z) is measurable. 
Then by 420, 
§= [3@. G 
By 419, the points ; 
B=8-8 dd 


form a null set. 
On the other hand, $(z) is the integrand set of f, for A(x) =. 
Hence by 421, for any x in 8, 


§(@) = il re (5 


and Bb (6 


From 2), 3), 5) we have 


It ae ¢ 
From 6) we have 


N= B-b6<B-f=F, 
a null set by 4). Let us set 
b=8+n. 
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Then nt lying in the null set &. is a null set. Hence 


! 


This with 7) gives 1). 


7? 7 


7 q a <_< 
Wiad bed ad Pa 
Ba ~~ when’ 


Let f be now unrestricted as to sign. We take (>), such 
that the auxiliary function 


g=fi C= %, in 4. 


Then f, g are simultaneously L-integrable over any section @. 
Thus by case 1° 


[g+ = Nee ot : 
ee Se D-= | ti) 2a) SEC ile 
[r+ = [r+ 06. SS 


By 418, C is L-integrable in G, and hence in 6. Thus 


f[ formenf [sre 6. qu 


As 6 differs from % by a null set, 


[S=[€=% (12 
~b B 


by 418. From 8), 9), 10), 11), 12) we have 1). 


423. If f is L-integrable over the measurable set Y = B- G, then 


be S 
fetal ‘ 


As 8 —b=Y%M is a null set, 


Dletare 


For by 422, 
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may be added to the right side of 2) without altering its value. 


Sa Wev aera 


424. 1. (W. A. Wilson.) If f (a+: Fm) 28 L-integrable in 


measurable U, f is measurable in Y. 


Let us first suppose that f>0. We begin by showing that the 
set of points %, of & at which f >A, is measurable. Then by 
408, 3, f is measurable in Y. 

Now f being Z-integrable in YM, its integrand set 3 is measur- 
able by 406. Let 9, be the section of 3 corresponding to 2m41=- 
Then the projection of 3, on &,, is Y,. Since ¥ is measurable, the 
sections %, are measurable, except at most over a null set Z of 
values of X, by 419. Thus there exists a sequence 


ey ae eS 


none of whose terms liesin Z. Hence each 9), is measurable, and 
hence %,, is also. 
As Mavis < Mans each point of 2, lies in 


D = Dv {Ms ei 
so that ,<D. 2 
On the other hand, each point d of © lies in W,. For if not, 
Ff (d)<x. 
There thus exists an s such that 


fd) << (3 


But then d does not lie in %,,, for otherwise f(d) > Mu; which 
contradicts 3). But not lying in %,,, d cannot lie in D, and this 


contradicts our hypothesis. Thus 
D<A- (4 
From 2), 4) we have 
D = PN ° 


But then from 1), %, is measurable. 


Let the sign of f be now unrestricted. 
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Since f is limited, we may choose the constant C, such that 
g= f(z) + CZ 0, in W. 


Then g is L-integrable, and hence, by case 1°, g is measurable. 
Hence f, differing only by a constant from g, is also measurable. 


b] 


2. Let U be measurable. If f is L-integrable in WU, it 18 measur: 
able in U, and conversely. 


This follows from 1 and 409, 1. 


3 From 2 and 409, 3, we have at once the theorem : 


When the field of integration vs measurable, an L-integrable func- 
tion is integrable in Lebesgue’s sense, and conversely ; moreover, both 
have the same value. 


Remark. In the theory which has been developed in the fore- 
going pages, the reader will note that neither the field of integra- 
tion nor the integrand needs to be measurable. This is not so in 
Lebesgue’s theory. In removing this restriction, we have been 
able to develop a theory entirely analogous to Riemann’s theory of | 
integration, and to extend this to a theory of upper and lower in- 
tegration. We have thus a perfect counterpart of the theory 
developed in Chapter XIII of vol. I. 


4. Let & be metric or complete. If f (ay-++ 2) 28 limited and 
R-integrable, it is a measurable function in . 


For by 381, 2, it is L-integrable. Also since %& is metric or 
complete, % is measurable. We now apply 1. 


IMPROPER L-INTEGRALS 
Upper and Lower Integrals 


425. 1. We propose now to consider the case that the integrand 
Ff (21 +++ Zm) is not limited in the limited field of integration %. In 
chapter II we have treated this case for R-integrals. To extend 
the definitions and theorems there given to L-integrals, we have 
in general only to replace metric or complete sets by measurable 
sets; discrete sets by null sets; unmixed sets by separated sets ; 
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finite divisions by separated divisions; sequences of superposed 
cubical divisions by extremal sequences; etc. 

As in 28 we may define an improper J-integral in any of the 
three ways there given, making such changes as just indicated. 
In the following we shall employ only the 3° Type of definition. 
To be explicit we define as follows : 

Let f (2, +++ %) be defined for each point of the limited set Y. 
Let %. denote the points of & at which 


— aS f (ye ImISB  %mB>Y. da 


je 
limes | fs me | OF (2 
a, B=20 ~ Wap a, B=m Wap 


The limits 


in case they exist, we call the lower and upper (improper) L-in- 
tegrals, and denote them by 


Tegel 


In case the two limits 2) exist and are equal, we denote their 
common value by 
ie 
W 


and say f is (improperly) L-integrable in , ete. 


2. In order to use the demonstrations of Chapter II without too 
much trouble, we introduce the term separated function. A fune- 
tion f is such a function when the fields Yap defined by 1) are 
separated parts of 2. 

We have defined measurable functions in 407 in the case that 
f is limited in Y%. We may extend it to unlimited functions by 
requiring that the fields %., are measurable however large a, 8 are 
taken. 

This being so, we see that measurable functions are special cases 
of separated functions. 

In case the field % of integration is measurable, %., 1s a meas- 
urable part of %, if it is a separated part. From this follows the 
important result : 


If f is a separated function in the measurable field U, it is L-in- 
tegrable in each ag 
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From this follows also the theorem: 

Let f be a separated function in the measurable field X. If erther 
the lower or upper integral of f over A ts convergent, f rs L-integrable 
in A, and a 

| f= lim ff. 
Dye a, B=0 o& Yap 

426. To illustrate how the theorems on improper R-integrals 
give rise to analogous theorems on improper L-integrals, which 
may be demonstrated along the same lines as used in Chapter II, 
let us consider the analogue of 38, 2, viz.: 


Tf f is a separated function such that | f converges, so do ab ce: 
byt a P 


Let {Z,} be an extremal sequence common to both 


Let e denote the cells of H, containing a point of B,; e! those 
cells containing a point of B,; 6 those cells containing a point of 
Y.4g but none of Py. Then 


i =lim {=M!.e+ 2M. e'+=Mj- 8}. 
w 


ap’ tee) 
In this manner we may continue using the proof of 38, and so 
establish our theorem. 


427. As another illustration let us prove the theorem analogous 
tOlAO5 Viz. 5 
Let %,, Uy,» Un form a separated division of Y. If f wa 


separated function im U, then 


[, Eth Re sooo ih Ss 
~~ A M1 ~ Wn 
provided the integral on the left exists, or all the integrals on the 


right exist. 
For let %, ag denote the points of %., in Y,. Then by 390, 1, 


je 7 ry 
i = Ht oieee + | é 
HWNap LYM, op ~UMn, a8 


In this way we continue with the reasoning of 46. 
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428. In this way we can proceed with the other theorems; in 
each case the requisite modification is quite obvious, by a con- 
sideration of the demonstration of the corresponding theorem in 
#-integrals given in Chapter II. 

This is also true when we come to treat of iterated integrals 
along the lines of 70-78. We have seen, in 425, 2, that if Qf is 
measurable, upper and lower integrals of separated functions do 
not exist as such; they reduce to L-integrals. We may still 
have a theory analogous to iterated R-integrals, by extending the 
notion of iterable fields, using the notion of upper measure. To 

this end we define : 

A limited point set at Y= B- C is submeasurable with respect 


to 8, when 
X= ( C. 
J, 


We do not care to urge this point at present, but prefer to pass 
on at once to the much more interesting case of L-integrals over 
measurable fields. 


I-Integrals 


429. These we may define for our purpose as follows: 
Let f(a, ++ %m) be defined over the limited measurable set 2 
As usual let %{,, denote the points of Yat which 


—a<f<B, a, B > 0. 


Let each %,, be measurable, and let f have a proper L-integral 
in each %.g,. Then the improper integral of f over %& is 


if come tire (pega a 
pe a, B=% Mag 


when this limit exists. We shall also say that the integral on 
the left of 1) is convergent. 

On this hypothesis, the reader will note at once that the dem- 
onstrations of Chapter II admit ready adaptation; in fact some 
of the theorems require no demonstration, as they follow easily 
from results already obtained. 
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430. Let us group together for reference the following theo- 
rems, analogous to those on improper R-integrals. 


1. If f is (improperly) L-integrable in U, it ig in any measurable 
part of U. 


2. If g, h denote as usual the non-negative functions associated 


with f, then . 
[t= fo-f,} ad 


Same iL f is convergent, 80 is ip | f |, and conversely. 
W w 


let ¢ 


Sanh { f is convergent, then 
ot 


e>0, o>0, Lfl<* 
B 
for any measurable B < W, such that B<o. 


4. When convergent, 


6. Let X=(U,, Ay + An) be a separated division of A, each A, 


being measurable. Then 


Leal eniglel a ‘ 


provided the integral on the left exists, or all the integrals on the 
right exist. 


7. Let X= {A} be a separated division of A, into an enumerable 
infinite set of measurable sets A. Then 


spp fas er 4 


provided the integral on the left exists. 


8. Tf f<g in XU, except possibly at a null set, then 


Lise 6 


when convergent. 
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431. 1. To show how simple the proofs run in the present 


case, let us consider, in the first place, the theorem analogous to 
BO, 2; VIZ. : 


If ils F converges, so do if Ff and if he 
po A » MN 


The rather difficult proof of 38, 2 can be replaced by the follow- 
ing simpler one. Since 


Mae = Be are Na qd 


is a separated division of %.2, we have 


(feats 
glee: 
Dea alba 


But the left side is <.«, for a sufficiently large «, and £, B'> 


Hence 











some 8). This shows that iE is convergent. Similarly we show 
B 


the other integral converges. 


9. This form of proof could not be used in 38, 2, since 1) in 
general is not an unmixed division of A... 


3. In a similar manner we may establish the theorem analo- 
gous to 39, viz. : 


Th ifs Ff and iL f converge, 80 does f. ie 
¥ N A 


4. Let us look at the demonstration of the theorem analogous 


to 45, ty Viz.; 
; h=— |S; 
Lleol orsls 


provided the integral on either side of these equations converges. 


408 IMPROPER L-INTEGRALS 


Let us prove the first relation. Let B, denote the points of 2 


at which f< 8. Then 
Be = MN ar Be 


is a separated division of Bas and hence 


I= If g + j= I= if, etc. 
Bp Np Bp Pe Be 
5. It is now obvious that the analogue of 44, 1 is the relation 1) 


in 430. 


6. The analogue of 46 is the relation 3) in 430. Its demon- 
stration is precisely similar to that in 46. 


7. We now establish 430, 7. Let 
B= Ol, (2G -- A) 
Then N= Bar S,, 
is a separated division of 9, and we may take m so large that 


B,, <o, an arbitrarily small positive number. Hence by 480, 5, 
we may take m so large that 


{le <eé. 
w m Bn 
={ ft--+y f+e , |dl<e 
wt, 


Wm 
From this our theorem follows at once. 





Iterated Integrals 


432. 1. Let us see how the reasoning of Chapter II may be 
extended to this case. We will of course suppose that the field 
of integration 2% = %-€ is measurable. Then by 419, the points 
of % for which the sections are not measurable form a null set. 
Since the integral of any function over a null set is zero, we may 
therefore in our reasoning suppose that every © is measurable. 

Since Wf is measurable, there exists a sequence of complete com- 


ponents A,,= B,,C,, in U, such that the measure of A = {A,,} is I. 
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Since A,, is complete, its projection B,, is complete, by I, T17, 4. 
The points of B,, for which the corresponding sections C,, are not 
measurable form a null set v,. Hence the union {»,,} is a null 
set. Thus we may suppose, without loss of generality in our 
demonstrations, that %{ is such that every section in each A,, is 


measurable. 
0=% A= [ €- [é= | €-O, 
B B B 


Now from 
we see that those points of 8 where €> CO form a null set. We 
may therefore suppose that © = C'everywhere. Then €—C'isa 
null set at each point ; we may thus adjoin them to C. Thus we 
may suppose that € = Cat each point of 8, and that 8 = B is the 
union of an enumerable set of complete sets B,,. 


Af 
pie 


is convergent, let 
E hy << hy <r = WD, 


Let us look at the sets %,,, Bs,, which we shall denote by 2%. 
These are measurable by 429. Moreover, the reasoning of 72, 2 
- shows that without loss of generality we may suppose that % is 
such that 8, =%. We may also suppose that each ©, is measur- 
able, as above. 


2. Let us finally consider the integrals 


le f. al 


These may not exist at every point of B, because f does not 
admit a proper or an improper integral at this point. It will 
suffice for our purpose to suppose that 1) does not exist at a null 
set in 8. Then without loss of generality we may suppose in our 
demonstrations that 1) converges at each point of B. 

On these assumptions let us see how the theorems 78, 74, 74, 
and 76 are to be modified, in order that the proofs there given 
may be adapted to the present case. 
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433. 1 The first of these may be replaced by this: 
Let Bz, denote the points of B at which C,>a. Then 
lim Bo, , = 0. 


n=0 


B 


as by hypothesis the sections © are measurable. Moreover, by 
hypothesis 


For by 419, 


C=€,+4+¢, 


is a separated division of ©, each set on the right being measur- 
able. Thus the proof in 73 applies at once. 


2. The theorem of 74 becomes: 


Let the integrals 
[pt . fz0 
€ 


be limited in the complete set B. Let ©, denote the points of B at 


which 
[ f<e. 
Cy 
Then = nm 
lim ©, = 8%. 


The proof is analogous to that in 74. Instead of a cubical 
division of the space #,, we use a standard enclosure. The sets 
%, are now measurable, and thus 


b= Dv§B,} 
is measurable. Thus 6,=6. The rest of the proof is as in 74. 


3. The theorem of 75 becomes: 


ff. f° 


be limited in complete 8. Then 


lim f_ [f= 0. 
m= LBaoxe, 


Let the integral 
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The proof is entirely similar to that in 75, except that we use 
extremal sequences, instead of cubical divisions. 


4. Asacorollary of 3 we have 


Let the integral 
if Je 0 
c 


be limited and L-integrable in ©. Let @={B,,} the union of an 
enumerable set of complete sets. Then 


wef, [78 


For if 8,, =(B,, B,--- Bn), and 8=%B,+ On, we have 


ied arid le 


But for m sufficiently large, $,, is small at pleasure. Hence 


ID AEUES 


We have now only to apply 3. 


434. 1. We are now in position to prove the analogue of 
1G,.NIze ° 
Let Y= B-C be measurable. Let if Ff be convergent. Let the 
w 


integrals | f converge in B, except possibly at a null set. Then 


[en LL! ‘ 


provided the integral on the right is convergent. 


We follow along the line of proof in 76, and begin by taking 
f>O0ingy. By 423, we have 


(rhs 
hence fr-m [. Lf (2 
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Now e > 0 being small at pleasure, 


-e+ f fs<f) [oS , for @>some Gp, 
sf, Unt LI 
= fa) F Lk 


Since we have seen that we may regard % as the union of an 
enumerable set of complete sets, we see that the last term on the 
right = 0, as n = 0, by 433, 4. Thus 


Liew Lief 


by 2). On the other hand, 


ee 
Hence fam L fe £0. (4 


From 3) and 4) we have 1), when f > 0. 
The general case is now obviously true. For 
A= P+ KR, 


where f > 0 in P, and <0 in 9. Here $ and MN are measurable. 
We have therefore only to use 1) for each of these fields and add 
the results. 


2. The theorem 1 states that if 


Abe lisse 


both converge, they are equal. Hobson* in a remarkable paper on 
Lebesgue Integrals has shown that it is only necessary to assume 
the convergence of the first integral; the convergence of the second 
follows then as a necessary consequence. 


* Proceedings of the London Mathematical Society, Ser. 2, vol. 8 (1909), 
p. 31. 
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435. We close this chapter by proving a theorem due to 
Lebesgue, which is of fundamental importance in the theory ot 
Fourier’s Series. 


Let f (x) be properly or improperly L-integrable in the interval 
A=(a<b). Then 


Rede slim ["\F@+8)—F@de 


5=0 
2 B 
=lim [ ]Af|az=0, a<B<Btsb<b. qa 
5=0 wa 
For in the first place, 


Te [F@rd|der [fleece] Fla 2 
Next we note that 


|f (e+ 8)—f@|-l|g@+8)—I@| 
<|(f (+ 8)— 9(@+ 8)—(F@—9@)!: 


Hence 


[liarie— [asia [act oles 


or J,—J,<Js-9- @ 
From 2), 3) we have 
Jp<JT,+2 [ \f-glae. € 
Let now g=f for | f|< G, 
= ()) ¥ for | f|>G- 
b 
Then by 4), ToT +2 [ |f—g\de 
<J,+¢, 


where ¢' is small at pleasure, for @ sufficiently large. Thus the 
theorem is established, if we prove it for a limited function, 


| g(a)| < &. 
Let us therefore effect a division of the interval T=(—G, @), 


of norm d, by ape ae the Sa 
causing I’ to fall into the intervals 


aio Thy Thy 
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Let A, = cm for those values of x for which g(2) falls in the in- 
terval y,,, and =0 elsewhere in Y. Then 


T,< 25,42 "(g— Zh jaa 


Ea A Seah 
<td t+e', e’ small at pleasure, 
for d@ sufficiently small. 


Thus we have reduced the demonstration of our theorem to a 
function h(#) which takes on but two values in Y, say 0 and y. 


Let € be a o/4 enclosure of the points where h= y, while § may 
denote a finite number of intervals of € such that & =e a/4. 


Let 6=y in G, and elsewhere = 0; let ~p=y in §, and else- 
where =0. Thus using 4), 


p 
Tey+ ["\h— | 
Oo 
es dher 3 Y 
since h =¢ in (a, 8), except at points of measure < o/4. Similarly 
Jy<Jy+ s¥- 


Thus J,< Jy +oy<J,+e, 
for o sufficiently small. 


Thus the demonstration is reduced to proving it for a w which 
is continuous, except at a finite number of points. But for such a 
function, it is obviously true. 











CHAPTER XIII 
FOURIER’S SERIES 
Preliminary Remarks 


436, 1. Let us suppose that the limited function f (x) can be 
developed into a series of the type 


f (2) = dy + a, COS & + dy COS 2% + a, COS BH + + 
+ b,sinz + 6,sin2a2+b,sinda¢+ + a 


which is valid in the interval Y=(—7, 7). Ifit is also known 
that this series can be integrated termwise, the coefficients a,, 5, 
can be found at once as follows. By hypothesis 


in fdr=@, ‘deta, cos dx + «+ 


+ nf sin adx + + 
As the terms on the right all vanish except the first, we have 
beef: (a! 
2 Toby —T 


Let us now multiply 1) by cos na and integrate. 


fe F(2) cos nadx = ay die cos nzdz + a, 1 cos x cos nxdx + ++ 


w 


ip bf gin x COS Na + «+ 
- 


us 
Now [ cos mz cosnada=0 , MFM, 


wv 
f° sin mz cosnz=0. 
—-T 
415 
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Thus all the terms on the right of the last series vanish except 
the one containing a,. Hence 


On = = [ fF @es nxdx. (2u 
Toh - 
Finally multiplying 1) by sin nz, integrating, and using the 
relations 2 
if sin masinnzdr=0 , men, 
tk sin? nxdz = 1, 
we get 1(" 
6, = if Ff (@) sin nadz. Cy 
Tow -T 


Thus under our present hypothesis, 


F@=z- [FW@dus 2S cos ne [ FW) cos nudu 


+ 1 S sin nx [7 sin nudu. (3 
WT i at 


The series on the right is known as Fourier’s series; the coeffi- 
cients 2) are called Fourter’s coefficients or constants. When the 
relation 3) holds for a set of points 6, we say f(@) can be de- 
veloped in a Fourier’s series in %, or Fourier’s development is valid 
in %. 

2. Fourier thought that every continuous function in Y% could 
be developed into a trigonometric series of the type 8). The 
demonstration he gave is not rigorous. Later Dirichlet showed 
that such a development is possible, provided the continuous 
function has only a finite number of oscillations in %. The func- 
tion still regarded as limited may also have a finite number of 
discontinuities of the first kind, i.e. where 


FCG Oey (a0) (4 
exist, but one at least is + f(a). 


At such a point a, Fourier’s series converges to 


4§f(a+0)+f(a—0)}. 
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Jordan has extended Dirichlet’s results to functions having 
limited variation in Y%. Thus Fourier’s development is valid in 
certain cases when f has an infinite number of oscillations or 
points of discontinuity. Fourier’s development is also valid in 
certain cases when f is not limited in %, as we shall see in the 
following sections. 

We have supposed that f(z) is given in the interval 
%=(—7,7). This restriction was made only for convenience. 
For if f(z) is given in the interval J=(a <b), we have only to 
change the variable by means of the relation 

ya Me a—b) 
b—a 


Then when z ranges over &%, wu will range over Y. 
Suppose f is an even function in %; its development in Fourier’s 
series will contain only cosine terms. For 


Fo= S(a, cos nz + 6, sin nz), 
0 


f(-n= 3 (a, cos nz— 6, sin nx). 
0 
Adding and remembering that f(7) =f(— 2) in A, we get 
tf a= 15a, COs NZ, S even. 
0 


Similarly if f is odd, its development in Fourier’s series will 
contain only sine terms ; 


I@) SS, sinnz,  f odd. 
1 


Let us note that if f(x) is given only in % =(0, 7), and has 
limited variation in 8, we may develop f either as a sine or a 
cosine series in B. For let 


g(xy=f(v) , rinB 
=f(— 2) 4,~2in (— 7, 0). 

Then g is an even function in 9 and has limited variation. 
Using Jordan’s result, we see g can be developed in a cosine 
series valid in &%. Hence f can be developed in a cosine series 
valid in B 
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In a similar manner, let 
h(a)=f(e) , =inB 
=—f(—a)jo) Smee: 


Then f is an odd function in %, and Fourier’s development 
contains only sine terms. 

Unless f(0)=0, the Fourier series will not converge to f(0) 
but to 0, on account of the discontinuity at x= 0. The same is 
true for x= 7. 

If f can be developed in Fourier’s series valid in Y=(—7, 7), 
the series 3) will converge for all x, since its terms admit the 
period 27. Thus 3) will represent F(z) in A, but will not 
represent it unless f also admits the period 27. The series 3) 
defines a periodic function admitting 27 as a period. 


EXAMPLES 


437. We give now some examples. They may be verified by 
the reader under the assumption made in 436. Their justifica- 
tion will be given later 


Example 1. f(a)=a , for —-rw<a<rm. 
Then 
=2 sing sin 2” moe _...|. 
a | i igh lens 


If we set z= " we get Leibnitz’s formula, 


Example 2. SQ) =f 1.5 Oa tr, 
=—2 —7r<2<0. 
Then ‘ a 


4 
f@="- ee PE poo} 





32 52 
If we set z= 0, we get 
gavoll on line 1 


(8 Balai sod ieee ie 
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Example 8. f=) 0<a=9r 
=Q0 , #=0,47 
=-—1 9 —17T7<xr<0. 
Then 
_4 {sing , sin38e2, sin dz 
fa) =2| ded AES Sas } 
Example 4. f(@=2z , 0<2<F 


By defining f as an odd function, it can be developed in a sine 
series, valid in (0, 7). We find 





3 in 5 
eee 3 {ss x —net zane Le ae 
Example 5. f(@)=1 , 0K< wes 


=-tl Teucmt. 
*. 9 


By defining f as an even function, we get a development in 


cosines, 


cos z cos38z cos Sa _...| 
f(e) == {Sb 2— O ; 
valid in (0, my. 
Example 6. f@=4r—-Z) ; 0O<ae<r. 


By defining f as an odd function we get a development in 


sines, . 
f(#) =sin z+ 4 sin 2a+4sindz+- 


valid in (— 7, 7). 


Example 7. Let f(x) =F : 0<2<t 
7 2% 
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Developing f as a sine series, we get 


sin4a2 , sin 8z 

















f (#2) =sin 24+ 5 clear Tepe 
valid in (0, 7). 
Example 8. f(a)=e , in(—7, 7). 
We find 
2 sinh w (1 1 il 1 
f (a) = ee | By CN HT gp OOS 2 a a OOS 
1 : DE 3 : 
Eom 


valid for —T<U<T. 


Example 9. We find 

cos par = 2 sin rp | 5 — cos & cos Pz _ oon 82 4... | 
= 0.8 peel peo p= 3? 

valid for 








—-TlLLT , p+ 1, 22, 34, «= 


Let us set x = 7, and replace w by 7; we get 
1 L 1 
vam mash a= me gat ie 
a decomposition of cot wx into partial fractions, a result already 
found in 216. 
Example 10. We find 


: 2 {1 Qeos2x2 2cos4x 2cos6z2 } 
sing =—11—- eh > 


7 
== COUNT 
26 


valid for 0 << a<T. 


Summation of Fourier’s Series 


438. In order to justify the development of f (7) in Fourier’s 
series F, we will actually sum the # series and show that it con- 
verges to f(z) in certain cases. To this end let us suppose that 
f (x) is given in the interval {& =(— 7, 7), and let us extend f by 
giving it the period 27. Moreover, at the points of discontinuity 
of the first kind, let us suppose 


F@=HF (+0) +f@— 0}. 
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Then the function 
d(u) =f(at+2u)+f(e—20v)—-2f(@) 


is continuous at u = 0, and has the value 0, at points of continuity, 
and at points of discontinuity of 1° kind of f. Finally let us sup- 
pose that f is (properly or improperly) L-integrable in %; this 
last condition being necessary, in order to make the Fourier co- 
efficients a,, 6, have a sense. 


at F=F (a) =}a,+4,cosxz +a,cos24+ ++ 


+6,sina+,sin22+-- qa 
=ha,t 2 (a, cos nz + 6, sin nx), 


where we will now write 
c+QT 


ie : Ff (x) cos nada, (2! 


1 c+2QT : " 
6b, =— ! f (a) sin nadz. (2 
Tobe 


Since f (2) is periodic, the coefficients a,, 0, have the same value 
however cis chosen. If we make ¢= — 7; these integrals reduce 
to those given in 436. 

We may write 


1 c+or (op) 5 3 
Pa = {. Ff (O)dt {4+ = (cos nx cos nt + sin nz sin nt)} 
TT hc 1 


=+ [ {E+E cosm(t — 2) F Oat c 
Thus ; mn LE P. .f (tat, 
where P,=4+ 3 cos m(t — £). (4 
Provided sin 1(t 2) +0, (5 
we may write oe 
Pa= Fin ie Sere wee COS Ge 
1 


ey ee Noid (Fe) 


2 sin 4(t—2) 1 
43 {sin 24 * (¢— 2)— sin i= (t—2) || 
1 
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Thus 





p _sinf@ntD(t=2) (6 
§ 2sin4(t—~2) 


if 5) holds. Let us see what happens when 5) does not hold. 
In this case 1(t — x) is a multiple of 7. As both ¢ and 2 he in 
(c, e+27), this is only possible for three singular values : 


t=x ; t=c, w=cet+2n 3 t=e4+2n, r=e. 
For these singular values 4) gives 


2n+1. 


P= (7 





As P, is a continuous function of ¢, 2, the expression on the 
right of 6) must converge to the value 7) as 2, t converge to these 
singular values. We will therefore assign to the expression on 
the right of 6) the value 7), for the above singular values. Then 
in all cases 


vl (**sinsCn+ D@—Z) 
ee =f f (tat. 


2 sin d(¢ — x) 





Let us set Sey eee hbse) icy 7 
Then i(c=z) 47 : 
F==[ CO eh 
Toke} (c—x) sin & 
Let us choose e so that 
¢—z“%=-—T7T, 
then = a 
2 0 2 
pee ells 


Replacing u by — wu in the first integral on the right, it becomes 


3 . 
[f@- 2 ab) oes 
sin u 
Thus we get 





Feat [fet 2u)+ fe—2uy} SOM du (8 


T s 


Let us now introduce the term — 2 f(x) under the sign of inte- 
gration in order to replace the brace by ¢(w). To this end let us 








SUMMATION OF FOURIER’S SERIES 423 


give x an arbitrary but fixed value and consider the Fourier’s 
series for the function 


g(t)=f(), a constant. 


If we denote the Fourier series corresponding to the g function 


4 G=h 9) +9, 00st + 9, c0s2t+ -- 


+h,sint+h,sin2t¢+ ++ 
1 c+2r . 
i= ra ‘¢(a)dt = 2f (x); 
a oo) Bea” cos ntdt = 0, 


f(#) fo" sin ntdt = 


Thus the sum of the first »+1 terms of the Fourier series 
belonging to g(t) reduces to 


G, =f (2). (9 


But this sum is also given by 8), if we replace 
f@+2u) +f - 24) 
gat 2uyt+ga—2u)= 2f(), 
since g is a constant. We get thus 


au af oC) du. (10 
TT LO sin U 


Let us therefore subtract f(x) from both sides of 8), using 9), 
10). We get 


F,(2) —f(2) =* ap if(e+2u) +f@e—2u)—2f(@)§ ed. 


we have 


by 


aa D,(2) = 11 F,(2) —f@)}s (il 
we have RE aif $@ unm Pe (12 


We have thus the theorem : 


For the Fourier Series to converge to f(x) at the point x, tt 18 
necessary and sufficient that D,(2) =9, as n= 


424 FOURIER’S SERIES 


Validity of Fourier’s Development * 


439. The integral on the right side of 438, 12), on which the 
validity of Fourier’s development at the point « depends, is a 
special case of the integral 


a =|. g(u) sin nudu , B=(a<b). a 
B 


In fact J, goes over into D,, if we set 





g=—- , a=0, b= 
Sin & 


bo} 9 


To evaluate J, let us break 8 up into the intervals 
5) 
B,=(4, 2+) 5 8, =(4+7, a+=7) Ook 8, =(a+7r7, 0). 
n n n n 


These intervals are equal except the last, which is shorter than 
the others unless 6—a isa ote of w/n. We have thus 


oes i (ene 
Bo ne Br 


7 
v=ut+-, 


If we set 


we see that while v ranges over %,,, w ranges over %,,_,. This 
substitution enables us to replace the integrals over 8, by those 
over %,,_), since 


ip g(v) sin nvdy = — if au + 7) sin nudu. 
Bo, Bes 1 oe 
Hence grouping the integrals in pairs, we get 
T= g (uv) sin nudu + Pat (9 (w)—g (u ate =} sin nudu 
Bo 5 wBo.1 us 
+ la g (wv) sin nudu, 


* The presentation given in 439-448 is due in the main to Lebesgue. Cf. his 
classic paper, Mathematische Annalen, vol. 61 (1905), p. 251. Also his Legons sur 
les Séries Trigonométriques, Paris, 1906. 
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where 8! is %, or G,_, + G,, depending on the parity of r. Now 


IE 
| > ihe {9 (u) — au SUP ) | sin nudu | 
ae cry g(u+ =) —g(u| au 


sll 
te aed: (4 


Thus J, = 0, if the three integrals 2), 3), 4) = 0. Moreover, 
if these three integrals are uniformly evanescent with respect to 
some point set € < %, J, is also uniformly evanescent in ©. In 
particular we note the theorem 


J, = 0, if g is L-integrable in B. 





< 
= Se (@ 








au a ae g (ula. (8 


We are now in a position to draw some important conclusions 
with respect to Fourier’s series. 


440. 1. Let f(x) be L-integrable an (¢, e+ Qa). Then the 


Fourier constants a,, 6, = 9, as 7 = ©. 
i e+ 2a 
For a, = — F(a) cos nadz 
7 


is a special case of the J, integral. As f is L-integrable, we need 
only apply the theorem at the close of the last article. Similar 
reasoning applies to 0,. 


2. For a given value of xin A= (— 1, 1) let 


(w= | a 


sin wv 
be L-integrable in 8 = (0. 5) Then Fourier’s development is valid 


at the point L. 
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For by 438, Fourier’s series + f(~) at the point z, if D, (x) = 9. 
But D, is a special case of J, for which the g function is in- 
tegrable. We thus need only apply 439. 


3. For agivenz in X= (—7, 7), let 


x (u) as (2 


be L-integrable in 6 = (0, 7). Then Fourier’s development is valid 
at the point x. 
For let 6>0, then 


[riviau= f° 


5 
<A +a) [lxecolau 
=0 , as&=0 , by hypothesis. 





#00] < (CDA +D a 


sin &U 


4. For a given xin U=(—7T, 7), let 


f@+u)-f@ és 


w(w) = 


be L-integrable in U. Then Fourier’s development is valid at the 
point x. 


For fa+2u)y-f@) , f@=2u)-f@) 
U U 





XC) = 
= 2[o(2u)+o(—24)]. 


Thus y is Z-integrable in (0, m), as it is the difference of two 
integrable functions. 


441. (Lebesgue). For a given xin U=(— 17, 7) let 
1° lim n ["i6@)|du= 0; 
n= 0 
2° Tim [r+ 8)— 4n)|du=0 
=0 5 


for some n such that 
0<3<n<F. 
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Then Fourier’s development is valid at the point x. 


2 

du+ [ 
2 
eh 
Bn 

x 


where f, is a certain number which = 5 


For as we have seen, 


|D,\< if 


$(u) sin vu ¥(u 1 7) i #0] du 


s1n &u 














OES du< Di +D"+D"", 


sin wu 








> as N=. 


Let us first consider D'. Since 0<u<™, we have 0<ww<m 
Vv 








Hence 
molniub), destus 
sinyu | __* eg 0 <n.) 
ei re ET 
1-4 (1- a") oy 
6 4 6 





<v, provided s7t. 


But this is indeed so. For 
a 
1 ae Leta 
Hence o> A( —7)>1>¢ git 25) 
Ce Di<yv se “I¢| du = 0, by hypothesis. 
0 
We have 


We now turn to D''. 
US 


3 nH 2 T 
Di= [ ={f +f[ 9 alto 
7 3 u 4 
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Now fj being L-integrable, 
¥(u+2)—¥@o| 





is L-integrable in (», a = hus 


2 
lim = 0. 


n=n 


n 

But by condition 2°, lim [” mo: 

Thus hinge. 
56=0 


Finally we consider D'’. But the integrand is an integrable 


. . T : . . 
function in (2, zy. Whus ate eases =o 


442. 1. The validity of Fourier’s development at the point x de- 
pends only on the nature of f in a vicinity of x, of norm 6 as small as 
we please. 


For the conditions of the theorem in 441 depend only on the 
value of f in such a vicinity. 


2. Let us call a point x at which the function 
(uw) =f(@ +20) + f(e—2u) —2f(2) 
is continuous at w= 0, and has the value 0, a regular point. 


In 438, we saw that if x is a point of discontinuity of the first 
kind for f(x), then z is a regular point. 


3. Fourier’s development is valid at a regular point x, provided 
for some n 


lim ["14@r +8) — Qu) | du=0 , 0<d<9<F. 
a ti) 


For at a regular point z, @(w) is continuous at w= 0, and =0 
foruw=0. Now 


lim = [1 6Ge) | du= | 400) |=0. 
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[iste 


= | $(0)|=0. 


Hence condition 1° of 441 is satisfied. 


Th n 
= n [1 |du=n- 


Ss|alre 


Limited Variation 


443. 1. Before going farther we must introduce a few notions 
relative to the variation of a function f(2) defined over an interval 
AW=(a<b). Let us effect a division D of % into subintervals, 


by interpolating a finite number of points a; <a,<-:: The sum 
== |F(a) —F Cas) | @! 

is called the variation of f in % for the division D. If 
Max J’, (& 


is finite with respect to the class of all finite divisions of %f, we say 
f has finite variation in I. When 2) is finite, we denote its value by 


Varf, or Vy, 00 al, 
and call it the variation of f in %. 


We shall show in 5 that finite variation means the same thing 
as limited variation introduced in I, 509. We use the term finite 
variation in sections 1 to 4 only for clearness. 


2. A most important property of functions having finite vari- 
ation is brought out by the following geometric consideration. 

Let us take two monotone increasing curves A, B such that one 
of them crosses the other a finite or infinite number of times. If 
f(x), g(x) are the continuous functions having these curves as 
graphs, it is obvious that 


d(x) =f (2) —9@) 
¢s a continuous function which changes its sign, when the curves 
A, B cross each other. Thus we can construct functions in infinite 
variety, which oscillate infinitely often in a given interval, and 
which are the difference of two monotone increasing functions. 
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For simplicity we have taken the curves A, B continuous. A 
moment’s reflection will show that this is not necessary. 

Since d(z) is the difference of two monotone increasing functions, 
its variation is obviously finite. Jordan has proved the following 
fundamental theorem. 


3. If f(x) has finite variation in the interval U=(a < 5), there 
exists an infinity of limited monotone inereasing functions g(x), h(x) 


such that f =o =}. a 
For let D be a finite division of %. Let 


P,=sum of terms {f(4@n4,) —f(4m)} which are > 0, 
— N> =. ° . ° . ° ° ° ° ° ° ° ° ° <a 0. 


Th 
Ae Vo = 2 |f Came) —f Cam) | = Po + Np. (2 
Also 


{f (a1) —F(a4)} + {f(a,) F(a) + + +IF0) —F (an) } =P a— Np. 


On the left the sum is telescopic, hence 


f(6)—f(4)= Pp — Np. ‘ 
From 2), 3) we have 
Vp =2 Pp +f(ay—f(b)= 2 Np +f) -F@). (4 


Leto W Sei Pa Pee Mae Ney, 


with respect to the class of finite divisions D. 


We call them the positive and negative variation of f(x) in Y. 
Then 4) shows that 
V=2P+f(a)-—f(b) , V=2N4F(b)—f(a). (5 


Addi 
ing these, we get Vapien (6 


From 5) we have 
6) —f(a)=P— WN. (7 
Instead of the interval 9% =(a <b), let us take the interval 
(a < 2x), where z lies in &. Replacing b by z in 7), we have 


F@) =f) + P@) — Na). (8 
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Obviously P(x), M(x) are monotone increasing functions. 
Let (2) be a monotone increasing function in Y%. If we set 


g@)=f(a) + P@) + #@) 


(9 
hz) = W(2) + w(@), 
we get 1) from 8) at once. 
4, From 8) we have 
IF@ |< IF@O|+P@+N@ 
<|f(a)| + V2). (10 


5. We can now show that when f(x) has finite variation in the 
interval % =(a < b) tt has limited variation and conversely. 


For if f has finite variation in % we can set 
I@) = $(@) — V(x), 


where ¢, y are monotone increasing in %. Then if W is divided 
into the intervals 6,, 5, --- we have 


Osc f < Osed?+Oscpw , ind. 
Osef=Ad , Osep=Ayp , in 8, 
since these functions are monotone. Hence summing over all the 
intervals 6,, Ose f < ZAG + SAY 
< [$()- Gai +ivO)—¥@s 


< some M, for any division. 


But 


Hence f has limited variation. 
If f has limited variation in U, 

|Af|<Osef , in b,. 
eae Z| Af| <= Oscef< some MM. 


Hence f has finite variation. 


6. If f(x) has limited variation in the interval %, its points of 
continuity form a pantactic set in U. 


This follows from 5, and I, 508. 
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7 Leta<b<c; then if f has finite variation in (4, e), 
Vi, vf + Vo,ef = Vachs qi 
where V,,, means the variation of f in the interval (a, 6), ete. 
ee V,.f = Max Vof 


with respect to the class of all finite divisions D of (a,c). The 
divisions D fall into two classes : 

1° those divisions # containing the point 6, 

2° the divisions #’ which do not. 

Let A be a division obtained by interpolating one or more 
points in the interval. Obviously 


Vif > Vof- 
Let now & be obtained from a division F# by adding the point 
6. Then Vif Vol 
Hence 


Max Vz > Max Vz. 
E F 


Hence to find V,,,f, we may consider only the class #. Let 
now FE, be a division of (a, 6), and HF, a division of (6, ¢). Then 
Ei, + H, isa division of class H. Conversely each division of class 
FE gives a division of (a, b), (6, ¢). Now 


Vif = Ved + Vat. C 


From this 11) follows at once. 


444. We establish now a few simple relations concerning the 
variation of two functions in an interval %=(a <6). 


; Vof+e= Vf. a 
2|(fa to A+e)| ==l\fa-FAl 
where for brevity we set f=fla). 
Vig)=|e| VF. @ 
2|Pfar—-Al=lel2|hu-Fl- 


For 


ye. 
For 
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3. Lett, g be monotone increasing functions in A. Then 
Vif+tq)= VF+ Vo. (3 
Z| (fart Ga —(A+9)| = 2 |Por —f0 + Ga — 9) | 
== |fia-fl| += (G11 - al: 
4. For any two functions f, g having limited variation, 


Vif+ Q<VE+ Vo. 4 


For 





5. Let f, f, have limited variation in U=(a, 6). 
a e=|F@| . G=lA@|. 
ie Vf) <(at VIC, + VAD: (5 
For by 443, 8) we have 
a ed eg ey A, 
where Wa ¥a) 3) A, = 
Thus 
f= PP,—PN,+PA,—NP,+ NN,—NA,+AP,—AN,+ AA). 
Hence by 2, 4, 
VIG VR Py EIN VPA,+ > 
VCP PN a) 4 by 3 
=P PEPE Mal Gt = 
<(P+N+4 «)(P,+ M+ 4%). 
But Vf=P+WN , hence, ete. 


445. Fourier’s development is valid at the regular point x, if there 
evists a0< ee such that in (0, $) the variation V(u) of Wu) 


in any (u, €) is limited, and such that uV(u) = 0, wu = 9. 
By 442, we have only to show that 
7 


va [yur D—wwlae  0<8<055 


is evanescent with 6. 
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Let us first suppose that y(w) is monotone in some (0, &), say 
monotone increasing. Similar reasoning will apply, if it is mono- 
tone decreasing. Then, taking 0< 7+ Oran 


Vv = [ive + §)— p(u) du = [yc + 8)du = [¥cuydu. 


In the second integral from the end, set v=u+6. 


Then if "r(u-+ 8)du = i PT 

Hence, ve io [yond 
Sipe 

Thus PODS [le ldut [lp du=v, +%. 


We will consider the integrals on the right separately. Let 
Oa Max | ol, in (6, 28). 


Then 5 
A ] él a ] 5 du 
1 ee du < dn te 


5 SInU 
Now sin u =u — ol u2 Vee 
Hence, 1 1 
citi , |o|<someM, 
Thus, ie 
Vi <on{ [E+ M [udu 


< ¢nflog 2 + M' &} 
=0 , asd=0 , since d(u) +0, 
as x is a regular point. 
We turn now to W. In (9, 7 +8), 5, » sufficiently small, 
sinu>u—tuv>n(1— 7%). 








LIMITED VARIATION 435 


Thus, if ¢, = Max | ¢| in (y, 7+ 8), 


aol, * 55 etek 
with 6. 


Thus, when y is monotone in some (0, ), Fourier’s develop- 
ment is valid. But obviously when y is monotone, the condition 
that wV(w)= 0 is satisfied. Our theorem is thus established in 
this case. 


Let us now consider the case that the variation V(w) of y is 
limited in (wu, ¢). 


From 448, 10), we have 
yu) |< 14) | + Fu). 


As before we have 
5 +s 
Ivi<fe yeldut [ [yr |du=¥,4+¥. 
5 n 
By hypothesis there exists for each «> 0, a 5, > 0, such that 


uV(uy<e , for any 0<w<d. 


Hence, ‘3 
Vjuy<- , 0<u<d. 
u 


Thus, 28 28 
v,< if pct) | du t ih V(u)du 


<1¥O)d+ef a 


Let us turn now to V,. Since V(w) is the sum of two limited 
monotone decreasing finctians P, Nin (u, £), it is integrable. 
Thus, 


wm<I¥O1{™ ‘dus ['Vedu < B11YO1 + VOD! 


is evanescent with 6. 
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446. 1. Fourier’s development is valid at the regular point x, of 
; ’ 7 
$(u) has limited variation in some interval (0 < ©), S75" 
For let 0<u<y<§6, then 
Vig = = piles Ve ey. 
Now p=o): 





sin uu 


Hence Van <1 Vind +1601 U w : ot -s |. 


‘sinw sing 





But sin wu being monotone, 
1 bee ll 








“sinu sinw sing 


Thus 
Vind +1 OCy)| _ 
Oe arn re 
Similarly, Vib + | $C) | 
View < ee 

Now 


Qe ee Pin (OSC): 
S1n U 


The theorem now follows by 445. For we may take y so small 
that 


€ € 
V —— ld 1 
wo <tr : IS |< Tay ( 
Thus for any w<y¥, 


On the other hand, J being sufficiently large, and y chosen as 
in 1) and then fixed, 


Vz <i mM. 
Thus 
UuVi< 5 ) 
for w<some 6’. Hence 
U View < €, 


for 0 <<u< some 6. 


2. (Jordan.) Fourier’s development is valid at the regular point 
x, uf f (x) has limited variation in some domain of x. 
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For 9 
p(uy=} f+ 2uy—f(u)}+ {f(e@—2u)—f(u)} 
has limited variation also. 


3. Fourier’s development is valid at every point of A= (0, 27), 
if f is limited and has only a finite number of oscillations in %. 


Other Criteria 


Max = Ip Txu+a— xu) [du , x@y=2™, 


Va [lyutsy-yOoldu , 0<d<nSF- 


If X =0 as §=0, 80 does V, and conversely. 


For x(u + 8)— x(u) = Cut ) Snes +6) ee ey une U 
= Fy (ut 8)— (uj EE) +p, 
where 


pace {amen D saa 


Obviously X and W are simultaneously evanescent with 6, 


provided 
R= ["\p|=0 Sale: 
C) 
Let Z(4) = sin U 
pan p=H(u)iZ(ut 8)— Zw} 
=Sy(uyZ'(v) , u<v<ut+6. 
Now 


2 
(-fee)0-He) 
Z(v)= 2508 PY 3 


=— grt go Pte 
Thos |Z'(v) |< Mv<M-2u. 


438 


Hence 


As 
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|p| <2melel™ < 28/4 \m. 


idl <lf@+2wH 1+ |f@—-2u)|+21F@) 


R<23m {'|¢| = ith 3: 
5 


448. (Lipschite-Dini.) At the regular point x, Fourier’s devel- 
opment is valid, if for each € > 0, there exists a 6, > 9, such that for 
each 0 <8< 6, 


| (ut 8) —¢(u) |< jog 5] for any u in (6, 89). 


For 


Lx(u +8) —x(up | =| POD 9O9 4 (A _ 2 aca) | 





ob 


ou +8)— $C) | 4 516) |, 
u u2 


Now z being a regular point, there exists an 7’ such that 


Thus taking 


| $(u) | <e, for wu in any (6, 7’). 


7 Ognt) 5 
) du "du 
X= | dis ade, Ei [ee ] au 
metab ok y= xc) ii loss) 3 ee 5 Ua 
log n — log 6 (5 =) 
<=) log iSdl Ge a Oy, 


Thus 


< 2e, for any 6 < 7. 
X=0,as6=0. 


Uniqueness of Fourier’s Development 


449. Suppose f (2) can be developed in Fourier’s series 


SF (#)=fayt+ = (a,cos nx + 6,sin nz), 


1 77 us 
a, = =[ J @) cosncdz b= : _ F(@) sin nadz, 


a 
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valid in %=(— 7,7). We ask can f (2) be developed in a simi- 


lar series 2 
F (a) = 344) + =(aj cos nx + 6, sin nx), (3 
1 


also valid in 2%, where the coefficients are not Fourier’s coefficients, 
at least not all of them. 


Suppose this were true. Subtracting 1), 3) we get 
0=4(a,—a))+={(a, — a)) cos nz + (6, — 6,) sin nz} = 0, 


* ey + Efe, cos nx + d, sin nx} = 0, in Y. (4 


Thus it would be possible for a trigonometric series of the type 
4) to vanish without all the coefficients ¢,,, d,, vanishing. 
For a power series 
Pot Pye t+ py + G 


to vanish in an interval about the origin, however small, we know 
that all the coefficients p,, in 5) must = 0. 

We propose to show now that a similar theorem holds for a 
trigonometric series. In fact we shall prove the fundamental 


Theorem 1. Suppose it is known that the series 4) converges to 0 
for all the points of % =(—7, 7), except at a reducible set . 
Then the coefficients Cm, dm are all 0, and the series 4) = 0 at all the 
points of %. 


From this we deduce at once as corollaries : 
Theorem 2. Let be a reducible set inU. Let the series 


&% + S fot, cos nz + 8, sin nx} (6 
1 


converge in %, except possibly at the points Rt. Then 6) defines a 
function F(x) in A— ®. 

If the serves a) + Zfa, cos nx + 8, sin nx} 
converges to F(x) in U—R, its coefficients are respectively equal to 
those in 6). 


Theorem 8. If f(x) admits a development in Fourier’s series for 
the set X—R, any other development of f (x) of the type 6), valid in 
X— RK is necessarily Fourier’s series, t.e. the coefficients Om, Bm have 
the values given in 2). 
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In order to establish the fundamental theorem, we shall make 
use of some results due to Hzemann, G. Cantor, Harnack and 
Schwarze as extended by later writers. Before doing this let us 
prove the easy 

Theorem 4. If f(x) admits a development im Fourter’s series 
which is uniformly convergent in U= (— 7, 7), it admits no other 
development of the type 3), which 2s also uniformly convergent in A. 


For then the corresponding series 4) is uniformly convergent 
in Mf, and may be integrated termwise. Thus making use of the 
method employed in 436, we see that all the coefficients in 4) 
vanish. 


450. 1. Before attempting to prove the fundamental theorem 
which states that the coefficients a,, 6, are 0, we will first show 
that the coefficients of any trigonometric series which converges 
in %, except possibly at a point set of a certain type, must be such 
that they =0, as n=. We have already seen, in 440, 1, that 
this is indeed so in the case of Fourier’s series, whether it con- 
verges or not. It is not the case with every trigonometric series 
as the following example shows, viz. : 

S sin n! 2. qd 
1 
When oa OT all the terms, beginning with the r!", vanish, 


and hence 1) is convergent at such points. Thus 1) is conver- 
gent at a pantactic set of points. In this series the coefficients a, 
of the cosine terms are all 0, while the coefficients of the sine 
terms 6,, are 0 orl. Thus 6, does not = 0, as n= oo. 


2. Before enunciating the theorem on the convergence of the 
coefficients of a trigonometric series to 0, we need the notion of 
divergence of a series due to Harnack. 


Let A=4a,+a4,+ mats (2 


be a series of real terms. Let g,, G, be the minimum and maxi- 
mum of all the terms 
Ans ’ A,42 Ses o 


where as usual A, is the sum of the first n terms of 2). Obviously 


In Gers b} Gh = Ges 
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Thus the two sequences {g,}, {G,} are monotone, and if limited, 
their terms converge to fixed values. Let us say 
— In=9 » GHG. 
The difference 
b=G-g 
is called the divergence of the series 2). 


3. For the series 2) to converge it is necessary and sufficient that 
its divergence b= 0. 
For if A is convergent, 


—e+A<A,,,<Ate , pHl, 2+ 
Thus —e+A<g,<G,< Ate 
Thus the limits G, g exist, and 
G-—g<2e ; orG=g, 
as € > 0 is small at pleasure. 


Suppose now d=0. Then by hypothesis, G, g exist and are 
equal. There exists, therefore, an ”, such that 


g9—€< 9, —9,.424-+e, 
or Gn—Jn 2 
Thus |Anrp—-An|S2e > p=1, 2 


ard A is convergent. 


451. Let the series 
= (a, cos nz + 6, sin nx) 
0 
be such that for each 5 > 0, there exists a subinterval of 
%Y=(— 7,7) 
at each point of which its divergence d<6. Then a,, b, = 0, as 
Nn = 0. é 
For, as in 450, there exists for each z an m,, such that 


| a, cos nz + 5, sin ne | <2 >, n>m, qd 


442 FOURIER’S SERIES 


for any point 2 in some interval 8 of %. Thus if 6 is an inner 
point of 8, z= 6+ 8 will lie in %, if 8 lies in some interval 
B=(p,q). Now 
a, cosn(b + B)+ 6,sinn(d + B) 

= (a, cos nb + 6, sin nb) cos nf — (a, sin nd — 6, cos nb) sin nf. 
a, cosn(b — B)+ 6, sin n(b — B) 


= (a, cos nb + 6, sin nb) cos nB + (4p sinnb — 6, cos nb) sin nf. 


Adding and subtracting these equations, and using 1) we have 


| (a, cos nb + b, sin nb) cos nB | < 
| (a, sin nd — 6, cos nb) sin nB | < a 


for alln>m,. Let us multiply the first of these inequalities by 
cos nb sin n8, and the second by sin nd cos nS, and add. We get 


|a,sinnB,|<6 , By=2B , n>m,. (2 


Again if we multiply the first inequality by sin nd sin 8, and 
the second by cos nb cos nf, and subtract, we get 


|b, sinnB,| <8 , n>m,. (3 
From 2), 3), we can infer that for any e>0 
la,j|<e , |b,|<€ , m>some m, (4 
or what is the same, that a,, >, = 0. 


For suppose that the first inequality of 4) did not hold. Then 
there exists a sequence 
Ny < Ng So SO (5 
such that on setting 


la, |= d+ 6, , 6-70 =210) 
we will have 


b> 8. (6 
If this be so, we can show that there exists a sequence 
Vy <a Vy <iees = 00 
in 5), such that for some f’ in B, 
| a, sin v,8’ | > 6, C7 
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which contradicts 2). To this end we note that y) > 0 may be 
chosen so small that for any 7 and any | 7|<‘%, 


| a,,| cosy > (6 + 8’) cos yy > 6. (8 


Let us take the integer v, so that 


oF TN (@) 
ES 


Th 2 
ae glo aT 2%) 2 2. 


Thus at least one odd integer lies in the interval determined by 
the two numbers 


ye 2 
O28 +%) > C904 — %)- 


Let m, be such an integer. Then 


2 He 
Serer + %)Sm < a Yo) - (10 
If we set 
r=2(mZ—%) ; n=+(m5-+ w) (il 
1 v, 19 0 1 v, 19 0 


we see that the interval B,=(p,, q) lies in B. The length of 
B, is 2y/v,. Then for any 8 in B,, 


yB=motn » |nlS%- 


Thus by 8), 
| a,, sin »,8 | =| 4,,| cosy, > 6. (12 
But we may reason on B, as we have on B. We determine », 
by 9), replacing p, 7 by Pi» %1- We determine the odd integer m, 
by 10), replacing p, q ¥ by Pir G1» 2: The relation 11) deter- 
mines the new interval B, =(pg, q), on replacing m,, 4 by Mg, Y2- 
The length of B, is 2 ¥o/Vas and B, lies in Bit Hol this relation 
of v,, and for any f in B,, we have, similar to 12), 


| a,, sin ¥,8| > . 


In this way we may continue indefinitely. The intervals 
B,>B,>-+ = toa point §’, and obviously for this 8’, the rela- 
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tion 7) holds for any x. Ina similar manner we see that if 6, does 
not = 0, the relation 3) cannot hold. 


452. As corollaries of the last theorem we have: 


1. Let the series 
(a, cos nx + 6, sin nz) @! 


be such that for each 5>0, the points in U=(—7, am) at which 
the divergence of 1) is >6, form an apantactic set in A. Then 
Any 0, = 9, a8 N=. 


n 


2. Let the series 1) converge in , except possibly at the points of 
a reducible set R. Then a,, 6, =9. 


For ® being reducible [318, 6], there exists in % an interval B 
in which 1) converges at every point. We now apply 451. 


re ne) EG) — = (a, cos nx + 6, sin na) 
at the points of L=(— 7, 7), where the series is convergent. At the 
other points of %, let F(x) have an arbitrarily assigned value, lying 
between the two limits of indetermination g, G of the series. If Fis 
R-integrable in %, the coefficients a,, 6, = 9. 

For there exists a division of %, such that the sum of those in- 
tervals in which Osc F >@ is <o. There is therefore an interval 
¥ in which Osc F<o. If & is an inner interval of 9%, the di- 


vergence of the above series is < at each point of R. We now 
apply 451. 


454. Riemann’s Theorem. 


Let F(x) =} 4) + 2(a, cos nx + 6, sin nx)= ZA, converge at 


each point of U=(— 7, 1), except possibly at the points of a redu- 
eible set R. The series obtained by integrating this series termwise, 
we denote by 


el ss 1 3 1 fee) A 
G(r) = i Ayu? — ale cos na + b, sin ne) = 5 Aga ow > ay 


Then G is continuous in A. 
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Let O(u) = Gw+ 2u) + Gw—2u) — 2G). ad 
Then at each point of B= A— R, 
om 2) : 
Dhrereetce eC 
and at each point of A, 
pee (3 
u=0 U 


For, in the first place, since # is a reducible set, a,, 6, = 0. The 
series G is therefore uniformly convergent in %, and is thus a 
continuous function. 

Let us now compute ®. We have 


a,cos n(a + 2u)+ a, cos n(x — 2u)— 2a, cos nx 
= 2a, cos nx (cos 2 nu — 1) 


= — 4a, cos nz sin* nu. 





bs) : : 
ie b,sinn(a+2u) +6, sinn(e—2u) — 26, sin na 
= 2b, sin nxz(cos 2 nu — 1) 
=— 4b, sin nz sin? nu. 
Thus (u) __ 2 4 (sinnu? 
== 2 An 2 
4 0 nu 


if we agree to give the coefficient of A, the value 1. Let us 
give x an arbitrary but fixed value in 8. Then for each e>0, 
there exists an m such that 


Ay +A, te + Ani = F(@)+e 1 |\&l|l<& n2m. 
Thus As =e 44 — Sn 
Hence & 


epee +e + = Ce a «)( 
U 1 


= F(2r)+ = En (2252 I]- E an (4 





sin my 


nu 
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The index m being determined as above, let us take u such that 
ue 4 80 that mc; 
m u 
and break S into three parts 
S,=2 4 Spo) by Sees 
i m+1 «t+] 


where « is the greatest integer < 7/w, and then consider each sum 
separately, as u = 0. 


Obviously ings; 0. 
u=0 
As to the second sum, the number of its terms increases indefin- 
itely as u = 0. 
For any u, 
[|S,|<e2f--f 


m+] 





: 2 ; 2 
a (= ud ae E “| 
mu KU 
sin mu |? 
Gl === | < & 
mu 
since each term in the brace is positive. In fact 


sin v 
v 





is a decreasing function of v as v ranges from 0 to 7, and 
nu<sKku<m , n=mm+i,-«k. 


Finally we consider S;. We may write the general term as 


follows : ' A es 
i y 7 = 2 
Cleese a a 
oe TT 
OW 


sin? (n — 1)u—sin? nw _ — sin Gn Ds 
nut nay? Senne 
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Thus Bar 1 1 aes 
Cee ioocs Sul 
| |S (rn —1)? epee 

hoe hs 
~~ 742 kw? 
: ea | “dx 1 
since ee) a ot 
23 x ge xk 
But ie , orcuSr—4. 
u 
Thus 
18,|<e{ G+ : |. 
(r—u)? w—uU 
Hence 


S=S,+ 8,+ 8,= 0, asu= 0, 
which proves the limit 2), on using 4). 
To prove the limit 3), we have 
P(u) _ $ wA, (2 my ae 
4u A nu 


Let us give wa definite value and break 7 into three sums. 


where m is chosen so that 


[A,J|<€ , n>m; 
a 
T, =>, 


m+1 


where 2 is the greatest integer such that 


Au <1; 

and © 

T, = 2. 

A+ 
Obviously for some M, 

| 7,| Sum. 
#180 |T,|<urase 

since 


- 2 
(= mt) Pats 
nu 
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As to the last sum, 


eal 1 , 1 
ZS Sh eff. == 8) isincee—— A; 
[M17 dass < 1 - 
<e. 
Thus T=-0 , au=0. 


455. Schwarz-Liiroth Theorem. 
In Y =(a < b) let the continuous function f(x) be such that 


S(a, w) _f@ ee u) + f(@ ct wu) — 2f(2) ae 0, as u= 0, qa 


ur 





except possibly at an enumerable set E in A. At the points G, let 
Us (@, u) = 0 as u = 0. (2 
Then f is a linear function in %. 


Let us first suppose with Schwarz that €=0. We introduce 
the auxiliary function, 


g(#) = nL (a) — 4e(x— a) (e— 5), 
L(2) = f(@) —f(@) — 5; — FF ®) -F@} 


7 = +1, and ¢ is an arbitrary constant. 


where 





The function g(x) is continuous in YW, and g(a) =g(b)= 0. 


Moreover 9@ Fu) ge — 4) 29) - 5 
ES 


5 as u = 0. 
U 





Thus for all 0<u< some 6, 
G=g(a+u)+g(a@—u)—2g9(2)>0. (3 
From this follows that g(#)<0 in Y. For if g(x)>0, at any 
point in Yf, it takes on its maximum value at some point & within YW. 
ems g(E+u—9(B)<0 , gE-w—9 <0, 


for 0 <u<, 8 being sufficiently small. Adding these two in- 
equalities gives G <0, which contradicts 3). Thus g<0 in Y. 


Let us now suppose L + 0 for some z in A. We take ¢ so small 
that 
sgng=sgn7Ll =nsen L. 
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But 7 is at pleasure +1, hence the supposition that L+#0 is 
not admissible. Hence L = 0 in Y, or 





f@Q=LO-FIO)-FO} C 
is indeed a linear function. 


Let us now suppose with Liiroth that €>0. We introduce the 
auxiliary continuous function. 


h(z)= L(2)+ c(a@—a)* , e>0. 
anus a= 0. gy ache a)? 
Suppose at some inner point & of 
L(é)> 9. (5 
This leads to a contradiction, as we proceed to show. For then 
h(E) — h(b) = L(E) + cf (E — «2 — (6 — a)4>0, 
provided ie L(é) ae 
(6 —a)?—(€—a)? 





We shall take ¢ so that this inequality is satisfied, ¢.e. ¢ lies in 
the interval € =(0*, C*). Thus 


h(E) > h(b) > h(a). 


Hence A(z) takes on its maximum value at some inner point e 
of %. Hence for §>0 sufficiently small, 


h(e+ujy—h(e)<9 , h(e—wy—h(e)<0 , Os or 66 


H 
ence ee = Ate + w+ A=W) BAO) < 0. (7 


Now if e is a point of Y—G, 


lim A(e, u)=2e>0. 
u=0 


But this contradicts 7), which requires that 
lim H(e, u) <9. 
u=0 
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Hence e is a point of €. Hence by 2), 
h(e + u)— he) alte u)—h(e) = 9 0 
u u 





By 6), both terms have the same sign. Hence each term = 0. 
Thus for u>0 


0=lim h(e+ u)— he) a lim £2 tM - LO Pe Ga ke) 
u=0 +U +U b—a 


+2c(e—a). 
Hence f= LOI® + 2c(e—a). (8 


Thus to each ¢ in the interval G, corresponds an e in G, at which 
point the derivative of f(z) exists and has the value given on the 
right of 8). On the other hand, two different c's, say ¢ and ec’, in 
€ cannot correspond to the same e¢ in G. 

For then 8) shows that 

c(e—a)=c'(e—a), 
PrEnS. e>a, e=c. 

Thus there is a uniform correspondence between € whose cardi- 
nal number is ¢, and & whose cardinal number is e, which is absurd. 
Thus the supposition 5) is impossible. In a similar manner, the 
assumption that Z < 0 at some point in Y, leads to a contradiction. 
Hence L=0 in %, and 4) again holds, which proves the theorem. 


456. Cantor's Theorem. Let 
dayt+ = (a, cos nz + 6, sin nz) qd 
converge to 0 in U=(—7T, 7), except possibly at a reducible set KR, 


where nothing is asserted regarding its convergence. Then tt con- 
verges to 0 at every point in IU, and all its coefficients 


yy Wy) Ay ++ Dy, by, bg +> = 0. 


For by 452, 2, a,, b,+0. Then Riemann’s function 


f@=+}t ag? S(t cos nx + b, sin nx) 
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satisfies the conditions of the Schwarz-Liroth theorem, 455, since 2 


is enumerable. Thus f (2) is a linear function of 2 in YI, and has 
the form a+ Bz. Hence 


[2] 
a+ Br—faez=—> 
1 


| 


5(4n COS nx +6, sin nz). (2 


3 


The right side admits the period 27, and is therefore periodic. 

Its period » must be 0. For if » > 0, the left side has this 
period, which is absurd. Hence »=0, and the left side reduces 
to a constant, which gives 8=0,a,=0. But in A—R, the right 
side of 1) has the sum 0. Hence a=0. Thus the right side of 
2) vanishes in Y. As it converges uniformly in 9, we may deter- 
mine its coefficients as in 486. This gives 


G0 3 b,=0 5 n=1,2... 


CHAPTER XIV 
DISCONTINUOUS FUNCTIONS 


Properties of Continuous Functions 


457. 1. In Chapter VII of Volume I we have discussed some 
of the elementary properties of continuous and discontinuous 
functions. In the present chapter further developments will be 
given, paying particular attention to discontinuous functions. 
Here the results of Baire* are of foremost importance. Le- 
besgue + has shown how some of these may be obtained by sim- 
pler considerations, and we have accordingly adopted them. 

2. Let us begin by observing that the definition of a continu- 
ous function given in I, 339, may be extended to sets having iso- 
lated points, if we use I, 339, 2 as definition. 

Let therefore f(a, «+ %m) be defined over Y, being either limited 
or unlimited. Let abe any point of %. If for each e > 0, there 
exists a 6 > 0, such that 


lf) -—fl@|<«6 for any z in V;(a), 
we say f 7s continuous at a. 


By the definition it follows at once that fis continuous at each 
isolated point of %. Moreover, when a is a proper limiting point 
of %, the definition here given coincides with that given in I, 339. 
If f is continuous at each point of %f, we say it is continuous in A. 
The definition of discontinuity given in I, 347, shall still hold, 
except that we must regard isolated points as points of con- 
tinuity. 

* « Sur les Functions de Variables réeles,’? Annali di Mat., Ser. 8, vol. 8 
(1899). 

Also his Lecons sur les Functions Discontinues. Paris, 1905. 

t Bulletin de la Société Mathématique de France, vol. 82 (1904), p. 229. 

452 
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3. The reader will observe that the theorems I, 350 to 354 
inclusive, are valid not only for limited perfect domains, but also 
for limited complete sets. 


458. 1. If f(a, +++ %m) 18 continuous in the limited set A, and its 
values are known at the points of B < Y, then f is known at all 
points of B! lying in I. 

For let 6,, 62, 63 «++ be points of 8, whose limiting point 6 lies 
in Y. Then 

lim f(®,) =S@)- 


2. If f is known for a dense set Bin A, and is continuous in Mf, 
f is known throughout . 


For BI > Y. 


3. If f (2, +++ tm) ts continuous in the complete set A, the points 
B in X where f=c, a constant, form a complete set. If U is an 
interval, there is a first and a last point of B. 


Vor f= cake = cj aye: which = «; we have therefore 


f(a) =limf (a) =. 


459. The points of continuity © of F(ay-+ Im) mA lie m a 
deleted enclosure . If U is complete, R = &. 


For let ¢, >& >-: = 0. For each ¢,, and for each point of 
continuity ¢ in Y, there exists a cube Q whose center is ¢, such that 


Ose f < Ens ike we 

Thus the points of continuity of f lie in an enumerable non- 
overlapping set of complete metric cells, in each of which 
Osc f<e¢,- Let O, be the inner points of this enclosure. Then 
each point of the deleted enclosure 

& = Dv {O,5 

which lies in % is a point of continuity of f. For such a point ¢ 
lies within each Q,. 

Leki Osc f < «, in V;(e¢), 
for 5 > 0 sufficiently small and n sufficiently great. 
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Oscillation 
460. Let w; = Osc f (21° Zn) in V3(a@). 


This is a monotone decreasing function of 6. Hence if @, is 


finite, for some 6 > 0, 
o = lima; 


5=0 
exists. We call o the oscillation of f at x = a, and write 
wo = Oscf. 
“=a 


Should w; = + 0, however small 6 > 0 is taken, we say o = + 0. 
When » = 0, f is continuous at 2 = a, if a isa point in the domain 
of definition of f. When » > 0, fis discontinuous at this point. 
It is a measure of the discontinuity of f atx = a; we write 


woi==uDISC fi (uta ap) 
461. 1. Let 
d= Diseyy @,-- ¢,) > ee = Dise g(ay---4,.)3 


atx=a. Then 
|d-e|<Disc(ftg)<dte. 


For in V3(a), 
| Ose f — Ose g| < Ose( f+ g) < Ose f + Ose g. 
2. If f 1s continuous at x = a, while Disc g = d, then 
Dise (f + 9) = d. 
For f being continuous at a, Disc fr 0; 
BALI Disc g < Dise( f+ 9) < Disc g = d. 
3. If c is a constant, 
Disc (of) =|¢|Disef_, at z = a. 
Osc (cf) =|¢e|Oscf , in any V3(a). 
4. When the limits 
f@—0) , f(@+9) 


For 
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exist and at least one of them is different from f(2), the point 2 
is a discontinuity of the first kind, as we have already said. 
When at least one of the above limits does not exist, the point x 
is a point of discontinuity of the second kind. 


462. 1. The points of infinite discontinuity 3 of f, defined over 
a limited set U, form a complete set. 


For let 1,, 4 --+ be points of 3, having & as limiting point. 
Then in any (4) there are an infinity of the points ¢, and hence 
in any V(k), Osef=+o0. The point & does not of course 
need to lie in 2%. 


2. We cannot say, however, that the points of discontinuity of 
a function form a complete set as is shown by the following 


Example. In &=(0, 1), let f (2) =a when z is irrational, and 
—0 when z is rational. Then each point of % is a point of dis- 
continuity except the point x=0. Hence the points of disconti- 
nuity of f do not form a complete set. 


3. Let f be limited or unlimited in the limited complete set %. 
The points R of A at which Ose f = k form a complete set. 


For let a, 4°: be points of & which =a. However small 
8 >0 is taken, there are an infinity of the a, lying in V(a). But 
at any one of these points, Oscf>k. Hence Osc f =k in Vs (a), 
and thus a lies in &. 

4. Let f (21+: Um) be limited and R integrable in the limited set %. 
The points R at which Ose f =k form a discrete set. 

For let D be a rectangular division of space. Let us suppose 
&> > some constant ¢ > 0, however D is chosen. In each cell 6 


of D, 
Osc f =k. 


Hence the sum of the cells in which the oscillation is > & can- 
not be made small at pleasure, since this sum is ®>. But this 
contradicts I, 709, 5. : 

5. Let f(a, + tn) be limited in the complete set 1. If the points 
R in U at which Osc f 2 k forma diserete set, for each k, then f is 
R-integrable in %. 
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For about each point of Y&— Ras center, we can describe a cube 
© of varying size, such that Ose f<2kin ©. Let D be a cubical 
division of space of norm d. We may take d so small that 
®, = Sd, isas small as we please. The points of 2 lie now within 
the cubes © and the set formed of the cubes d,. By Borel’s 
theorem there are a finite number of cubes, say 


Uky sy Uby O89 


such that all the points of % lie within these y’s. If we prolong 
the faces of these n’s, we effect a rectangular division such that 
the sum of those cells in which the oscillation is > 2% is as small 
as we choose, since this sum is obviously < ®p. Hence by I, 700, 
5, f is R-integrable. 


6. Let f (2, +++ %m) be limited in U; let its points of discontinuity 
in%X be D. If f is R-integrable, D ts a null set. Lf Wis complete 
and D is a null set, f is R-integrable. 

Let f be R-integrable. Then D is anull set. For let ¢,>¢, 
>..+=0. Let D, denote the points at which Osc f>e,. Then 
D = §{D,}. But since fis R-integrable, each D, is discrete by 4. 
Hence D is a null set. 

Let 2 be complete and Da null set. Then each D, is complete 
by 8. Hence by 365,,=®,- As D = 0, we see , is discrete. 
Hence by 5, f is R-integrable. 

If % is not complete, f does not need to be R-integrable when 
D is a null set. 


Example. Let %, = {} eee Repo a ee 


Let y= Wt, + 2: 
Let F(@) == 5 fhe we a, 
=1 in a 


Then each point of Wis a point of discontinuity, and Y= 9. 
But %,, %, are null sets, hence Y is a null set. 
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On the other hand, 


f= a 9 f= 0, 
wt = 
and f is not R-integrable in Y. 


Pointwise and Total Discontinuity 


463. Let f(2,--- 2m) be defined over %. If each point of Y is a 
point of discontinuity, we say f is totally discontinuous in %. 

We say f is pointwise discontinuous in Y, if f is not continuous 
in Y= fa, but has in any V(a@) a point of continuity. If f is 
continuous or pointwise discontinuous, we may say it is at most 
pointwise discontinuous. 


Example 1. A function f(% +++ 2m) having only a finite number 
of points of discontinuity in 2 is pointwise discontinuous in Y. 


Example 2. Let 
f(x)=0 , for irrational x in A = 0, 1) 


1 m 
= 5 forz=— 
n n 


ei ea fora=i0;1, 

Obviously f is continuous at each irrational x, and discontinuous 
at the other points of %. Hence f is pointwise discontinuous 
in Y. 

Example 8. Let D be a Harnack set in the unit interval 
%=(0,1). In the associate set of intervals, end points included, 
let f(v7)=1. At the other points of W, let f=0. As D is 
apantactic in UW, f is pointwise discontinuous. 


Example 4. In Ex. 3, let D=€E+§H, where € is the set of end 
points of the associate set of intervals. Let f=1/n at the end 
points of these intervals belonging to the n™ stage. Let f =9 in 
%. Here f is defined only over D. The points § are points of 
continuity in®. Hence f is pointwise discontinuous in D. 


Example 6. Let f(x) be Dirichlet’s function, ¢.e. f = 0, for the 
irrational points 3 in %=(0, 1), and = 1 for the rational points, 
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As each point of % is a point of discontinuity, f is totally discon- 
tinuous in %. Let us remove the rational points in Y; the deleted 
domain is $. In this domain f is continuous. Thus on removing 
certain points, a discontinuous function becomes a continuous 
function in the remaining point set. 

This is not always the case. For if in Ex. 4 we remove the 
points §, retaining only the points ©, we get a function which is 
totally discontinuous in G, whereas before f was only pointwise 
discontinuous. 


464. 1. If f(a, +++ tm) ts totally discontinuous in the infinite com- 
plete set YU, then the points d,, where 


Dise f = o —o > 0, 
form an infinite set, if w is taken sufficiently small. 


For suppose >, were finite however small is taken. Let 
@,>0,>+:=+0. Let D,, D,, «+» be a sequence of superposed 
cubical divisions of space of norms d,=0. We shall only con- 
sider cells containing points of %. Then if d, is taken sufficiently 
small, D, contains a cell 6,, containing an infinite number of 
points of Y%, but no point at which Disef>o,. If d, is taken 
sufficiently small, D, contains a cell 6,<6,, containing no point 
at which Disc f >,. In this way we get a sequence of cells, 


oe One sae 


which = a point p. As Y is complete, p lies in YW. But f is 
obviously continuous at p. Hence f is not totally discontinuous 


in Mf. 


2. If YW is not complete, bd, does not need to be infinite for 
any o> 0. 


( 
Example. Let Y= ea ,n=1,2,--- and m odd and <2". At 
m il ee i é : 
an let f= < Then each point of % is a point of discontinuity. 


But 0, is finite, however small w > 0 is taken. 


3. We cannot say fis not pointwise discontinuous in complete 
A, when }, is infinite. 
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Example. At the points {=} =, let f=0; at the other 
n 


points of Y= (0, 1), let f=1. 

Obviously f is pointwise discontinuous in %. But d, is an 
infinite set for «<1, as in this case it is formed of Jt, and the 
point 0. 


Examples of Discontinuous Functions 


465. In volume I, 330 seg. and 348 seg., we have given ex- 
amples of discontinuous functions. We shall now consider a few 
more. 


Example 1. Riemann’s Function. 
Let (x) be the difference between x and the nearest integer ; 
and when « has the form n+4, let (v7)=0. Obviously (7) has 


the period 1. 
It can be represented by Fourier’s series thus: 





1 (sin2a72 sin2-2a2 , sin3-.272 
@=2| at cian Bornes + ge amar SWPP to kO 
Riemann’s function is now 
— (nr) 
F(a)= (2 
1 


This series is obviously uniformly convergent in %& =(—, 00). 
Since (2) has the period 1 and is continuous within (—4, 4), 


we see that (nz) has the period £ and is continuous within 
n 
(- >). The points of discontinuity of (mz) are thus 
2n 2n 


G= {+5 ;. 8=— 0,21, +2, --- 


Let €={G,}. Then at any z not in G, each term of 2) is a con- 
tinuous function of z. Hence #'(«) is continuous at this point. 

On the other hand, F is discontinuous at any point e of € For 
F being uniformly convergent, 


Rlim F(2)=2R lim © 3 


w=e 


Liim F(e)==L lim ao. re 
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We show now that 3) has the value 





2 2s+1 ; ‘ 

F(e)— Tae for e= Pak e irreducible. (5 
and 4) the value : 
T 

elles E 6 

LO 16 n? C 
Hence a 
Dise F(2)= see’ C7 


To this end let us see when two of the numbers 


ale ee rand al + mean 
2m m 2n 
are equal. If equal, we have 


2r+1 2841 
m n 





(8 


Thus if we take 2s+1 relatively prime to n, no two of the num- 
bers in ©, are equal. Let us do this foreach n. Then no two of 
the numbers in € are equal. 

Let now z=e= = + 2. Then (mz) is continuous at this point, 

n n 
unless 8) holds; ¢.e. unless m is a multiple of n, say m=In. In 
this case, 8) gives 
2rt1=1(2s+1). 


Thus 7 must be odd; J=1, 3,5.--- In this case (mz) =0 at e, 


while R lim (mz)=—4. When m is not an odd multiple of 2, 
obviously lim (mx) = (me). 


Thus when m= ln, / odd, 





When m is not a multiple of n, 


Rim (™) — (m2), 
z=e mM m 
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Hence 





Tie il tal 
cyte F@)=FO-salptat at sa 


= F(e)— by 218. 


2 
16 n? 

This establishes 5). Similarly we prove 6). Thus #(@) is 
discontinuous at each point of € As 


1 
ni 

F is limited. As the points € form an enumerable set, / is 

R-integrable in any finite interval. 


466. Example 2. Let f(x)=0 at the points of a Cantor set 
C= M+ a,d,+++; m=O, ora positive or negative integer, and the 
as=0 or 2. Let f(z) =1 elsewhere. Since f(z) admits the 


period 1, f (3 nz) admits the period ss Let C, be the points of 
n 


@ which fall in %=(0,1). Let D, be the corresponding set of 
intervals. Let C,= 0,+T,, where I, is obtained by putting a 
(, set in each interval of D,. Let D, be the intervals correspond- 
ing to G,. Let C;= C,+ I, where T,, is obtained by putting a C, 
set in each interval of D,, etc. 


The zeros of f (3 nz) are obviously the points of C,. Let 
ni 
Fay Gf nz) = 2)- 


The zeros of F are the points of € = £0}. Since each C,, is a null 
set, © is also a null set. Let A=A%—G. The points A, € are 
each pantactic in 2. Obviously £ converges uniformly in Y, 
since 0<f(3 nz) <1. Since f,(z) is continuous at each point a 
of A, F is continuous at a, and 

iL ack 


1 
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a 


We show now that F is discontinuous at each point of ©. For 
let e,, be an end point of one of the intervals of D,,,, but not of 
D,,- Then 


Hence I =e eel Ahr) ene 


As the points A are pantactic in %, there exists a sequence in 
A which =e. For this sequence = H. Hence 


Disc F= H— H,, = H,,. 


I=Cm 


Similarly, if 7, is not an end point of the intervals D,,,,, but a 
limiting point of such end points, 


Disc = H,,. 


71m 


The function Fis R-integrable in % since its points of discon- 
tinuity € form a null set. 


467. Let €=}e,...,,{ be an enumerable set of points lying in the 
Limited or unlimited set A, which les in KR. For any x in % and 


any e, in &, letx—e,liein B. Let g(a, +++ %_,) be limited in B and 
continuous, except at x= 0, where 


Diseg@)=0d; 
Let C= Xe,,...,, converge absolutely. Then 
F (ay +++ &p,) = Ze, g(a — ¢,) 
7s continuous in A=%A—E, and atr=e,, 
Dise F (@) =. 


For when 2 ranges over YW, «—e, remains in B, and g is limited 
in 8. Hence F is uniformly and absolutely convergent in QM. 
Now each g(a —e,) is continuous in A; hence F is continuous 


in A by 147, 2. 
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On the other hand, F is discontinuous at z=e,. For 
F(x) =¢,9(@—¢,) + H@), 
where H is the series F after removing the term on the right of 
the last equation. But H, as has just been shown, is continuous 
at x= €e,. 
468. Example 1. Let €={e,} denote the rational numbers. 


Let g@)=sin= , 7#0 
x 


= 0 4 z=. 


ae F@)=S+y(@-e) 5 w>1 
iv) 


is continuous, except at the points €& Atr=é,, 


Wed eer 
rs 


ne 
Example 2. Let €=fe,} denote the rational numbers. 
Let 





MCD Toe ss ik eh 


=0.5)02'=0, 


=1 5 c#0 


which we considered in I, 331. 
Th if 
- F(a) = Y9(@— &) 
is continuous, except at the rational points, and at 7= é@m, 
F i 
Dise F'(4) = ae 


469. In the foregoing g(x) is limited. This restriction may be 
removed in many cases, as the reader will see from the following 
theorem, given as an example. 


Let E =§e,,...,,3 be an enumerable apantactic set in A. Let €= 
(BE, E'). For any x in X, and any e, in E, let x—e, lie within a 
cube B. Let g(x1+*+ tm) be continuous in B except at x=0, where 
g=tu,asr=0. Let dey. be a positive term convergent series. 
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sas F (4 ++» tm) = B0g(@— &) 


is continuous in A=A—G. Onthe other hand, each point of € is a 
point of infinite discontinuity. 


For any given point z=a of A lies at a distance > 0 from &. 


Thus ; 
Min (a —e,) > 9, 
as x ranges over some V,(a@), and e, over Ez. 


Hence |g@—~e,) |< some M, 
forzin V,(a), and e,in #. Thus F is uniformly convergent at 
a=a. As each g(x—e,) is continuous at =a, F is continuous 
at a. 

Let nextx=e,. Then there exists a sequence 


Uo eee ep ad 


whose points lie in A. Thus the term g(w~— e¢,)= + as xv ranges 
over 1). Hence a fortiori F=+0. Thus each point of # isa 
point of infinite discontinuity. 

Finally any limit point of # is a point of infinite discontinuity, 
by 462, 1. 


470. Example. Let g(x) aid . == 2 puede Ls 
x a” 





— I : 
asa! 
eS F(a) = Se,g(a— ay) 
Lc. ae 
ni1+a" 
is a continuous function, except at the points 
o smeiailtstiv airs an 


atbpeaas Ge 
which are points of infinite discontinuity. 
471. Let us show how to construct functions by limiting 


processes, whose points of discontinuity are any given complete 
limited apantactic set € in an m-way space R,». 
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1. Let us for simplicity take m = 2, and call the codrdinates of 
a point gz, y. 

Let Q denote the square whose center is the origin, and one of 
whose vertices is the point (1, 0). 

The edge of Q is given by the points a, y satisfying 





lz +|yl=1 a 
Thus 1 4, on the edge 
C(,y) = lim = 1, inside (2 
hl Pi be) Hebe) =| ae 
0, outside 


of the square Q. Hence 


Ki b nil—|2|—lyf} 
La, y) = a2 lim 7 eerie 





* on the edge, (3 
0, off the edge. 
Thus 


Ea y=@ayt+ L(@y)= {° ait Q. 


2. Wenext show how to construct a function g which shall = 0 
on one or more of the edges of Q. Let us call these sides e,, €, 3, &4, 
as we go around the edge of @ beginning with the first quadrant. 
If G@ = 0 on e, let us denote it by G4; if G=0 one, & let us 
denote it by &.. etc. We begin by constructing G,. We observe 


that 
1 — lim n\|t} (1, for.¢ 0, 


Re mitt (& for FeO 
Now the equation of a right line 7 may be given the form 
xcosa+ysna=p 
where 0<a<27, p= 0. Hence 


n|z cos a+ y sin a—p| {1, on J, 


Z(a,y)=1—lim seca tysina—p| (0, off 2. 


If now we make J coincide with e,, we see that 


1, on é,, 


Fy(x y= 22 LG Y= 19 See 


Hence 
1, in Q except on 4, 


G1, Y= FQHY)— By (% ¥) = fy on e, and without @. 
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In the same way, 


G,= G-—(#,+ &), 
G = G —(E,+ E;+ F,), 


ue 
Gogg = G — (H+ E+ Ei, + 4). 


By introducing a constant factor we can replace @ by a square 
Q, whose sides are in the ratio ¢: 1 to those of Q. 


[E on the edge of Q,, 


Thus 1 ont 
Chen y) — ii 1 eh (4 i lly ik. inside, 


0, outside. 


We can replace the square @ by a similar square whose center 
is a, b on replacing |x|, |y| by |e€—@, |y— 4]. 

We have thus this result: by a limiting process, we can con- 
struct a function g(a, y) having the value 1 inside Q, and on any 
of its edges, and = 0 outside Q, and on the remaining edges. 
Q has any point a, } as center, its edges have any length, and its 
sides are tipped at an angle of 45° to the axes. 

We may take them parallel to the axes, if we wish, by replacing 
|z|, |y| in our fundamental relation EDY 


lz—y| » |e +yl- 
Finally let us remark that we may pass to.m-way space, by re- 
placing 1) by 
[2 | + |e] +++ +|%m| = 1. 


3. Let now O = §q,} be a border set [328], of non-overlapping 
squares belonging to the complete apantactic set ©, such that 
O+€C=R the whole plane. We mark these squares in the 
plane and note which sides q, has in common with the preceding 
q's. We take the g,(zy) function so that it is=1 in q,, except 
on these sides,-and there 0. Then 


G(a, y) = 29n(2y) 


has for each point only one term +0, if z, y lies in. ©, and no 
term + 0 if it lies in €. 


Hence Gane {a for each point of Q, 
0, for each point of C. 
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Since € is apantactic, each point of € is a point of disconti- 
nuity of the 2° kind; each point of O is a point of continuity. 


4. Let f(y) be a function defined over 2% which contains the 
complete apantactic set ©. 
Then 


BOY) =f Cy) 9.Gy) = 


472. 1. Let %&= (0,1), %,= the points BOs in 2. 





Dn 
Then %,, 8, have no points in common. 
Vet f,(¢) = 1in %,, and = 0'in B, =A — B,. 
Let B= {%,}. Then 
2 1, in B 
F => — 9 b) 
Ce eGE) (a =X 


The function F' is totally discontinuous in &, oscillating be- 
tween 0 and 1. The series # does not converge uniformly in 
any subinterval of 2. 


2. Keeping the notation in 1, let 
1 
G2) => ~fn(z). 
vt cadhGpoint of Ging eee, while’ 0in!P? 
n 


The function G is discontinuous at the points of 8, but con- 
tinuous at the points B. The series G converges uniformly in 
%, yet an infinity of terms are discontinuous in any interval in Y. 


473. Let the limited set % be the union of an enumerable set 
of complete sets {2,}. We show how to construct a function f, 
which is discontinuous at the points of 2, but continuous else- 
where in an m-way space. 

Let us suppose first that % consists of but one set and is com- 
plete. A point all of whose coérdinates are rational, let us call 
rational, the other points of space we will call non-rational. If 4 
has an inner rational point, let f= 1 at this point, on the frontier 
of % let f=1also; at all other points of space let f= 0. Then 
each point a of 9% is a point of discontinuity. For if 2 is a fron- 
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tier or an inner rational point of %, f(z) =1, while in any V(x) 
there are points where f=0. If # is not in %, all the points of 
some D(«) are also not in Wf. At these points f=0. Hence f is 
continuous at such points. 

We turn now to the general case. We have 


Ma Ai at Bat vee 


where A, = %,, A, = points of 2, not in Y,, etc. Let f,=1 at the 
rational inner points of A,, and at the frontier points of 2%; at all 
other points let f,=0. Let tg = 4 at the rational inner points of 
A,, and at the frontier points of A, not in A,; at all other points 
let f,=0. At similar points of A, let f,= 4, and elsewhere = 0, 
etc. 


Consider now F=f,(21+** 2m): 


Let 2=a bea point of Y. If it is an inner point of some A,, 
it is obviously a point of discontinuity of F. If not, it is a proper 
frontier point of one of the A’s. Then in any D(a) there are points 
of space not in Y, or there are points of an infinite number of the 
A’s. In either case a is a point of discontinuity. Similarly we 
see F is continuous at a point not in WU. 


2. We can obviously generalize the preceding problem by sup- 
posing % to lie in a complete set B, such that each frontier point 
of & is a limit point of A=B— Y. 

For we have only to replace our m-way space by %. 


Functions of Class 1 


474. 1. Baire has introduced an important classification of 
functions as follows: 

Let f(a1-+-%m) be defined over U; f and A limited or unlimited. 
If f is continuous in %, we say its class is 0 in %, and write 


Class f=0 , or Clf=0 , Mod Y. 
f= lim f,(@ ae Tae 


each f, being of class 0 in %, we say its class is 1, if f does not he 
in class 0, mod YY. 


If 
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2. Let the series F(®)=3f,(2) 

converge in %, each term f, being continuous in Y. Since 
F@)=lim #,(), 

we see F is of class 0, or class 1, according as /# is continuous, or 
not continuous in Y%. A similar remark holds for infinite prod- 
picts G@y=tlg2). 

3. The derivatives of a function f(z) give rise to functions of 
class 0 or 1. For let f(z) have a unilateral differential coeffi- 
cient g(x) at each point of %. Both f and A may be unlimited. 


To fix the ideas, suppose the right-hand differential coefficient 
exists. Let hj >h,>--=0. Then 


In(L) = fat h—L@), z+h, in I, 


is a continuous function of xin Y. But 
g(a) = lim 9, (2) 
exists at each x in & by hypothesis. 


A similar remark applies to the partial derivatives 


CE ig eek 
ax, OXLm 
of a function f(a, --- Z,)- 


4, Let FUL) = lim fC eee Ln) 


each f, being of class 1 in &. Then we say, Cl f= 2 if f does not 
lie in a lower class. In this way we may continue. It is of 
course necessary to show that such functions actually exist. 


475. Example 1. 


1, fora >.0, 
0, for 2 = 0. 





OR 

This function was considered in I, 331. In any interval 
%= (0 <b) containing the origin z = 0, Cl,f = 1; in any inter- 
val (a <6), a > 0, not containing the origin, Cl f= 0. 
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Example 2. 
ie f(z) = lim ™% =0, in %=(— », ©). 
n=0 6" 
The class of f(z) is 0 in Y. Although each f, is limited iu Y, 
the graphs of f, have peaks near x = 0 which = o, as n = 0. 


Example 3. If we combine the two functions in Ex. 1, 2, we 


t 
os 1 1 ned oie 


ae ate 
ACh Gere: Pane ces efi MD: 


Hence Cl f(x) =1 for any set 8 embracing the origin ; = 0 
for any other set. 


Example 4. 

a 
io if ey =m ve” » in &= 0, 1). 
Then 


5.) = 0 tore — 0 
1 
=ze* , forz>Q0. 


We see thus that f is continuous in (0*, 1), and has a point of 
infinite discontinuity at 2 = 0. 


Hence Class f (z)=1, in 
=a a 1% 





Example 6. 
Let 
: f(@)=lim—,  inX=(0,@). 
n=00 re es 
n 
Then iz) a san Loria 0 
x 
=-+0  forrz= 0. 
Here lim f, (2) 


does not exist at x= 0. We cannot therefore speak of the class 
of f(z) in Y since it is not defined at the point = 0. It is 
defined in 8 = (0*, co), and its class is obviously 0, mod %. 
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Example 6. 


Let 
‘ f(z) =sin = , forrz+090 


=aconstante , forz=0. 


We show that Cl f=1in Y=(—0, 0). For let 








Hho a) nx ; 1 
fn) o( 1 + nz Pies 1 
r+- 
l n) 
Now by Ex. 1, 
. 0, forz>0 
] = b) 9 
WEY, eee eae 
while sin bs for xz >0 
lim A, (©) = x : 
0, forar== 0. 


As each f, is continuous in %, and 
lim f, (2) = (2) in &, 


we see its class is <1. As f is discontinuous at z = 0, its class 
is not 0 in Y. 


Example 7. Let Pian 1 Ein o 
cll x, 

Here the functions f,(x) under the limit sign are not defined 
forz=0. Thus f is not defined at this point. We cannot there- 
fore speak of the class of f with respect to any set embracing the 
point ~=0. For any set 8 not containing this point, Cl f= 9, 
since f (2) = 0 in &. 


4 =) 1 1 
Let us set o(x) =sin aa for #0 


=aconstante , forrz=0. 


Let g(x) = lim * $(2) = lim p,(z)- 
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Here g is a continuous function in Y= (—, 0). Its class is 
thus 0 in 9. On the other hand, the functions ¢, are each of 
class 1 in Qf. 


Example 8. : (1 re ai 
II 
i 


is defined at all the points of (—o, «) except 0, —1, — 2, oss 
These latter are points of infinite discontinuity. In its domain 
of definition, I’ is a continuous function. Hence C1I'(v) =0 
with respect to this domain. 


476. 1. If, limited or unlimited, is the union of an enumerable 
set of complete sets, we say YU is hypercomplete. 


Example 1. The points S* within a unit sphere S, form a 
hypercomplete set. For let =, have the same center as S, and 
radius r<1. Obviously each %, is complete, while {=,} = S*, r 
ranging over 7;}<1,<--- = 1. 


Example 2. An enumerable set of points a,, a, --- form a hyper- 
complete set. For each a, may be regarded as a complete set, 
embracing but a single point. 


2. Tf U,, U,--» are limited hypercomplete sets, so is their union 


{U5 = YU. 


For each Y,, is the union of an enumerable set of complete sets 
Xn, Lhus U= {%,.{ m, v=1, 2... is hypercomplete. 


Let X be complete. If B is a complete part of XA, A=A—B is 
hypercomplete. 


For let Q = {q,} be a border set of %, as in 828. The points 
A, of A in each q, are complete, since % is complete. Thus 
A={4A,}, and A is hypercomplete. 


Let X= §A,} be hypercomplete, each A, being complete. If B ts 
a complete part of Ut, A = X— B is hypercomplete. 


For let A, denote the points of 9%, not in 8. Then as above, 
A, is hypercomplete. As A= §A,}, A is also hypercomplete. 
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477. 1. ©, Sets. If the limited or unlimited set % is the union 
of an enumerable set of limited complete sets, in each of which 
Osc f<e, we shall say % ts an ©, set. If, however small e>0 is 
taken, 2 is an ©, set, we shall say % is an &, set, e+0, which we 
may also express by €,.y. 


2. Let f(a,-++ 2%) be continuous in the limited complete set YA. 
Then X is an &, set, «= 0. 


For let e>0 be taken small at pleasure and fixed. By I, 353, 
there exists a cubical division of space D, such that if %, denote 
the points of %& in one of the cells of D, Ose f<ein&,. As Y, is 
complete, since 9 is, 2 is an &, set. 


3. An enumerable set of points A =fa,} 1s an Cz» set. 


For each a, may be regarded as a complete set, embracing but 
a single point. But in a set embracing but one point, Osc f= 0. 


4. The union of an enumerable set of ©, sets X= {An} 18 an &, set. 


For each %, is the union of an enumerable set of limited sets 
Wn = {Um nfs m= 1, 2,--- and Ose f<e in each %,,,. 


Thus A = {Ann} ; m,n=1, 2, ss 


But an enumerable set of enumerable sets is an enumerable set. 
Hence Y% is an &, set. 


5. Let f(a, +++ %) be continuous in the complete set U, except at the 
points D=d,,d,---d,. Then U 1s an G20 set. 

For let e>0 be taken small at pleasure and fixed. About each 
point of D we describe a sphere of radius p. Let %, denote the 
points of % not within one of these spheres. Obviously Y, 1s com- 
plete. Let p range over ry >7,>-:: =90. If we set A= A+D, 
obviously A=§%,3. As f is continuous in %,,, it is an ©, set. 
Hence %, being the union of A and 9, is an &, set. 


478. 1. Let Ube an G, set. The points D of A common to the 
limited complete set B form an &, set. 

For % is the union of the complete sets %,, in each of which 
Oscf<e. But the points of 2%, in 6 form a complete set A,, and 
of course Oscf<ein A,. As D={A,}, it is an ©, set. 
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2. Let X be a limited ©, set. Let B be a complete part of UL. 
Then A=A—B is an &, set. 

For % is the union of the complete sets %,, in each of which 
Ose f<e. The points of %, not in % form a set A,, such that 
Ose f<e in A, also. But A= {A,}, and each A, being hyper- 
complete, is an ©, set. 

3. Let f (a, -+-%m) be defined over Y, either f or 2 being limited 
or unlimited. The points of 2 at which 


a<f<B qd 
(a<f<B). @ 


If in 1) one of the equality signs is missing, it will of course be 
dropped in 2). 


may be denoted by 


479. 1. Let f,,fy5++: be continuous in the limited complete set YU. 
Tf at each point of %, lim f, exists, Wis an Czy set and so is any 
vy 


complete B < A. 7? 

For let lim f, (21°: %m) =f (+++ 2m) in WU. Let us effect a 
division of norm ¢/2 of the interval (—2,  ) by interpolating 
the points --- m_,, M1, M= 0, m1. mM, °* 

Let &, = (m, <f<m 4,), then A= A}. 

Next let Di, p= Doi m, +1<f,<my—7|- 

ap n n 
Then Ose feta: n, p=1,2-- ad 


For let a be a point of Y&, and say f(a) =a. Then 
MKaH&<K M9 
But a—e<f(a)<ate , g>some p, 


and we may take ¢ and n so that 
1 
Uta Say Sig ’ 
re n n 
Hence @ is in ©, ,. 


Conversely, let a be a point of §,,,i. Then a@ lies in some 
Dyer dence; 


1 | 
m+=< f(a) <ma—— 5 G2p- 
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But as f,(a) =f (a), we have 
If @—fiala|<e , g>some p’. 
Hence if ¢ is sufficiently small, 


sr mM. <f (a) < Msgs 
and thus a is in Y,. 


Thus 1) is established. But 9,, is a divisor of complete sets, 
and is therefore complete. Thus 2 is the union of an enumerable 
set of complete sets §%,}, in each of which Osc f<e, € small at 
pleasure. 

Let now % be any complete part of Y%. Let a,= Dv {%, B.}. 
Then a, is complete, and Ose f<e, in a,. Moreover, 8 = ja,}. 

Hence & is an ©.» set. 

2. If Class f <1 in limited complete X, f limited or unlimited, 
A zs an &, set. 

This is an obvious result from 1. 

3. Let f (a1, +++ tm) be a totally discontinuous function in the non- 
enumerable set X. Then Class f is not 0 or 1 in U, if d = Disc f at 
each point 1s < b>: 

For in any subset % of %& containing the point xv, Ose f =k. 
Hence Osc f is not <e, in any part of Y, ife < &. Thus 2% cannot 
be an &, set. 

4. If Class f (a, +++ tm) <1 in the limited complete set %, the set 
B= (a<f< b) is a hypercomplete set, a, b being arbitrary numbers. 

For we have only to take a= m, 6 = mig. Then $ = %,, which, 
as in 1, is hypercomplete. 

480. (Lebesgue.) Let the limited or unlimited function f (ay +++ Vm) 
be defined over the limited set Y. If UX may be regarded as an 
C.2) set with respect to f, the class wf 8. 

For let o,>,>- =0. By hypothesis % is the union of a 
sequence of complete sets 
1 > Ae > ses CS, 
in each of which Ose f<,. % is also the union of a sequence 


vf complete sets 


Bir Bio ’ Bisc* ad 
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in each of which Ose f<@,. If we superpose the division 1) of 
9 on the division Si; each %, will fall into an enumerable set 
of complete ‘sets, and together they will form an enumerable 
seq uence 


or ’ oe ’ pg o+ (S, 


in each of which Osc f<,. Continuing in this way we see that 
% is the union of the complete sets 


Waa p) Wno b) Wag ot? CS, 


such that in each set of S,, Osc f < @,, and such that each set lies 
in some set of the preceding sequence S,,_,. 
With each %,, we associate a constant C35 such that 


| f (x) a Ce =O; ’ in es (2 
and call C,, the corresponding field constant. 


We show now how to define a sequence of continuous functions 
fis fo > Which =f. To this end we effect a sequence of super- 
imposed divisions of space D,, D,--- of norms = 0. The vertices 
of the cubes of D, we call the lattice points L,. The cells of D, 
containing a given lattice point 7 of L, form acube Q. Let %,, 
be the first set of S; containing a point of Q. Let YI, be the first 
set of 8, containing a point of Q lying in %,,,. Continuing in 
this way we get 

Me, a Mo, = GY a es 


To %,., belongs the field constant C,,; this we associate with 
the lattice point 7 and call it the corresponding lattice constant. 

Let now € bea cell of D, containing a point of Y. It has 2” 
vertices or lattice points. Let P, denote any product of s differ- 
ent factors 2,,, %,,, +++ Z,,- We consider the polynomial 


= AP,+ TBP, 1~+=2CP,,.+ + +2KP,4+ L, 


the summation in each case extending over all the distinct 
products of that type. The number of terms in ¢ is, by I, 96, 


CEB oss 
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We can thus detormine the 2" coefficients of ¢ so that the values 
of ¢ at the lattice points of © are the corresponding lattice con- 
stants. Thus ¢ is a continuous function in ©, whose greatest and 
least values are the greatest and least lattice constants belonging 
to ©. Each cube € containing a point of % has associated with it 
a @ function. 

We now define f,(z,-*:%m) by stating that its value in any 
cube © of D,, containing a point of Y, is that of the correspond- 
ing @ function. Since ¢ is linear in each variable, two ¢’s belong- 
ing to adjacent cubes have the same values along their common 
points. 

We show now that f,(2) =f (a) at any point 2 of Y, or that 


Ey 50, We? i{2yHf ke) [<a esp nov. te 


Let w, <¢/8. Let %,, be the first set in S; containing the point 2, 
Y.,, the first set of »S, lying in A, and containing z. Continuing 


we vet 
2 i 2 WL. Ee Ws, Be 2 2 





Let $B, be the union of the sets in S, preceding Y,, ; of the sets in 
S, preceding Ws, and lying in %f., and so on, finally the sets of 
S, preceding %,,,, and lying it es 2. heir number being 
finite, = Dist (W.,, Be) 1s obviously > 0. We may therefore 
take v > e so large that cubes of D, about the point « lie wholly 
mney ye< Os 

Consider now f,(2), n > v, and let us suppose first that x is not 
a lattice point of D,. Let it lie within the cell © of D,. Then 
fa() is a mean of the values of 


SD = Cn, ins 
where J is any one of the 2” vertices of G, and C,,, is the corre- 
sponding lattice constant, which we know is associated with the 
set ,,,- 
We observe now that each of the 


Ce ee . (4 


For each set in S, is a part of some set in any of the preceding 
sequences. Now Y,,, cannot be a part of Mk <4, for none of 
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these points lie in D,(x). Hence %,,, is a part of %.,. For the 
same reason it is a part of %,,,, etc., which establishes 4). 
Let now 2! be a point of %f,,,. Then 


| Onin — Con | S| Onin —F @') | + IF @)— Cog | 


Sopboa7 3 by 2). (5 


From this follows, since f,(a) is a mean of these C,,;,, that 


fa(z)— Oni, |< 5: (6 
But now 
if @—f.@) |S Ga Cr, aia (7 


As = lies in Y, 


we? 


\f (2) a Cry, | < |f (2) — C.., | oh | C...— Coat 


€ € 
Sp ea? (8 


by 2), 5). From 6), 8) we have 3) for the present case. 


The case that-z is a lattice point for some division and hence 
for all following, has really been established by the foregoing 
reasoning. 


481. 1. Let f be defined over the limited set %. If for arbitrary 
a, b, the sets B=(a<f <b) are hypercomplete, then Class f < 1. 

For let us effect a division of norm ¢/2 of (—a#,) as in 
479,1. Then &= {%{, where as before Y= (m, <f < m4,). 
But as Osc f<e in Y%,, and as each Y%, is hypercomplete by 
hypothesis, our theorem is a corollary of 480. 


2. For f(x, +++ %m) to be of class <1 in the limited complete set 
YU, it is necessary and sufficient that the sets (a<f <b) are hyper- 
complete, a, b being arbitrary. 


This follows from 1 and 479, 2. 


3. Let limited % be the union of an enumerable set of complete sets 
{U,}, such that Cl f <1 in each ,, then Clf <1 in Y. 
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For by 479, 1, %, is the union of an enumerable set of complete 
sets in each of which Ose f<e. Thus Y is also such a set, z.e. an 
\&. set. We now apply 480, 1. 


4. If Class f <1 in the limited complete set Y, its class ts <1, 
in any complete part B of A. 


This follows from 479, 1 and 480, 1. 


482. 1. Let f(a, +++ tm) be defined over the complete set YX, and 
have only an enumerable set € of points of discontinuity in IU. 


Then Class f = 1 in A. 


For the points H of & at which Osc f > e/2 form a complete 
part of W, by 462, 3. But #, being a part of &, is enumerable 
and is hence an &, set by 477, 3. Let us turn to S=A-—H. For 
each of its points 6, there exists a 85> 0, such that Oscf< e in 
the set b of points of S lying in D,(6). As %is complete, so is b. 
As E is complete, there is an enumerable set of these 6, call them 
by, by +++, such that B = {p,}. As%=8+ #, it is the union of 
an enumerable set of complete sets, in each of which Osc f < . 
This is true however small e>0 is taken. We apply now 480, 1. 


9. We can now construct functions of class 2. 


Example. Let f,(t +++ %m)=1 at the rational points in the 
unit cube OQ, whose codrdinates have denominators <n. Else- 
where let f,=0. Since/f, has only a finite number of discontinu- 
ities in 2, Clf, =1in OQ. Let now 


Sf (a1 +++ Lm) = lim f,. 


At a non-rational point, each f,= 90, .. f= 0. At a rational 
point, f,=1 for all »>some 8. Hence at such a point f= 1. 
Thus each point of Q is a point of discontinuity and Disc f= 1. 
Hence Clf is not 1. As f is the limit of functions of class 1, its 


class is 2. 


483. Let f(a, +++ %m) be continuous with respect to each x,, at each 
point of a limited set U, each of whose points is an inner point. 
Then Class f <1. 
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For let % lie within a cube Q. Then A= Q — A is complete. 
We may therefore regard 2 as a border set of A; that is, a set of 
non-overlapping cubes {q,}. We show now that Ol fl ineany 
one of these cubes as q. ‘To this end we show that the points Bin 
of q at which 1 1 
a+—<f<b—— 

m m 


form a complete set. For let 6,, 6, --- be points of %,,, which = 8. 
We wish to show that @ lies in %,,. Suppose first that 6,, 641°: 
have all their codrdinates except one, say 2, the same as the coordi- 
nates of 8. Since 


i 1 
OT I (Pri) ae? aa ae 


therefore 1 1 
a+—<limf(,,,)<5b-—=- 
m p=n m 


As f is continuous in z,, and as only the codrdinate x, varies in 
bi») we have 1 1 
att <f(B)<b——. 
m m 
Hence @ lies in %,,. 
We suppose next that 6,, b,,, +++ have all their codrdinates the 
same as 8 except two, say 21, %%- 
We may place each 6, at the center of an interval i of length 6, 
parallel to the 2, axis, such that 


a+> —e<f(e)<b—>+¢ 
m m 
since f is uniformly continuous in z,, by I, 352. These intervals 


cut an ordinate in the 2,, x plane through 8, in a set of points 
Cp Which = 8. Then‘as before, 


Le ef ( Bye eee 
m m 
As ¢ is small at pleasure, 8 lies in 8,. In this way we may 


continue. 
As Clf<1 in each q,, it is in Y, by 481, 3. 
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484. (Volterra.) Let f,, fy +++ be at most pointwise discontinuous 
in the limited complete set A. Then there exists a point of A at 
which all the f, are continuous. 


For if {& contains an isolated point, the theorem is obviously 
true, since every function is continuous at an isolated point. Let 
us therefore suppose that % is perfect. 

Let g>e>++=0. Let a, be a point of continuity of f,. 
Then : 
Ose f,<e , in some %,= V5(a,). 

In , there is a point 6 of continuity of f,. Hence Osc f,<e, 
in some V(b), and we may take 6 so that V,(6)<%. But in 
V,,(0) there is a point a, at which f, is continuous. Hence 


Ose fi<e& , Osef,<e, , in some WA, = Vs( a5), 


and we may take a, such that WW, < %,. Similarly there exists a 
point ag in %,, such that 


Osc fi<é, » Oscfy<€ » Oscfg<e, , in some %;= V3,(a3), 


and we may take a, so that U;<W,. 

In this way we may continue. As the sets 2%, are obviously 
complete, Dv§%,} contains at least one point « of Y. But at this 
point each f,, is continuous. 


485. 1. Let Y=B+C be complete, let B, C be pantactic with 
reference to %. Then there exists no pair of functions f, g defined 
over U, such that if B are the points of discontinuity of f in I, then 
¥ shall be the points of continuity of g in A. 


This is a corollary of Volterra’s theorem. For in any V3(a) of 
a point of 9%, there are points of 8 and of ©. Hence there are 
points of continuity of f and g. Hence f, g are at most pointwise 
discontinuous in %{. Then by 484, there is a point in Y where f 
and g are both continuous, which contradicts the hypothesis. 


2. Let L=B+E be complete, and let B, © each be pantactie with 
reference to %. If Bis hypercomplete, € ts not. 

For if 8, & were the union of an enumerable set of complete 
sets, 473 shows that there exists a function f defined over & 


which has % as its points of discontinuity ; and also a function g 
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which has € as its points of discontinuity. But no such pair of 
functions can exist by 1. 


3. The non-rational points 3 in any cube Q cannot be hyper- 
complete. 


For the rational points in Q are hypercomplete. 


4. Asan application of 2 we can state: 


The limited function f (a1--+Um) which is < 0 at the trrational 
points of a cube Q, and > 0 at the other points $ of QO, cannot be 
of class 0 or 1 in QD. 


For if Cl f <1, the points of OQ where f > 0 must form a hyper- 
complete set, by 479, 4. But these are the points %. 


486. 1. (Baire.) If the class of f(a1:++%m) 28 1 in the com- 
plete set U, it is at most pointwise discontinuous in any complete 
oes 

If Cl f =1 in Y, it is <1 in any complete B < Y by 481,4; we 
may therefore take 6 =%. Let a be any point of A. We shall 
show that in any V =V;(a) there is a point ¢ of continuity of f. 
Let ¢, > >-+:=0. Using the notation of 479, 1, we saw that 
the sets %,=(m,<f<m,4.) are hypercomplete. By 478, we can 
construct a function ¢,(2,:--2,), defined over the m-way space 
*,, which is discontinuous at the points %f,, and continuous else- 
where in ®,,. These functions ‘*p,, ¢,--- are not all at most point- 
wise discontinuous in V. For then, by 484, there exists in V a 
point of continuity 5, common to all the ¢’s. This point 6 must 
lie in some %,, whose points are points of discontinuity of ¢,. 

Let us therefore suppose that ¢; is not at most pointwise dis- 
continuous in V. Then there exists a point ¢c, in V, and an », 
such that V,=V,,(¢c,). contains no point of continuity of 4,. 
Thus V,<%. But in W; and hence in V,, Osc f<e,. The 
same reasoning shows that in V, there exists a V,= V,,(¢,), such 
that Ose f<e, in V,. As Mis complete, V, > V, > --- defines a 
point ec in V at which f is continuous. 


2. If the class of f(x, +++ Lm) 18 1 in the complete set A, its points 
of discontinuity D form a set of the first category. 
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For by 462, 3, the points ©, of D at which Ose f= _ form a 
n 


complete set. Each ©, is apantactic, since f is at most pointwise 
discontinuous, and ©, is complete. Hence D = §©,} is the union 
of an enumerable set of apantactic sets, and is therefore of the 1° 
category. 


487. 1. Let f be defined over the limited complete set A. If 
Class f is not <1, there exists a perfect set D in A, such that f is 
totally discontinuous in D. 


For if Clf is not <1 there exists, by 480, an e such that for 
this e, M2 is not an ©, set. Let now e bea point of % such that 
the points q of 2% which lie within some cube q, whose center is ¢, 
form an &, set. Let G@= fa}, ©= fet. 

Then B®=€C. For obviously €<%, since each e¢ is in some 
a. On the other hand, ®<€. For any point 6 of lies within 
some gq. Thus 6 is the center of a cube q’ within q. Obviously 
the points of 2{ within q’ form an €, set. 

By Borel’s theorem, each point ¢ lies within an enumerable set 
of cubes §c,t, such that each c lies within some q. Thus the 
points a, of % inc,, form an &, set. As ©= {a,}, € is an &, set. 

Lett D=A—G. If D were 0, Y= C€ and % would be an &, set 
contrary to hypothesis. Thus D>0. 

D is complete. For if 2 were a limiting point of D in G, 7 must 
lie in some c. But every point of % inc is a point of © as we saw. 
Thus 7 cannot lie in @. 

We show finally that at any point d of 9, 


Osc f >, with respect to D. 


If not, Ose f<e with respect to the points 6 of D within 
some cube q whose center is d. Then d is an & set. Also the 
points e of € in q form an &. set. Thus the points >+e, that is, 
the points of %& in q form an &, set. Hence d belongs to ©, and 
not to D. As Ose f>e at each point of D, each point of D is a 
point of discontinuity with respect to ®. Thus / is totally discon- 
tinuous in D. 

This shows that D can contain no isolated points. Hence D is 


perfect. 
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2. Let f be defined over the limited complete set U. Df f a at 
most pointwise discontinuous in any perfect B<A, its class ws < il 
im W. 

This is a corollary of 1. For if Class f were not 0, or 1, there 
exists a perfect set D such that fis totally discontinuous in ®. 


488. If the class of f, g <1 in the limited complete set YU, the class 
of their sum, difference, or product is <1. If f> 0 in Y, the class 
of d=1/fis <1. 

For example, let us consider the product h=fg. If ClA is not 
<1, there exists a perfect set D in %, as we saw in 487, 1, such 
that A is totally discontinuous in D. But f, g being of class <1, 
are at most pointwise discontinuous in D by 486. Then by 484, 
there exists a point of D at which f, g are both continuous. Then 
h is continuous at this point, and is therefore not totally discon- 
tinous in D. 

Let us consider now the quotient d. If Cl ¢ is not <1, ¢ 1s 
totally discontinuous in some perfect set D in A. But since f > 0 


in D, f must also be totally discontinuous in D. This contradicts 
486. 


489. 1. Let F=Sf,,....,(t +++ Um) converge uniformly in the com- 
plete set X. Let the class of each term f, be S 1, then Class F< 1 
in A. 


For setting as usual [117], 
F=h+kh a 
there exists for each e > 0, a fixed rectangular cell R,, such that 
|F,|<«, as 2 ranges over Y. (2 


As the class of each term in F, is <1, Cl #, <1 in WY. Hence 
Wis an &, set with respect to F,. 


From 1), 2) it follows that %f is an ©, set with respect to /. 


2. Let F=IIf.,...,,(@, +++ 2m) converge uniformly in the complete 
set A. If the class of each f, is <1, then Cl F< 1 in XY. 
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Semicontinuous Functions 


490. Let f(x, --- 2m) be defined over %. If @ is a point of Y, 
Max f in V;(a) exists, finite or infinite, and may be regarded as a 
function of 8. When finite, it is a monotone decreasing function 
of 8. Thus its limit as 8 = 0 exists, finite or infinite. We call 
this limit the mazimum of f at x =a, and we denote it by 

Max f. 
2=a 

Similar remarks apply to the minimum of fin V(a). Its linit, 
finite or infinite, as 6 = 0, we call the minimum of f at x=a, and 
we denote it by 


Min f. 
The maximum and minimum of f in V;(a) may be denoted by 
Maxf , Minf. 
a, 6 a,6 
Obviously, Manta Fy Min f, 


Min (—f)=— Max f. 


491. Example 1. 1 
f(a)=-in(-1,1) , for 70 
x 


=), forg= 0). 
Then Maxf=+o , Minf=—». 
z=0 az) 
Example 2. 
P f(@) =sin 1 in (-1, 1) ’ for 7 #0 
x 
0 © eaiolan = 0, 
Then Maxf=1 , Minf=—1. 
z=0 x20 é 
Example 8. f(@z)=1in(-1,1) , for a#0 
= Je) fora = 0, 


Then Maxf=2 , Minf=1. 
z=0 z—0 
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We observe that in Exs. 1 and 2, 
limf=Maxf , limf=Minf; 
r=0 


z=0 r= AY 

while in Ex. 3, 
limf=1 , and hence Maxf > lim/f. 
z=0 xr=0 z=0 


Also lim f = Minf. 
=z=0 <=0 
Example 4. 1 
f(e) =(#4+1)sin= in(—1,1) , forr#0 
x 
=—2 , forz=0. 
Here Maxfol) | Miny=— 2, 
z=0 xz=0 


limf=1 , limf=—1. 
0 


z=0 xr 


Example 5. Let f@)=2£-, dorrational 2in'(0.41) 


=1 , for irrational z. 
Here Maxf=1 , Minf=0, 
r=0 == 
jin oats 
sas 


492. 1. For M to be the maximum of f at x= a, it is necessary 
and sufficient that 


ere, 0; OV Oey (@) <i eet for any x in V5(a) ; 


2° there exists for eache > 0, and in any V;(a), a point « such 
that 
M—e<f(a). 


These conditions are necessary. For M is the limit of Maxf 
in V;(a), as 8=0. Hence 


e>0, 8>0, Maxf< M+e. 
a, 


But for any z in V3(a), 
F(z) < Maxf. 
a,& 
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Hence f(e)<M+e , xin Vi(a), 


which is condition 1°. 


As to 2°, we remark that for each e > 0, and in any V;3(a), 
there is a point a, such that 


—e+ Maxf<f(e). 


pul M < Maxf. 
a, 


Hence 
which is 2°. 
These conditions are sufficient. For from 1° we have 


Max f < M+e, 
a,6 


—e+M<f(e), 


and hence letting 6 = 0, 
Max f < M, el 
za 
since e > 0 is small at pleasure. 
From 2° we have 


and hence letting 6 = 0, 
Max f = M. (2 


From 1), 2) we have M= Maxf. 


2. For m to be the minimum of f at x=a, it is necessary and 
suffictent that 


eer. 6 > 0, m—e<f(x), forany xin V;(a); 


2° that there exists for each e > 0, and in any Vs(a), 4 point a 
such that 
f(a)<m+e. 


493. When Maxf =f(a), we say f is supracontinuous at x = a. 
When Minf = f(a), we say f 1s infracontinuous at a. When f is 


=e 


supra (infra) continuous at each point of %, we say f is supra 
(infra) continuous in 4. When f is either supra or infracontinu- 


ous at a and we do not care to specify which, we say it is semt- 
continuous at a. 
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The function which is equal to Max f at each point 2 of %& we 
call the mazimal function of f, and denote it by a dash above, viz. 
f(x). Similarly the minimal function f(x) is defined as the value 
of Min f at each point of 2. 


Obviously Osc f = Max f — Min f = Disc f. 


We call o(2) =f(@) — f(x) 


the oscillatory function. 
We have at once the theorem : 


For f to be continuous at x = a, it is necessary and sufficient that 
J (4) = a of (a): 


io Min f < f(a) < Max /f. 
a, 6 a, 


Passing to the limit x = a, we have 
Min f < f(a) < Max f, 


or oe 
F@SI®™D SIM: 
But for f to be continuous at x =a, it is necessary and suffi- 
cient that 
o(a) = Ose = 0. 


494. 1. For f to be supracontinuous at x = a, it 1s necessary and 
sufficient that for each e > 0, there exists a 8 > 0, such that 


Fa@)<fl@te , for any xin V;(a). a 
Similarly the condition for infracontinutty is 
fi@)—e<f@) , forany xin V;(a). (2 


Let us prove 1). It is necessary. For when f is supracontinu- 


ous at a, 
f@= Max f(2): 
Then by 492, 1, 
é> 0 25650 fief C4) 4néy ty dorany win. V,(), 
which is 1). 
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It is sufficient. For 1) is condition 1° of 492,1. The condition 
2° is satisfied, since for « we may take the point a. 


2. The maximal function f(x) is supracontinuous ; the minimal 


function f (x) is infracontinuous, in YU. 
To piv that f is supracontinuous we use 1, showing that 
f(a) <f(a+e , for any zinsome V;(a). 
Now by 492, 1, 
@>0,8>0 , f@<f@+eé , foranyzin V;(a). 


Thus if é’ <a 


F(x) <f(a)t+e peetOL ally 2 (a). nae 


3. The sum of two supra (infra) continuous functions in U is a 
supra (infra) continuous function in I. 


For let f, g be supracontinuous in Y%; let f+g=h. Thenby 1, 
F@<F@+5 


g(@)<9(a) +5 
for any z in some V;(a); hence 
h(z)<h(a)+e. 
This, by 1, shows that / is supracontinuous at ¢= a. 


4. If f(x) is supra (infra) continuous at c=a, g(@)=— S(z) 


is infra (supra) continuous. 
Let us suppose that f is supracontinuous. Then by 1, 
F(a)<f(a)+e , for any x in some V3(a). 
oes —f(a)—e<—f@), 
or 


g(a)—e<g(x) , forany vin V;(a). 


Thus by 1, g is infracontinuous at a. 
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495. If f(a, ++ 2m) 18 supracontinuous in the limited complete 
set U, the points B of X at which f>e an arbitrary constant form a 
complete set. 


For let f >¢ at b,, bg ++» which =6; we wish to show that 6 lies 
in B. 


Since f is supracontinuous, by 494, 1, 
f(a)<f()+e 5 for any x in some V;O)=V. 
But c<f(0,), by hypothesis ; and 6, lies in V, for n> some m. 
Hence 
e<fn<fO)+& 
oe e—e<f(b). 


As e>0 is small at pleasure, 


SO)>¢ 
and 6 lies in %. 


496. 1. The oscillatory function w(x) is supracontinuous. 
For by 498, (z) = Max f— Min f 
= Max f+ Max (—/f). 


But these two maximal functions are supracontinuous by 494, 2. 


Hence by 494, 3, their sum is supracontinuous. 
2. The oscillatory function » is not necessarily infracon- 


tinuous, as is shown by the following 


Example. f=1 in (—1, 1), except for e=0, where f= 2. 
Then (x)= 0, except atz=0, wherew=1. Thus 


Minw(7)=0 , whileo(0)=1. 
r=0 
Hence (z) is not infracontinuous at 2 = 0. 


3. Let w(x) be the oscillatory function of f (21 +++ tm) in A. For 
Ff to be at most pointwise discontinuous in WU, it is necessary that 


Minw=0 at each point of XU. If A is complete, this condition is 
sufficient. 
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It is necessary. For let a be a point of A. As f is at most 
pointwise discontinuous, there exists a point of continuity in any 
7(a). Hence Min w(x) = 0, in V;(a). Hence Min o(7) = 0. 


It is sufficient. For let ¢,>e>- = 0. Since Min w(x) =0, 


there exists in any Vs(a) a point a, such that (a,)<} 4. 
Hence (a) <e, in some V¥3,(a,)<V;. In V,, there exists a point 
e, such that w(x) <e, in some V;,(«) <V;,, etc. Since % is com- 
plete and since we may let 6, = 0, 


Vs, >Vs,> +++ =a point «@ of A, 


at which f is obviously continuous. Thus in each V;(a)is a point 
of continuity of f. Hence fis at most pointwise discontinuous. 


497. 1. At each point x of A, 
$= Min { f(x) —f(2)}, and y= Min f f(x) —F@} 
are both = 0. 


Let us show that ¢=0 at an arbitrary point a of Y%. By 494, 
2, f(x) is supracontinuous; hence by 494, 1, 


f(a)<f(a)+e , for any x in some Vi(a) = V. Cl. 


Also there exists a point # in V such that 


—e+f(a) <f(a). (2 

Also by definition (. 
F(@) < fC): (3 

If in 1) we replace # by « we get 
F@<f@+e (4 


From 2), 3), 4) we have 
—e+ f@<fO<IO<IM +6 
0< F(a) — f(a) <2e. 
As e>0 is small at pleasure, this gives 


g(a) = 0, 


or 
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2. If f is semicontinuous in the complete set A, it is at most point- 
wise discontinuous in I. 


oP w(2) =F (#) —f(2) 
=[F@) -FO1+ 4M -f@)] G 
= 6a) + 4G). 


To fix the ideas let f be supracontinuous. Then ¢=0 in Y. 


Hence 1) gives 
Min o(7) = Min Wz) = 9, by 1. 


Thus by 496, 3, f is at most pointwise discontinuous in Y. 








CHAPTER XV 
DERIVATES, EXTREMES, VARIATION 
Derivates 


498. Suppose we have given a one-valued continuous function 
f(x) spread over an interval Y= (a<b). We can state various 
properties which it enjoys. For example, it is limited, it takes 
on its extreme values, it is integrable. On the other hand, we 
do not know 1° how it oscillates in Y, or 2° if it has a differ- 
ential coefficient at each point of 9. In this chapter we wish to 
study the behavior of continuous functions with reference to these 
last two properties. In Chapters VIII and XI of volume I this 
subject was touched upon; we wish here to develop it farther. 


499. In I, 363, 364, we have defined the terms difference quo- 
tient, differential coefficient, derivative, right- and left-hand dif- 
ferential coefficients and derivatives, unilateral differential coeffi- 
cients and derivatives. The corresponding symbols are 


AF, f@)  F@) + RF@ » 


Lfi(a) , Rf) , Lf'@). 


The unilateral differential coefficient and derivative may be de- 


noted by 
Ufica) , Uf'(). d 
When 
lim Af 
r=—o Ax 


does not exist, finite or infinite, we may introduce its upper and 
lower limits. Thus 


41 (9\— Tam OL / Af 

‘(ay=lim ~~, a) = lim 2 
uk De Used Fs ehh ofA) BBS ( 
always exist, finite or infinite. We call them the upper and lower 
differential coefficients at the pointw=a. Theaggregate of values 
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that 2) take on define the upper and lower derivatives of f(x), as 
in I, 368. 

In a similar manner we introduce the upper and lower right- 
and left-hand differential coefficients and derivatives, 


Rf , Lf Sele @ 


Thus, for example, 


Ry’ (a) = RimLe+ YL a) 


finite or infinite. Cf. I, 336 seq. 


If f(a) is defined only in U=(a < 8), the points a, a+ h must 
lie in %. Thus there is no upper or lower right-hand differential 
coefficient at z= 8; also no upper or lower left-hand differential 
coefficient at =a. This fact must be borne in mind. We call 
the functions 3) derivates to distinguish them from the deriva- 
tives Rf', Lf’. When Rf'(a)=Rf'(a), finite or infinite, 
Rf'(a) exists also finite or infinite, and has the same value. A 
similar remark applies to the left-hand differential coefficient. 

To avoid such repetition as just made, it is convenient to in- 
troduce the terms upper and lower unilateral differential coeffi- 
cients and derivatives, which may be denoted by 


Ups. Uf (4 


The symbol U should of course refer to the same side, if it is 
used more than once in an investigation. 

When no ambiguity can arise, we may abbreviate the symbols 
3), 4) thus: 


Rel, fede) fae) oe Cees Cle 


The value of one of these derivates as R at a pointa=a may 
similarly be denoted by 


R(a). 
The difference quotient 
f(a) -—FO) 
a—b 


may be denoted by 
Aca, 6). 
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Example 1. f@j2 csi = , «#0 in(-1,1) 
x 
== 0 9 xr=0 
a) 
hsin = 
= Atm faced! 
Here for x= 0, ae =sin 5 
Hence 


Rf'O)=+1 ’ RA O=—1, 
Lf'(0) = +1 3 Lf'(M)= vi 1, 
FO)=H+1 , FiO=—-1. 


Example 2. f@m= xt see , «#0in(—-1,) 
x 
= 0 5 t= 0. 
ik sin 5 
Here for z=0 , a —: 
Az he 
Hence Rf(O0)=+0 , R'(M”M=-%, 


Tf'(0)=+0 , Lfi@=--», 


Fi=+o0 , fiM=—--%. 


Example 3. I@m= pine Mor = pe 
x 


=absin+ |, feed eeed 

= 00), tor.2= 0. 
R/O=41 , BI O=-1 
PPO) =“Po, LE Oy=— 0, 


Fi0)=+0 , fi(0)=—o. 


Here 


500. 1. Before taking up the general theory it will be well 
for the reader to have a few examples in mind to show him how 
complicated matters may get. In I, 367 seg., we have exhibited 
functions which oscillate infinitely often about the points of a set 
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of the 1° species, and which may or may not have differential co- 
efficients at these points. 

The following theorem enables us to construct functions which 
do not possess a differential coefficient at the points of an enumer- 
able set. 

2. Let €=fe,} be an enumerable set lying in the interval 2. For 
each x in U, and e, in &, let x—e, lie in an interval B containing 
the origin. Let g(x) be continuous in B. Let g' (x) exist and be 
numerically < Min %, except at x = 0, where the difference quotients 
are numerically <M. Let A= a, converge absolutely. Then 


F (xy= 2a, 9(f — en) 
is a continuous function in A, having a derivative nm C= A -— &. 


At the points of ©, the difference quotient of F behaves essentially as 
that of g at the origin. 


For g(x) being continuous in %, it is numerically < some con- 
stant in Y%. Thus # converges uniformly in % As each term 
g(x — e,) is continuous in YU, F is continuous in A. 

Let us consider its differential coefficient at a point 2 of ©. 
Since g/(a—e,) exists and is numerically < ©, 


F'(v)=a,g'(«@—en) , by 156, 2. 
Let now z= e,,, a point of &, 
E(&) = Ang (® — €m) +X Ang (@ — Cn) 
= Ang (L — €m) + G(x). 


The summation in =* extends over alln#m. Hence by what 
has just been shown, @ has a differential coefficient at x= e,,. 


Thus af behaves at x= e,,, essentially as Bg at z=0. Hence 
ie Aa 
UF ‘eo= Oty, Ug! (0) + G'Cem)- a 


501. Example 1. Let 


G(@) = G24 iy 5 0 
b<0<a. 
=bz , «<9, 
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Then 1 
F(a) = XG 9e— en) 


is continuous in any interval %{, and has a derivative 
1 
EF@=.), —=9 (@—e 
(w)= Y 49 @— en) 
at the points of {not in €. At the point én, 


RF" (¢)=4,,.4+ Yn = Cn) 


LF" (2) =a,6+ >'* 5 Ong =e): 


Let © denote the rational points in %. The graph of F(@) isa 
continuous curve having tangents at a pantactic set of points ; 
and at another pantactic set, viz. the set ©, angular points C1, 366). 

A simple example of a g function is 


g(2)=|e¢|=+V2. 
Example 2. Let g(#) = 2 sin 7, «#0 
z 


= 0 5 c= 0. 
This function has a derivative 


g' (@) =2% sinn —rcos— , 20 
e Ej 
— eee 
Thus if Se, is an absolutely convergent series, and € = {e,} an 
enumerable set in the interval %& = (0, 1), 
F (2) = 3eq,g(a— en) 
+s a continuous function whose derivative in % is 
F'(a) = 2e,g'(@ — en): 
Thus F’ has a derivative which is continuous in U — G, and at 


the point 7 = @p, 
Dise &! = 2 ¢,,77, 


since Disc g! (2) = 27. 
2=0 
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If & is the set of rational points in Y, the graph of F(x) is a 
continuous curve having at each point of Ya tangent which does 
not turn continuously as the point of contact ranges over the 
curve; indeed the points of abrupt change in the direction of the 
tangent are pantactic in 2. 


Example 8. Let g(x) =zsinlogz* , r+ 0 


— 0 3 c= 0. 
Then g' (x)= sin log 22+ 2coslog2* , 2#0. 
Atz=0, Ag _ sin log h? 
Az 


which oscillates infinitely often between + 1,ash=Ar=0. Let 
© = fe,} denote the rational points in an interval YU. The series 


F= SSe@ —e,) sin log (x — é,)? 


satisfies the condition of our theorem. Hence F(z) is a continu- 
ous function in % which has a derivative in Y—€. Atwr=e,, 


Tre) =5+ Gem) » UF'@)=-t Fn). 


Thus the graph of F is a continuous curve which has tangents at 
a pantactic set of points in %, and at another pantactic set it has 
neither right- nor left-hand tangents. 


502. Weierstrass’ Function. For a long time mathematicians 
thought that a continuous function of x must havea derivative, at 
least after removing certain points. The examples just given 
show that these exceptional points may be pantactic. Weierstrass 
called attention to a continuous function which has at no point a 
differential coefficient. This celebrated function is defined by the 
series 


F(@)= 2 a” cos baz = cos rz + acos brx + a®cos b'ra+4+-- 1 
where 0 <<a <1; 5 isan odd integer so chosen that 
ab>1+ $n. (2 
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The series F converges absolutely and uniformly in any interval 
%, since 
: la" cos b"rxr | < a. 


Hence F is a continuous function in Y% Let us now consider 
the series obtained by differentiating 1) termwise, 


G(x) = — w=(ab)" sin bez. 
If ab <1, this series also converges absolutely and uniformly, 
and Pi@y Gay. 


by 155, 1. In this case the function has a finite derivative in 4. 
Let us suppose, however, that the condition 2) holds. We have 


- Q = DF eosber(e +1) — 008 bore] = On + On: (3 

Now ee 

Qn = 5 {cos b"1r(x+h) — cos bx} 

0 
m— n r+h 
=—T7 > ory ‘ sin b*7rudu. 

Since i“ or 

Se “ain brarudue| <|f : au| = |hA], 


ee tab) = (abe a 9 
| Onl <72,Cab palin Romi mena ioe og 


Consider now __ 2. an 
OW = > = {cos b"ar(a + h) — cos b*72}. 

Up to the present we have taken A arbitrary. Let us now 
take it as follows; the reason for this choice will be evident in a 
moment. 

Let Feet eee 


where ¢,, is the nearest integer to b"z. Thus 
- $ < En <4. 


Then b™(x +h) = bm + Em + b™ = bm + Tne 
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We choose h so that 
tim = Em + hb™ is +1, at pleasure. 
Then j= n= bn = 0, as mem 
seas A EES sonh=sgn1m » and | m— El 3. 
This established, we note that 
cos b"r(a + h) = cos bear - b™(a + h) = cos 6°—"'(by, + Im) T 
= C08 (lm+Nm)7 » since b is odd 


=(—l)*41_ , since % is odd. 


Also cos b*ara = cos 6° "(CUm + Em) 7 
= (= 1) 608 BME ga 
Thus = San 
i a 1 §n-m je 5 
Qn = Endy G11 + cos Bmw} 
where Cm = (— 1)‘mt1, 


Now each { } > 0 and in particular the first is > 0. Thus 


ee e 
sen Qn = SEN = SYN CmTms 


h 
and be nm ( 





Thus if 2) holds, | Qm | >| @n|- Hence from 3), 
sgn Q= sgn Qn = SQN €nNms 
2 T 
Db) = 
JQ) >cabyr(s a 


Let now m=oo. Since 7, = +1 at pleasure, we can make 
Q =+0, or to — 0, or oscillate between + 0, without becoming 
definitely infinite. Thus F(x) has at no point a finite or infinite 
differential coefficient. This does not say that the graph of F does 
not have tangents; but when they exist, they must be cuspidal tangents. 


and 
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503. 1. Volterra’s Function. 


In the interval %= (0, 1), let S=$n} be a Harnack set of 
measure 0<A<1. Let A=§6,{ be the associate set of black 
intervals. In each of the intervals 6,=(«<), we define an 
auxiliary function f, as follows: 

fala) =(e— «2 sin—— , in (#*, 9), a 


xL— a 





where ¥ is the largest value of x corresponding to a maximum of 

the function on the right of 1), such that ¥ lies to the left of the 

middle point w of 6,. If the value of f,(%) at ¥ is g, we now 
k ; 

elena S(@)=9 » in Cy, #)- 


Finally f,(@)=0. This defines f,(7) for one half of the inter- 
val 8,. We define f,(z) for the other half of 6, by saying that if 
x<za! are two points of §, at equal distances from the middle 
point wu, then Wey anAC Ss 

With Volterra we now define a function f(x) in %&f as follows: 

f(@=fiv) , nd, , n= 1, 2, ++ 
=0 , in. 

Obviously f(x) is continuous in Y. 

Ata point z of & not in §, fv) behaves as 


Ss 1 
2x“sin —-— cos-, 
x x 


as is seen from 1). Thus as 2 converges in §, toward one of its 
end points «, 8, we see that f'(z) oscillates infinitely often be- 
tween limits which =+1. Thus 

Rimf'(#=4+1 , Rlimf'@=—1; 
similar limits exist for the points A. 


Let us now consider the differential coefficient at a point 7 of 
. We have 


Af foro F— far® , since f()= 0. 
Az 
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If 7 +h is a point of $ f7t+h)= 9. If not, 7 + & lies in some 
interval 5,. Let z=e¢ be the end point of 6, nearest 9 +k. 


Then 
2 elie , ask=0. 
xv 








Thus f’(7)=0. Hence Volterra’s function f(z) has a differen- 
tial coefficient at each point of 2%; moreover f’(7) is limited in 2. 
Each point 7 of © is a point of discontinuity of f’(w), and 


Dise,f! (x) > 2. 
z=y 


Hence f’(a) is not R-integrable, as §=h>0. 

We have seen, in I, 549, that not every limited R-integrable 
function has a primitive. Volterra’s function illustrates con- 
versely the remarkable fact that Wot every limited derivative is 
R-integrable. 


2. It is easy to show, however, that The derivative of Volterra’s 
function is L-integrable. 

For let %, denote the points of & at which f’(@)>d. Then 
when %»>1/m, m=1, 2, -:- %, consists of an enumerable set of 
intervals. Hence in this case %, is measurable. Hence %,, »>9, 
is measurable. Now % ,»>0, differs from the foregoing by add- 
ing the points 3, in each 6, at which f'(z) = 9, and the points ©. 
But each 3, is enumerable, and hence a null set, and § is measur- 
able, as it is perfect. Thus %,, %>9, is measurable. In the 
same way we see 2%, is measurable when ) is negative. Thus %, 
is measurable for any A, and hence L-integrable. 


504. 1. We turn now to general considerations and begin by 
considering the upper and lower limits of the sum, difference, prod- 
uct, and quotient of two functions at a point z=a. 


Let us note first the following theorem : 
Let f (a, +++ Um) be limited or not in A which has x= a as a limiting 
point. Let Bs= Max f, d$;=Min fin Vi*(a). Then 
lim f=limdg; , lim f=lim ®,. 
eaay |) oo r=a 5=0 


This follows at once from I, 338. 
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2. Let f(xy +++ 2m), 9(2y +++ Lm) be limited or not in A which has 
x=a as limiting point. 
Let limf=a , limg=8 
lmf=A , limg=B 
asx=a. Then, these limits being finite, 
u+8<lim(f+y)<A+B, d 


a—B<lim(f—g)<A-B. (2 
For in any V;*(a), 
Min f + Ming< Min( f+ 9) < Max(f+ 9) < Max f + Max g. 
Letting 6 = 0, we get 1). 
Also in V;*(a), 
Min f — Max g < Min(f —g) < Max(f—g) < Max f— Ming. 
Letting 6= 0, we get 2). 


3. If f@20 , g@)=9, 
a8 < lim fy < AB. (3 
If Tie 08 0B, 
AB < lim fy < AB. G 
bed f@Z0 , ga)>k>o, 
ime a G 
YE et Fate) 
If a<0<A , g(x)Zzk>Od, 
Petes = (6 
Page ce Pp 


The relations 8), 4), 5), 6) may be proved asin 2. For exam- 
ple, to prove 5), we observe that in V;*(a), 


Min f < Mind < Max2< Maze 
Maxg g Ming 
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5. a+BSlim(ft+g) Set B. es 
e+ B<lim(f+9)S4At+B. (8 
u—B<lim(f-g)<«-B. (3 
A= B= imniGe gy) S42: qo 

ae F@)Z0 , g(w)Z0, 

a8 < lim fy < «B, qi 
AB < lim fg < AB. (12 
If g@2k>), 
© ine (ds 
Be 
Ante (14 
1 er) 

6. If lim f exists, 

lim (f +g)=lim f+ lm g, (15 
lim (f +g)=lim f + lim g. (16 

If lim g exists, 
lim(f—g)=lim f—lim g, Chi 
lim (f —g)=lim f —lim g. (18 

Let f(x) >0,9(@) 29. Let limg exist. Then 

lim fy =lim f- lim g, a) 
lim fg = lim f- lim g. (20 

If also g(a) =k>9, 

lim f/g = lim f/lim g, (1 
lim f/g = lim f/lim g. (22 


505. The preceding results can be used to obtain relations be- 
tween the derivates of the sum, difference, product, and quotient 
of two functions as in I, 373 seq. 
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1. Let w(2)=u(x2)+v(2). Then 

Aw _ Au, Av 

Ac Az i Ar & 
Thus from 504, 1), we get the theorem: 


Uw! +0! U< Uw! < Ou! + Uv. (2 

Tf u has a unilateral derivative Uw’, 
Uw! = Uw! + U'" (3 
Uw! = Uu! + Uv'. (4 


We get 3), 4) from 1), using 504, 15), 16). 


2. In the interval U, u, v are continuous, wu is monotone increasing, 
vis >0, and v! exists. Then, if w= wv, we have 


Uw! = uw! + 0Uw', qa 

Tw! = uv' +00. (2 
For from mee Av ‘Ay 
a ie eas re 
poem tO As 


we have Uw! = uw! + Ui lim v Au 
— — Az 


. Au 
= uv! U lim — 
uv +vU lim ae 
which gives 1). Similarly we establish 2). 
506. 1. We show now how we may generalize the Law of the 


Mean, I, 3938. 


Let f(x) be continuous in A= (a<b). Let m, M be the mint- 
mum and maximum of one of the four derivates of fin. Then for 


any a<B in, He LOWES <M ad 
a 


To fix the ideas let us take ee (x) as our derivate. Suppose 
now there exists a pair of points «< in Y, such that 
{MIO ws. , «> 
Oe, 


506 DERIVATES, EXTREMES, VARIATION 


We introduce the auxiliary function 





$2) =f(e)—- CL + ¢) 2, @ 
where 0O<cce=c+6. 
Then $(B) — p(«) = FOO) — at +0) = s 
B—« — 
pe $(B)— $(@) = 8(B — «) = 
Consider now the equation 
$(8) — o(@) = 1- 


It is satisfied for z=«. If it is satisfied for any other x in the 
interval («@), there is a last point, say z= 7, where it is satisfied, 
by 458, 3. 


Thus for z>y, (2) is > (a). 
Hence Rd! (y) = 9. G 
Now from 2) we have 
Rf'(y)=Rd'(y) + M+e 
EaUE 


Hence M is not the maximum of Rf'(x) in A. Similarly the 
other half of 1) is established. The case that m or M is infinite 
is obviously true. 


2. Let f(x) be defined over N=(a<b). Letay<a,<-+-- <a, lie 
in. Let mand M denote the minimum and maximum of the dif- 
ference quotients 

A(@,, 4) °; ACag, a)", = AC, anys 
Then m<A(a,, a.) <M. a! 


For let us first take three points a<8<yin YW. We have iden- 
tically Rieonie Shs 
A (a, y)=2—".A (a, B)+ =". A(B, 9). 

UA | Cray, 


Now the coefficients of A on the right lie between 0 and 1. 
Hence 1) is true in this case. The general case is now obvious. 
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507. 1. Let f(x) be continuous in&X=(a<b). The four deri- 
vates of f have the same extremes in I. 


To fix the ideas let 
MinL=m , Min R=yp, in XY. 
We wish to show that m=. To this end we first show that 
pom. a 
For there exists an « in Y, such that 
I(a)<m+e. 
There exists therefore a B< a in %, such that 
q =f) Byemt+e, 0<d<e 
Now by 506, 1, 


p= Min R<gq 
Hence pom, 
as e>0 is small at pleasure. 
We show now that hei @ 


For there exists an « in %{, such that 
R(@) <pte. 


There exists therefore a 8.>« in YW, such that 
gf OEM cures 0<e>’e. 
a — 


Thus by 506, 1, 
m=Min L<q. 


Hence as before m<p. From 1), 2) we have m= p. 


2. In 499, we emphasized the fact that the left-hand derivates 
are not defined at the left-hand end point of an interval, and the 
right-hand derivates at the right-hand end point of an interval 
for which we are considering the values of a function. The fol- 
lowing example shows that our theorems may be at fault if this 
fact is overlooked. 
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Example. Let f(a) =|). 

If we restrict x to lie in & = (0, 1), the four derivates = 1 when 
they are defined. Thus the theorem 1 holds in this case. If, 
however, we regarded the left-hand derivates as defined at x= 0, 
and to have the value 


Lf'@) = —1, 
as they would have if we considered values of f to the left of Y, 
the theorem 1 would no longer be true. 


For then Min 1 = | eye nl 1p - 1s 
and the four derivates do not have the same minimum in Y. 


3. Let f(x) be continuous about the point x=c. Tf one of its 
four derivates is continuous at x =e, all the derivates defined at this 
point are continuous, and all are equal. 


For their extremes in any V;(¢c) are the same. If now A is 
continuous at 7 =e, 


Ree) —e< Ra) < RE) +6, 
for any z in some V;(¢). 


4. Let f(x) be continuous about the pointx=c. If one of tts 
four derivates is continuous at x=c, the derivative exists at this 
point. 


This follows at once from 3. 


Remark. We must guard against supposing that the derivative 
is continuous at 2 = ec, or even exists in the vicinity of this point. 


Example. Let F(x) be as in 501, Ex. 1. Let 
% = (0,1) and €= {+}. 
n 
Let 
Then 


FL) aaa Ee 
TH” (a) == Dae Fa) ee ah). 
DG) =2eP (Gy Pele a): 


Obviously both RH' and LH’ are continuous at x=0 and 
H'(0) =0. But H’ does not exist at the points of ©, and hence 
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does not exist in any vicinity (0, 8) of the origin, however small 
5 > 0 is taken. 


5. If one of the derivates of the continuous function f(x) is 
continuous in an interval %, the derivative f'(«) exists, and is con- 
tinuous in YA. 


This follows from 8. 


6. If one of the four derivates of the continuous function f (x) is 
= 0 in an interval A, f(x) = const mm A. 


This follows from 8. 


508. 1. If one of the derivates of the continuous function f(x) 28 
>0 in %=(a<b), f(x) is monotone increasing in Y. 


For then m = Min Rf! > 0,in (a<-2z). Thus by 506, 1, 
St (a) — f(a) 2.9. 


2. If one of the derivates of the continuous function f(x) is 20 
in I, f(x) is monotone decreasing. 


3. If one of the derivates of the continuous function f(a) is > 9 
in U, without being constantly 0 in any little interval of U, f(x) ws 
an increasing function in X. Similarly f isa decreasing function 
in U, if one of the derivates is <9, without beiny constantly 0 in any 
little interval of %. 


The proof is analogous to I, 403. 


509. 1. Let f(x) be continuous in the interval U, and have a deriv- 
ative, finite or infinite, within I. Then the points where the derwa- 
tive is finite form a pantactic set in I. 

For let « < 8 be two points of &. Then by the Law of the 
Mean, if as 

fee he) eed gia fp: 
yee) B—« ’ 4) Ae B 
As the right side has a definite value, the left side must have. 
Thus in any interval (@, B) in Y, there is a point y where the 
differential coefficient is finite. 
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2. Let f(x) be continuous in the interval %=(a<b). Then 
Uf' (x) cannot be constantly + 2, or constantly — «0 in %. 
For consider 


d@)=f@)-f(@)—-F— f@-F@h 





which is continuous, and vanishes forz=a, 2=6. We observe 
that ¢(x) differs from f(a) only by a linear function. If now 
Uf'(x)= + constantly, obviously Up'(w)=+ © also. Thus ¢ 
is a univariant function in %. This is not possible, since ¢ has 
the same value at a and 6. 

3. Let f(x) be continuous in U=(a< 6), and have a derivative, 
finite or infinite, in U=(a*, b). Then 

Min f' (2) < Rf'(a)< Max f(a) , in. 


For the Law of the Mean holds, hence 
ACD EMO ya a<a<ath 
h ‘ ‘ 


Letting now A = 0, we get the theorem. 


Remark. This theorem answers the question: Can a continu- 
ous curve have a vertical tangent at a point =a, if the deriva- 
tives remain< Min V*(a)? The answer is, No. 


4. Let f(x) be continuous in I=(a<b), and have a derivative, 
finite or infinite, in U*=(a*, b). If f'(a) exists, finite or infinite, 


there exists a sequence a, > a >--- =a in A, such that 
fi(a) = lim f'(@). ad 
For 
part hye 
PAPAL) FG)» a<q<ath. @ 


Let now h range over hi >h, >--» =0. If we set «,=«, , the 


relation 1) follows at once from 2), since f’(a) exists by 
hypothesis. : 


510. 1. A right-hand derivate of a continuous function f (x) 
cannot have a discontinuity of the 1° kind on the right. A similar 
statement holds for the other derivates. 
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For let R(x) be one of the right-hand derivates. It it has a 
discontinuity of the 1° kind on the right at =a, there exists a 
number / such that 


l—-e< R(z)<l+e , insome (a<a+6). 
Then by 506, 1, 
pe <FODAIO <1 46 ees 


Hence R(a)=1, 


and R(x) is continuous on the right at «=a, which is contrary 
to hypothesis. 


2. It can, however, have a discontinuity of the 1° kind on the 
left, as is shown by the following 


Example. Let f(x) =|2|=+ V2? , mA=c—-1, 1). 
Here Riw)=41 , forz>0in ® 
Be on ee a 


Thus at = 0, R is continuous on the right, but has a discon- 
tinuity of the 1° kind on the left. 


3. Let f(x) be continuous in %=(a, b), and have a derwative, 
finite or infinite, in U* = (a*,b*). Then the discontinuities of f' (x) 
in X, if any exist, must be of the second kind. 


This follows from 1. 
Evample. f(@)=# sin A , forz#0in X=, 1) 
x 


= 0 ’ for z= 0. 
Then 4 1 
I'@= 22 sin = — COB= 2#0 
=0 ae. 
The discontinuity of f/(x) at x= 0, is in fact of the 2° kind. 
4. Let f(a) be continuous in U=(a<b), except at r= a, which 
is a point of discontinuity of the 2° kind. Let f'(a) exist, finite or 
infinite, in (a™, 6). Then x=a is a point of infinite discontinuity 


of f'(&): 
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For if _— 
p=Rimf(@ , q=Rlimf@), 
there exists a sequence of points a,>a,>- =a, such that 
F (On) =p; and another sequence B,> Bb, > +: =4, such that 


f(B,)=q. We may suppose 
eon > or Cecape ’ Weel’ 2, ose 
Then the Law of the Mean gives 
9, = fhon=FBay fy), 
a, — sy 
where y, lies between «,, 8,. Now the numerator =p— q, while 
the denominator =0. Hence Q,= + 0, or —, as we choose. 


5. Let f(x) have a finite unilateral differential coefficient U at 
each point of the interval A. Then U is at most pointwise discon- 
tinuous in UL. 


For by 474, 3, U is a function of class 1. Hence, by 486, 1, it is 
at most pointwise discontinuous in Y. 


Bll. Let f (a) be continuous in the interval (a<b). Let R(x) 
denote one of the right-hand derivates of f(x). If R is not con- 
tinuous on the right at a, then 


L< R(a)<m, a 
where 


l=RlimR@) , m=RimR@) , z=a. 


To fix the ideas let A be the upper right-hand derivate. Let us 
suppose that a= Rf'(a) were >m. Let us choose », and ¢ such 
that 

m+n<c<a. (2 


We introduce the auxiliary function 
$(2) = x —f(2). 
Re'@)=e—Rf'(z) , Be@)=ce-Rf'@. © 
Now if 6>0 is sufficiently small, 
Rf'@<m+n , for any x in A*=(a*, a+). 


Then 
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Thus 2), 3), show that 
Rp'(a)>a , o>. 
Hence (2) is an increasing function in Y*. But, on the other 
Pts Rf! (a) =Rf'(a), 
since «a >m. Hence 
R¢'(a) =e — Rf'(a)=c—a< 0. 


Hence ¢ is a decreasing function at x=a. This is impossible 
since ¢ is continuous at a. Thus «<m. 
Similarly we may show that /< «4. 


512. 1. Let f(x) be continuous in A= (a<b), and have a 
derivative, finite or infinite. Ifa=f'(a), B=f'(6), then f'(@) 


takes on all values between a, B, as x ranges over I. 


For let «< y < 8, and let 





Q(2, par ae! “1 DoE ah > 0. 
We can take h/ so small that 

Q(a,hy<y , and QQ, —h)>y. 
it Oe aii OGeaop)s 
Hence Q(B — h, h) > ¥. 


If now we fix h, Q (a, h) is a continuous function of x As Q 
is <y, for z=, and >¥, forv = b — h, it takes on the value y 
for some 2, say for x = &, between a, 6—h. Thus 


Q(E, h) = 7. 
But by the Law of the Mean, 
QE, h) =f"); 
sce a<E<n<Eth<b. 
Thus f! (2) =y, at x = 7 in Y. 
2. Let f(x) be continuous in the interval U, and admit a deriva- 


tive, finite or infinite. If f'(x)=9 in U, except possibly at an 
enumerable set &, then f' = 0 also in ©. 
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For if f(a) = 0, and f'(B) =6# 0, then f'(x) ranges over all 
yalues in (0, 6), as @ passes from « to 8. But this set of values 
has the cardinal number c. Hence there is a set of values in 
(a, 8) whose cardinal number is c, where f'(z) #0. This is 
contrary to the hypothesis. 


3. Let f(x), g(x) be continuous and have derivatives, finite or 
infinite, in the interval A. If in U there is an a for which 


f(a) > 9 @)s 
and a B for which 

F'(B) <9'(8); 
then there is a y for which 

f’N=I9'M)> 
age (2) =f@) - 9@) 


has a derivative, finite or infinite. 


For by hypothesis 
dia) 085 0 C8) <0. 


Hence by 1 there is a point where 6! = 0. 
513. 1. If one of the four derivates of the continuous function 


f(a) is limited in the interval Y, all four are, and they have the 
same upper and lower R-integrals. 


The first part of the theorem is obvious from 507, 1. Let us 
effect a division of {of norm d. Then 


{B =lim>Md, , M.= Max B&R, in d,. 
ot d=0 


But the maximum of the three other derivates in d, is also M, by 
507, 1. Hence the last part of the theorem. 


2. Let f(x) be continuous and have a limited untlateral derivate 
as RinU=(a<b). Then 


S Rav Fb) —f(a) < Sf Raz. qa 


For let a<a,<a,<-+-- <b determine a division of %, of norm d. 
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Then by 506, 1, 
Min tie F Gms) ie) Max R, 


Am+1 — ay, 





in the interval (aa, @n+1) = dm- 
Hence 
=d,, Min R < f(b) — f(a) < =d,, Max R. 


Letting d= 0, we get 1). 


3. If f(x) is continuous, and U. f! is limited and R-integrable in 
A= (a<b), then 
oi 
Jf, Uf =£0) -F@). 


514. 1. Let f(a) be limited in L=(a<b), and 


F(a) = {jaz , a<a<b. 
ae lim f<UF(u)<U mf, a 
for any u within . a ie 
To fix the ideas let us take a right-hand derivate atr=wu. Then 
hMin f < {fae <hMax f , in(u*, w+h), h>0. 
Thus Min f< re < Max f. 


Letting A= 0, we get 
Riim f <RF'(u)<Rimf, 


— 
which is 1) for this case. 
2, Let f(x) be limited in the interval A= (a<b). If f@+ 


exists, 


R derivative f Yde = f(x +0)5 
and if f(z — 0) exists, a<a<b 


LT derivative S fax = f(z—0). 


516 DERIVATES, EXTREMES, VARIATION 


3. Let f(x) be limited and R-integrable in U= (a< 6). The 


points where 
F@)=f fie , aSedb 
does not have a differential coefficient in X form a null set. 
Ee FG) =f) by 1/687 1, 


when f is continuous at x. But by 462, 6, the points where ais 
not continuous form a null set. 


515. In I, 400, we proved the theorem : 

Let f(z) be continuous in %= (a <6), and let its derivative 
—0 within 9%. Then f is a constant in 2. This theorem we have 
extended in 507, 6, to a derivate of f(~). It can be extended still 
farther as follows: 

1. (L. Scheefer). If f(x) is continuous in A= (a<b), and of 
one of its derivates =0 in YU except possibly at the points of an 
enumerable set &, then f = constant in A. 

If f is a constant, the theorem is of course true. We show that 
the contrary case leads to an absurdity, by showing that Card & 
would =c, the cardinal number of an interval. 

For if f is not a constant, there is a point ¢ in 2% where 
p=f)—f(@ is #9. To fix the ideas let p>0; also let us 
suppose the given derivate is R= Rf’). 

bet gz, )=f@)-F(@)—Ke-a) , t>0. 


Obviously | g|is the distance f is above or below the secant line, 
y =t(x— a) +f (a). 
Thus in particular for any ¢, 
g(a4,t)=0 , ge th=p—te—a). 
Let g > 0 be an arbitrary butfixed number <p. Then 
Ie, t)-q=p —q-—te—a) 


=(p-9) {1-15 =} >0, 





if ¢ << 7, where 
Yet se 


c—a 
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Hence 
IO >| 
for any ¢ in the interval T=(7, T7),0<71< T. We note that 
Card J =c. 


Since for any ¢ in &, g(a, t)=0, and ge, t) >q, let r=e, be 
the maximum of the points < ¢ where g(a, t)=q. Then e<g, 
and for any A such that e + A lies in (¢, ¢), 


0 < fet h-I@ _FCFH=LO P 
h 





Hence Bf'(c) > 0. 


Thus for any ¢ in S, e, lies in &. As t ranges over &, let & 
range over €, <&. To each point e of ©, corresponds but one 
point tof $. For 
0=9(e, th—g(e t)=(t—-t)(e—4a). 

PS fg Rss 
Card = = Card &, < Card &, 


Hence 
Thus 


which is absurd. 


2. Let f (x) be continuous in L=(a < 6). Let € denote the 
points of 2 where one of the derivates has one sign. If © exists, 


Card © =c, the cardinal number of the continuum. 


The proof is entirely similar to that in 1. For let ¢ be a point 
of ©. Then there exists a d > ¢ such that 


IDF O=p. >, 9. 
We now introduce the function 
g(#, th=f(z)-f(e)—t@e—0) » t>% 
and reason on this as we did on the corresponding g in 1, using 
here the interval (c, d) instead of (a, 6). We get 
Card ©, = Card T=c. 
3. Let f(x), g(x) be continuous in the interval A. Let a pair of 
corresponding derivates as Rf', Rg! be finite and equal, except pos- 


sibly at an enumerable set ©. Then f=g+C, in A, where C 18 a 
constant. 
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For let p=f-9 d p=g—f. 
Then in pe tas 


Ro! > Rf'—Rg'=90 , Ry! > 0. 


But if Ro’ < 0 at one point in Y%, it is < 0 at a set of points B 
whose cardinal number is c. But B lies in ©. Hence Rg is 
never < 0, in 9%. The same holds for y. Hence, by 508, @ and 
yy are both monotone increasing. This is impossible unless 
gd = a constant. 


516. The preceding theorem states that the continuous function 
f(x) in the interval Y is known in Y, aside from a constant, when 
Ff! (a) is finite and known in A, aside from an enumerable set. 

Thus f(a) is known in %f when f' is finite and known at each 
irrational point of 2. 

This is not the case when f’ is finite and known at each rational 
point only in Y. 

For the rational points in % being enumerable, let them be 


USERS GB a! a 


we ee 


be a positive term series whose sum J is < %. Let us place 7, 
within an interval 8, of length <J,. Let 7, be the first number 
in 1) not in 86,. Let us place it within a non-overlapping interval 
6, of length < ly, etc. 

We now define a function f(z) in %& such that the value of f at 
any 2 is the length of all the intervals and part of an interval 
lying to the left of z Obviously f() is a continuous function of 
xin Y. At each rational point f’(2)=1. But f(#) is not de- 
termined aside from a constant. For 56, < J. Therefore when 
1 is small enough we may vary the position and lengths of the 
6-intervals, so that the resulting f’s do not differ from each other 
only by a constant. 


517. 1. Let f(x) be continuous in 1 = (a < b) and have a finite 
derivate, say Rf', at each point of UI. Let © denote the points of U 
where R has one sign, say >0. If © exists, it cannot be a null set. 
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For let ¢ be a point of ©, then there exists a point d > e such 
that 
F(a) —F(ey= p > 0. ad 
Let ©, denote the points of © where 
mom Ly <n. 2 


Then € = 6, + @, +--+ Let0<q<p. We take the positive 
constants q,, q_ °** such that 


+2 +39, + °° 59: 


If now € is a null set, each ©,, is also. Hence the points of G,, 
can be inclosed within a set of intervals 6,,, such that 26,n< Qm- 
n 


Let now gm (2) be the sum of the intervals and parts of intervals 
Sn,ny W=1, 2+ which lie in the interval (a< 2). Let 


Q(2) = Eng (2): 
Obviously Q(z) is a monotone increasing function, and 
0S OMSY (3 
P(@)=f(x) -f@ — @@). 
We have at a point of Y — ©, 


AP _Af_ AQ Af Nica Sih 
Avi PAY BA Ax 4 


Consider now 





Hence at such a point 
RP! < Rf' <0. 


But at a point z of @, RP' < 0 also. For 2 must lie in some 
G,,, and hence within some Snn- Lhus gm (#) increases by at least 
Az when = is increased to x + Ag. Hence mqn(a), and thus 
Q(2) is increased at least mAz. Thus 


AQ Ss mn. 
Az 


ae RP' < Rf'—m<0°, by 2), 
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diceglicsinG, dbus Abs (iaany, point of %. Thus P is 
a monotone decreasing function in %, by 508, 2. Hence 


gael PEW. 
Hence (ey — fd) — 19) — PMD} = 
or using 1), 3) 
which is not so, as p 18 > 4. 


9. (Lebesgue.) Let f(x), 9 (*) be continuous in the interval I, 
and have a pair of corresponding derivates as Rf', Rg! which are 
finite at each point of , and also equal, the equality holding except 
possibly at a null set. Then f(x) — g(x) = constant in I. 

The proof is entirely similar to that of 515, 3, the enumerable 
set © being here replaced by a null set. We then make use of 1. 


518. Let f'(x) be continuous in some interval A= (u— 6, w+). 
Let f(a) exist, finite or infinite, in A, but be finite at the point x=u. 
Th 

a f'(u) =lim @f, qd 

h=0 


where 





Qf (w) Leh @ss h) tia h) —2f (uv) eho 


Let us first suppose that f"(u) =0. We have for 0<h<n<6, 
21 (fmt) -—f@) _fU=Ma=FOH 
ef h h —h 





1 
ae a , ucal<cuth , w-healcu 


=FI@! — Wi) + eb — Gl OILPCO +e) 


where |é’|, | e”| are < ¢/2 for » sufficiently small. 





Now wa U ey la! —uley 
pay) h —_—" 
while F"(uy=0 , by hypothesis. 
Hence \Qf|<e , for0<h<7n, 


and 1) holds in this case. 
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Suppose now that f'(u)=a#0. Let 
g(x) =f (@)— q(x) , where g(r) =} ax? + br +e. 
Since gC) =a 59! Cu) =0. 
Thus we are in the preceding case, and lim Qg = 0. 


But Q9 = Of — 09. 


Hence lim Qf=a. 


Maxima and Minima 


519. 1. In I, 466 and 476, we have defined the terms f(x) as 
a maximum or a minimum at a point. Let us extend these terms 
as follows. Let f (a,-+-%m) be defined over %, and let x= a be an 
inner point of I. 

We say f has a maximum at x= a if 1°, f (a) — f (x) = 0, for any 
xin some V(a), and 2°, f(a) —f (x) > 9 for some x in any V(a). 
If the sign > can be replaced by > in 1°, we will say f has « 
proper maximum at a, when we wish to emphasize this fact; and 
when > cannot be replaced by >, we will say f has an improper 
maximum. A similar extension of the old definition holds for 
the minimum. A common term for maximum and minimum is 
extreme. 


2. If f(a) is a constant in some segment %, lying in the inter- 
val %, B is called a segment of invariability, or a constant segment 
of f in Wf. 

Example. Let f(x) be continuous in &%=(0, 1*). 

Let ZL = + Ay Apts - a 
be the expression of a point of 9{ in the normal form in the dyadic 
system. Let aap al a (2 


be expressed in the triadic system, where = Qn, when a, = 9, 
and =2 when a,=1. The points © ={£} form a Cantor set, 
I, 272. Let {3,} be the adjoint set of intervals, We associate 
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now the point 1) with the point 2), which we indicate as usual by 
a~&€. We define now a function g(7) as follows: 


g(E=f@) , whenz~é. 


This defines g for all the points of ©. In the interval &,, let g 
have a constant value. Obviously g is continuous, and has a 
pantactic set of intervals in each of which g is constant. 


3. We have given criteria for maxima and minima in I, 468 
seq., to which we may add the following : 


Let f(x) be continuous in (a—6, a+8). If Rf'(a)>0 and 
Lf'(a) <0, finite or infinite, f(x) has a minimum at x= a. 
If Rf'(a)<9 and Lf'(a)> 9, finite or infinite, f(x) has a maxi- 


mum atxz=a. 


For on the 1° hypothesis, let us take « such that R—a>0. 
Then there exists a 6! >0 such that 


FEtMALO, R-a>0 NO Sih coe 


eee flath)>f(a) , athin (a*,a4+0/). 
Similarly if 8 is chosen so that L+B<0, there exists a 6/’>0, 


such that AAC Raat Diss h ACS bees facie} 
—h 


Hence 


f(a—h)>f(a) , at+hin (a—8", a*). 


520. Example 1. Let f(x) oscillate between the z-axis and the 
two lines y= 2 and y = —@, similar to 





oeehnr 
y =|xsin— . 
x 
In any interval about the origin, y oscillates infinitely often, hav- 
ing an infinite number of proper maxima and minima. At the 
point z= 0, f has an improper minimum. 


Example 2. Let us take two parabolas P,, P, defined by y = 2?, 
y=22%. Through the points z=+}, +4--- let us erect ordi- 
nates, and join the points of intersection with P,, P,, alternately 
by straight lines, getting a broken line oscillating between the 
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parabolas P,, P,. The resulting graph defines a continuous func- 

tion f(x) which has proper extremes at the points €= +=}. 
n 

However, unlike Ex. 1, the limit point z= 0 of these extremes is 


also a point at which f(z) has a proper extreme. 


Example 3. Let {8} be a set of intervals which determine a 
Harnack set lying in %=(0, 1). Over each interval 6=(«, 8) 
belonging to the n' stage, let us erect a curve, like a segment of 
a sine curve, of height h, = 0, as noo, and having horizontal 
tangents at a, 8, and at y, the middle point of the interval 6. At 
the points {&{ of Y not in any interval 4, let f(z) =0. The func- 
tion f is now defined in % and is obviously continuous. At the 
points {y{,f has a proper maximum; at points of the type a, B, 
£, f has an improper minimum. These latter points form the set 
whose cardinal number isc. The function is increasing in each 
interval (a, y), and decreasing in each (y, 8). It oscillates in- 
finitely often in the vicinity of any point of §. 

We note that while the points where f has a proper extreme 
form an enumerable set, the points of improper extreme may form 
a set whose cardinal number is c. 


Example 4. We use the same set of intervals {6} but change 
the curve over 5, so that it hasa constant segment 7 =, /) in its 
middle portion. As before f= 0, at the points & not in the 
intervals 6. 

The function f (z) has now no proper extremes. At the points 
of $, f has an improper minimum ; at the points of the type A, p, it 
has an improper maximum. 

Example 5. Weierstrass’ Function. Let € denote the points in 
an interval %f of the type 

Boe 


ae r, 8, positive integers. 
For such an x we have, using the notation of 502, 
by = bm + En = O™ Fr. 


Hence £,=0 , formzs. 


Thus Fie aile) elihemaloesthy ites 


524 DERIVATES, EXTREMES, VARIATION 


Hence sgn we = sgn Q=sgn entim = sgn (—1)th. 


Hanes son Rf'(@=+1 , sgnLf'(@)=— 1 
if r is even, and reversed if risodd. Thus at the points ©, the 
curve has a vertical cusp. By 519, 3, # has a maximum at the 
points ©, when v is odd, and a minimum when r is even. ‘The 
points € are pantactic in YU. 

Weierstrass’ function has no constant segment 6, for then 
f'(z) =0in $. But F' does not exist at any point. 


521. 1. Let f(a,--+ 2%») be continuous in the limited or unlimited 
set U. Let & denote the points of AU where f has a proper extreme. 
Then © tg enumerable. 


Let us first suppose that % is limited. Let 6>0 be a fixed 
positive number. There can be but a finite number of points @ in 
% such that 

f@)>f@) » in Vere). ad 


For if there were an infinity of such points, let 8 be a limiting 
point and 7 <36. Then in V,(§) there exist points 0! such 
that V3(a!), V;(a'") overlap. ‘Thus in one case 


VAC) 2) ie): 
F(a) < f(a"), 


which contradicts the first. 


and in the other 


Let now 6, >6,>-+ +0. There are but a finite number of 
points « for which 1) holds for 6 = 6,, only a finite number for 


5=6,, etc. Hence € is enumerable. The case that %is unim- 
ited follows now easily. 


2. We have seen that Weierstrass’ function has a pantactic set 
of proper extremes. However, according to 1, they must be 
enumerable. In Ex. 3, the function has a minimum at each point 
of the non-enumerable set §; but these minima are improper. On 
the other hand, the function has a proper maximum at the points 
fyt, but these form an enumerable set, 
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522. 1. Let f(x) be continuous in the interval U. Let f have a 
proper maximum at x= a, andx=Bin%. Then there ws a point y 
between a, B where f has a minimum, which need not however be a 
proper minimum. 


For say «<8. In the vicinity of a, f(x) is<f(@); also in 
the vicinity of 6, f(x) is<f(8). Thus there are points B in 
(a, 8) where f is < either f(a) or f(B). Let uw be the minimum 
of the values of f(x), as x ranges over 8. There is a least value 
of x in (a, 8) for which f(@) =p. We may take this as the 
point in question. Obviously y is neither « nor B: 


2. That at the point y, f does not need to have a proper mini- 
mum is illustrated by Exs. 1, or 3. 

3. In U= (a, b) let f'(x) exist, finite or infinite. The points 
within YX at which f has an extreme proper or improper, lie among 
the zeros of f' (2). 

This follows from the proof used in IJ, 468, 2, if we replace there 
< 0, by < 0, and > 0, by 2 0. 


4. Let f'(x) be continuous in the interval YU, and let f(x) have 
no constant seyments in %. The points © of % where f has an ex- 
treme, form an apantactic set in. Let 8 denote the zeros of f' (2) 
in. If B= §b,} is the border set of intervals lying in % corre- 
sponding to 8, f(x) % univariant in each b,. 

For by 3, the points € lie in 3. As f(a) is continuous, 3 is 
complete and determines the border set %. Within each 6,, 
f'(x) has one sign. Hence f(x) is univariant in 6,. 


5. Let f(x) be a continuous function having no constant segment 
in the interval X. If the points € where f has an extreme form a 
pantactie set in U, then the points B where f'(x) does not exist or 18 
discontinuous, form also a pantactic set in MU. 


For if % is not pantactic in Qf, there is an interval € in Wf 
containing no point of 8. Thus f'(a) is continuous in ©. But 
the points of € in © form an apantactic set in © by 4. This, 
however, contradicts our hypothesis. 


Example. Weierstrass’ function satisfies the condition of the 
theorem 5. Hence the points where F'(x) does not exist or is 
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discontinuous form a pantactic set. This is indeed true, since 
F' exists at no point. 


6. Let f(x) be continuous and have no constant segment in the 
interval YX. Let f'(x) exist, finite or infinite. The points where 
f'(a) is finite and is #0 form a pantactic set in I. 

For let « < 8 be any two points in & If f(«) = f(f), there is 
a point «<< y < such that f(a) #f(¥), since f has no constant 
segment in %. Then the Law of the Mean gives 


vi (£) HO aK 


Thus in the arbitrary interval («, 8) there is a point &, where 
f' (a) exists and is # 0. 


id 


7. Let f'(x) be continuous in the interval A. Then any interval 
B in X which is not a constant segment contains a segment © in which 
f is uniwwariant. 


For since f is not constant in %, there are two points a, 6 in B 
at which f has different values. Then by the Law of the Mean 


f@Af@O=a-—v fC) > einsd. 


Hence f'(c) #0. As f'(x) is continuous, it keeps its sign in 
some interval (¢e — 6, ¢ + 8), and f is therefore univariant. 


523. Let f(x) be continuous in the interval XI, and have in any in- 
terval in YX a constant segment or a point at which f has an extreme. 
Tf f' (a) exists, finite or infinite, it is discontinuous infinitely often in 
any interval in A, not a constant segment. At a point of continuity 
of the derivative, f' (x)= 9. 

For if f’(@) were continuous in an interval %, not a constant 
segment, f would be univariant in some interval € < B, by 522, 7. 
But this contradicts the hypothesis, which requires that any inter- 
val as © has a constant segment. Hence f’(2) is discontinuous 
in any interval, however small. 

Let now 2 =¢ be a point of continuity. Then if ¢ lies in a con- 
stant segment, f’(¢)=0 obviously. If not, there is a sequence of 
points e,, é,-+» =e such that f(7) has an extreme ate,. But then 
F' Cn) = 9; by 522,83. As f'(z) is continuous at a= ec, f!(c)=0 
also. 
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524. (Kénig.) Let f(x) be continuous in U and have a pantactic 
set of cuspidal points ©. Then for any interval B of A, there exists 
a B such that f(2)=B8 at an infinite set of points in B. Moreover, 
there is a pantactic set of points {£} in B, such that k being taken at 


pleasure, f'@) <k <fi(2). qd 


For among the points € there is an infinite pantactic set c of 
proper maxima, or of proper minima. To fix the ideas, suppose 
the former. Let z=c be one of these points within 8. Then 
there exists an interval b < %, containing ¢, such that 


f(e)>F(@) , for any zin b. 
Let p=Minf(a), in b. 
Then there is a point z where f takes on this minimum value. 
The point ¢ divides the interval b into two intervals. Let { be 
that one of these intervals which contains z, the other interval we 


denote by m. Within m let us take a point ¢, of c. Then in [ 
there is a point ¢c{ such that 


f(y) =F(4)- 
The point c, determines an interval b,, just as ¢ determined b. 
Obviously b, <m, and 6, falls into two segments [,, m, as before 


b did. Within m, we take a point of c. Then in { there is a 
point ¢/, and in [, a point ey, such that 


SF (eg =F (2) =F (eg): 
In this way we may continue indefinitely. Let 
See c, aa 
be the points obtained in this way which fall in f. Let c! bea 
limit point of this set. Let 


NW " i 
Cy > Cp » & 


be the points obtained above which fall in {,, and let ¢” be a limit 
point of this set. Continuing in this way we get a sequence of 
limiting points dunt wut Te se (2 


lying respectively in {, f,, | 
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a 


Since f is continuous, 
F=f =FEN = GB 
Thus if we set f(c’)=8 we see that f(x) takes on the value f at 


the infinite set of points 2), which le in %. 
Let 91, Yq °° be a set of points in 2) which= y. 


Then FD Gp SSC i Oa) am = 0: (4 
Yigeeek) 1 ace ave 


Thus if f(x) exists at x=, the equations 3) show that /’(y) 
= 0. If,f! does not exist at y, they show that 





S'S0Kfl , atomy 


Let now & be taken at pleasure. Then 


g(a)=f(w)—ke 
is constituted as f, and “ tL 
g'@) =f'(2) —k. 


This gives 1). 


525. 1. Lineo- Oscillating Functions. The oscillations of a con- 
tinuous function fall into two widely different classes, accord- 
ing as f(a) becomes monotone on adding a linear function 
I(x) = ax + 6, or does not. 

The former are called lineo-oscillating functions. A continu- 
ous function which does not oscillate in Y, or if it does is lneo- 
oscillating, we say is at most a lineo-oscillating function. 


Example 1. Let f@y=snzg , I@)y=z. 


y=f@)tl@) 


and plot the graph, we see at once that y is an increasing function. 
At the point z=7, the slope of the tangent to f(7)=sin@ is 
greatest negatively, z.e. sinz is decreasing here fastest. But the 
angle that the tangent to sinz makes at this point is — 45°, while 
the slope of the line 7(z) is constantly 45°. Thus at x =7, y has 
a point of inflection with horizontal tangent. 

If we take [(7) =ar,a>1, y is an increasing function, increas- 
ing still faster than before. 


If we set 
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All this can be verified by analysis. For setting 


y=sine+taxr , a>tl, 


ms ect y' =a+ cosa, 
and vs 0: 
Thus y is a lineo-oscillating function in any interval. 
Example 2. feQ=em L mree 0 
z 
= @ yo r=. 
Ua)=axr+b , y=f(@)t+l@). 
Then 1 


ped f 
SA Aeee come 116 > @%&O 
x 


=@ , £= . 


Hence, if a>1+27, yis an increasing function in &=(— 7, 7). 
The function f oscillates infinitely often in Y%, but is a lineo-oscil- 


lating function, 


Example 3. f(z) =rsin : pane 0 
a 
= 0 5 c= 0. 
UWay=axr+b , y=f@e)t+l)- 
Here 1 


y' =sin —=cos = +a 9 wat O, 


For z= 0, y’ does not exist, finitely or infinitely. 

Obviously, however great a is taken, y has an infinity of oscilla- 
tions in any interval about x=0. Hence f is not a lineo-oscillat- 
ing function in such an interval. 


2. If one of the four derivates of the continuous function f(a) ts 
limited in the interval U, f(x) is at most lineo-oscillating in A. 


For say Rf’ >—ain A. Let 0<a<A, 
ae g(x) =f (@) + Be. 
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Then g'@) = +f'(2) =O 
Hence g is monotone increasing by 508, 1. 


3. Let f(x) be at most lineo-oscillating in the interval A. If Uf' 
does not exist finitely at a point x in YU, wt is definitely infinite at the 
point. Moreover, the sign of the « is the same throughout %. 


For if f is monotone in %, the theorem is obviously true. If 


en g(x) =f (2) + an 


Uf! = Ug! —a, 


and this case is reduced to the preceding. 


be monotone. Then 


Remark. This shows that no continuous function whose graph 
has a vertical cusp can be lineo-oscillating. All its vertical tan- 
gents correspond to points of inflection, as in 


poe 


Variation 


526. 1. Let f(x) be continuous in the interval U, and have limited 
variation. Let D be a division of XU of norm d. Then using the no- 
tation of 443, 


lim V,f=VF , limP,f=Pf , limN,f=N 


For there exists a division A such that 
V- a Vi, = V~; 


where for brevity we have dropped f after the symbol V. Let 
now,A divide % into v segments whose minimum length call 2d. 
Let D be a division of &% of norm d<d)<X. Then not more 
than one point of A, say a,, can lie in any interval as (@,, a,,,) of 
D. Let E= D+4A, the division obtained by superposing A on D. 
Then p» denoting some integer <p, 


Ve—Vo= 2 F(a) Fad +P Gr -F@)|—|P Ga) FI} 


=1 
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If now d, is taken sufficiently small, Osc f in any interval of D 
is as small as we choose, say < a Then 
PASE ees 
But since # is got by superposing A on D, 
Vi<Ved V. 
Hence for any D of norm < d), 
[Vo —-V| <«, 


which proves the first relation in 1. The other two follow at 
once now from 443. 


527. If f(x) is continuous and has limited variation in the in- 
terval A= (a<b), then 


are also continuous functions of x in I. 


Let us show that V(x) is continuous; the rest of the theorem 


follows at once by 448. 
By 526, there exists a d), such that for any division D of norm 


d< dy, V(b)=Vo(b) +e , O<e'<e/8. 
Then a fortiori, for any x<6 in Y, 
Viz) =Vi@)+q » 0Se,<e/3. a 


In the division D, we may take z as one of the end points of an 
interval, and 2 +h as the other end point. Then 


Via th) =Vi(2) + |F@+)—-f@|+& , 0<e<e/3. (2 
On the other hand, if d, is taken sufficiently small, 
If@+h)-F@I <5 , for 0<h<6. (3 
From 1), 2), 3) we have 
0<Virat+h)—Vi(a<e ; for any 0<A<6. (4 
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But in the division D, x is the right-hand end point of some in- 
terval as (cx —k, x). The same reasoning shows that 


|Via—k)-—V(@)|<é 5 for any 0<k<6. (5 
From 4), 5) we see V(x) is continuous. 


528. 1. If one of the derivates of the continuous function f (a) 28 
numerically < M in the interval WX, the variation V of fis < MY. 


For by definition Vea Max an 
with respect to all divisions D= {dt of UY. Here 
Vp == |f DF Gu) |- 


Now bye ae mz fa) -F Gad < uy, 


Ay — Ay, 
f(a.) —f Cas) | <Ma.. 
Hence V, < Md, < Mi. 


2. Let f(x) be limited and R-integrable in X= (a< b). Then 


F=f fie , a<v<b 
has limited variation in %. 


For let D be a division of % into the intervals d, = (a, a.4;)- 


T Ay 4) 
ein Vy F=2| Fay) —F@)|=E1S “fade | 
<3flflde< Mesh, bdaee Msg eS, 


HAMS Max V,- F < M4, 


and F has limited variation. 
529. 1. If f(x) has limited variation in the interval YU, the 
points & where Osc f > k, are finite in number. 


For suppose they were not. Then however large is taken, 
we may take n so large that nk > G. There exists a division D 
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of %, such that there are at least n intervals, each containing a 
point of & within it. Thus for the division D, 


Bree jo Hic JG. 


Thus the variation of f is large at pleasure, and therefore is not 
limited. 


2. If f has limited variation in the interval YU, its points of dis- 
continuity form an enumerable set. 


This follows at once from 1. 


530. 1. Let D,, D,--- be a sequence of superposed divisions, of 
norms d, = 0, of the interval U. Let Xp, be the sum of the oseilla- 
tions of f in the intervals of D,. If Max Qp, is finite, f(x) has 
limited variation in YU. : 


For suppose f does not have limited variation in %. Then 
there exists a sequence of divisions H,, H, --- such that if Q,, is 
the sum of the oscillations of f in the intervals of H,, then 


D7, < Og, < ++ = +0. ad 


Let us take v so large that no interval of D, contains more than 
one interval of EH, or at most parts of two £, intervals. Let 
F.= E,+D,. Then an interval 8 of D, is split up into at most 
two intervals 8’, 8’ in F,. Let o, w’, w'’ denote the oscillation of 
f in 6, 6’, 8’. Then the term o in D, goes over into 


wo +0!'<2o 
in Op, Hence if Max 2), = M, 
O,,< 20), <2 HU, 
which contradicts 1). 


2. Let Vy,==|f Ca) —F (a4) |, the summation extended 
over the intervals (a,, a,,,) of the division D,. If Max Vp, is 


finite with respect to a sequence of superposed divisions {D,j, we 
cannot say that f has limited variation. 


Example. For let f (7) =09, at the rational points in the inter- 
val %=(0, 1), and =1, at the irrational points. Let D, be 
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obtained by interpolating the points a Lin A. Then f=90 


at the end points a, @.41 of the intervals of D,. Hence Vp, = 0. 
On the other hand, f(«) has not limited variation in as is 
obvious. 
531. Let F(x) = lim f(@,t), T finite or infinite, for x in the 
interval A. Let Var fr, t) <M for each t near t. 
Then F(x) has limited variation in I. 
To fix the ideas let 7 be finite. Let 
F=f@,th+9@- 
Then for a division D of 2, 
V>F < Vof+ Vog- 


Vog = =| 9 Cam) — 9 (4m+1) b 


where (4m, G41) are the intervals of D. 


But 


But for some t = ¢t’ near 7, each 
ga, t)< aL, 
28 


where s is the number of intervals in the division D. 


Th 
ee Vog <n. 


Hence agen eae 
and F has limited variation. 


532. Let f(x), g(@) have limited variation in the interval A, then 
their sum, difference, and product have limited variation. 

Tf also Laie ye> Camel 2 
then f/g has limited variation. 

Let us show, for example, that A= fg has limited variation. 


For let 
oom Minf=m , Ming=n 
in the interval d, 
Osc f=.) Osc g= a7 
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Th 
eo f=m+omo , g=n+P8r , ind, 

O<a<l , 0<AK<1. 

Thos Sg = mn + mBr + naw + aBor. 

Now 

mn —|m|7r—|n|o—or< fg < mn+|m|7+ |n|o-+ or. 

Hence n= Osch<2fr|m!| + o|n| + ort}. 

au |m|,|n|,7< some K. 

Thus 


Vi,h <4 Kiow+ 2 Kr, 
<some G, 


and h has limited variation. 


533. 1. Let us see what change will be introduced if we 
replace the finite divisions D employed up to the present by 
divisions H, which divide the interval % = (a < 6) into an infinite 
enumerable set of intervals (a@,, a4). 


Let 2 
: We = >| f (am) — Ff (amer)|> a 
and We Max Ves 


for the class of finite or infinite enumerable divisions {£}. 
Obviously W>V; 
hence if Wis finite, so is V. 


We show that if V is finite, so is W. For suppose W were 
infinite. Then for any @ > 0, there exists a division #, and an 
n, such that the sum of the first » terms in 1) is > G, or 


Wan. G- (2 


Let now D be we finite division determined by the points a,, 
Ay *** Any, Which figure in 2). 


Then V,> Gs, 


hence V = «, which is contrary to our hypothesis. 
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We show now that V and W are equal, when finite. For let 
E be so chosen that 
W- 5 < Wr < W. 
Now Wr = Wrnrteé’ s | | <e/2 
if n is sufficiently large. 


Let D correspond to the points a, d, ++ in Wz,,- Then 


Vo Ze We, n> 
and hence Ve i ie! = Wr, ¥ ay cle Wr- 
Soe Wa seae: 


We may therefore state the theorem : 

2. If f has limited variation in the interval YX with respect to the 
class of finite divisions D, it has with respect to the class of enumer- 
able divisions BE, and conversely. Moreover 


Max Vp = Max Vz. 


534. Let us show that Weierstrass’ function F, considered in 
502, does not have limited variation in any interval L=(a< B) 
when ab>1. Since F is periodic, we may suppose«>9. Let 


eet Drege aH 


pn? 6m q 6m 


be the fractions of denominator 6” which lie in Qf. 








These points effect a division D,, of WU, and 




















Yon=|F()-FO|+ R[F) A) 
+re—Fe)h 
If 7 is the minimum of the terms F; under the > sign, 
Vo, = pl. e! 
Now bot ce ee) 
ae ie i Wh) (2 
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On the other hand, using the notation and results of 502, 


ba int in 5 batten; 


and also Fa@+t+h)— F(x) > avon(3 — 7 ) 3 
h ee 3 ab—1 ( 





Let us now take 


E,= 0, In = +1, lm =k + J. 


Then pay eX) oe 
bn be 
Hence from 3), FAS ee 
rae (5 ab—1 


Thus 7 s “(G- ce ) ar 
Vp, 2 4 a Spey Co" —2) , by 1), 2). 


Asa<1, and ab >1, we see that 


Von = + ©, aS m= oo. 


Non-intuitional Curves 


535. 1. Let f(x) be continuous in the interval &. The graph 
of f is a continuous curve @. If f has only a finite number of os- 
cillations in %{, and has a tangent at each point, we would call Can 
ordinary or intuitional curve. It might even have a finite num- 
ber of angle points, ¢.e. points where the right-hand tangent is 
different from the left-hand one [cf. I, 366]. But if there were 
an infinity of such points, or an infinity of points in the vicinity 
of each of which f oscillates infinitely often, the curve grows less 
and less clear to the intuition as these singularities increase in 
number and complexity. Just where the dividing point lies be- 
tween curves whose peculiarities can be clearly seen by the intui- 
tion, and those which cannot, is hard to say. Probably different 
persons would set this point at different places. 

For example, one might ask: Is it possible for a continuous 
curve to have tangents at a pantactic set of points, and no tangent 
at another pantactic set? If one were asked to picture such a 
curve to the imagination, it would probably prove an impossibility. 
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Yet such curves exist, as Ex. 3 in 501 shows. Such curves might 
properly be called non-intuitional. 

Again we might ask of our intuition: Is it possible for a con- 
tinuous curve to have a tangent at every point of an interval YW, 
which moreover turns abruptly at a pantactic set of points? Again 
the answer would not be forthcoming. Such curves exist, how- 
ever, as was shown in Ex. 2 in 501. 

We wish now to give other examples of non-intuitional curves. 
Since their singularity depends on their derivatives or the nature 
of their oscillations, they may be considered in this chapter. 

Let us first show how to define curves, which, like Weierstrass’ 
curve, have a pantactic set of cusps. To effect this we will extend 
the theorem of 500, 2, so as to allow g(x) to have a cusp at 7= 0. 


536. Let © =Se,} denote the rational points im the interval 
A=(—a, a). Let g(x) be continuous in 6 =(—2a, 2a), and 
=0, at r=0. Let B* denote the interval B after removing the 
pointx=0. Let g havea derivative in B*, such that 


\g'@|< i 


F(e)= Dhgye— en) = Bangle) 5 B>O 





er or é! 
Then 


is a continuous function in A, and af behaves at x=e,, essentially 
£ 
Ag Vx 
as —4 does at the origin.* 
Az s 


To simplify matters, let us suppose that € does not contain the 
origin. Having established this case, it is easy to dispose of the 
general case. We begin by ordering the e, as in 233. Then 
obviously if 


(oS , g>0 , p positive or negative, 
we have 
oe n> q 

mn = em — ens If Cm =~ 

8 

1 1 
(omelet pices Eliane ete 
| d 8) o 5 G8sq nin Ss 








* Cf. Dini, Theorie der Functionen, etc., p. 192 seg. Leipzig, 1892. 
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Let H(@) be the F series after deleting the m™ term. Then 
F (#) = ang (@ — em) + H (a). 


We show that # has a differential coefficient at z =e,,, obtained 
by differentiating # termwise. To this end we show that ash = 0, 


Dh) — Ya, 2m a6 0 oe 9I(Emn) 





MeN (38 


converges to 4 = Lang! (Cmn) » MEN (4 


That is, we show 
eee ea 00 DG ea €-. Oe | h | can, (5 


Let us break up the sums 3), 4) which figure in 5), into three 
parts © r 5 2 
LH VzT+2z+2%. (6 
1 1 rl s+] 
Th nt 
DG ew GHEE Daeg Miri De Gs) (7 
<A+B+0. 


Since g!(€nn) exists, the first term may be made as small as we 
choose for an arbitrary but fixed r; thus 


€ 
A<z: 


Let us now turn to B. We have 
BS<|D,| + | Fal, 
Ina + 2) —9lCnn) =e) a aaa 
provided g'(x) exists in the interval (emp, &mn + A). 
But by 2), 
tie pe ese , forr<n<s 
if (3 
Thus by 1), 
| 9'Cemn + A!) | < 2° Mente < Myn* , M, a constant. 
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Hence a forteors, lg! Cai) Mr. © 
Now the sum 1 
H= > ria 
converges if # > 0. Hence A, , and Ay may be made as small as 
we choose, by taking p sufficiently large. Let us note that by 91, 
mess, (10 
Thus if » = Min (a, 8), 
B<|Dul+|@nl<2> 
for a sufficiently large r. os 
We consider finally C. We have 


C<|D,| +1 @| 


Mn € 
aatets =2 ME, < 3” 





1 ee 1 
= erat D4 9(Emn + h) + apa 
fa Fury 


<O,+ G+ G. 


Ea, | 9C¢mn)| + |e 


From 9) we see that oe, 
C, < MH, < @ 


for s sufficiently large. Since g(x) is continuous in %, 





|g(@v)| < ™. 
Hence 5 
Oh ys N pr ks ee! 
Ca ee n2tetB — jh|l+ea4+ 8 gltatB 
N 1 
1l+a+B sé 
ee on using 10). 


walt 


Taking s still larger if necessary, we can make 


Oe Cre 
1 2<& 


é€ 
Wes 


Thus 
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The reader now sees why we broke the sum 6) into three parts. 
As h = 0, the middle term contains an increasing number of terms. 
But whatever given value h has, s has a finite value. 

Thus as A, B, Care each < ¢/3, the relation 5) is established. 

Hence E has a differential coefficient at 2 = e,,, and as 


AK _ , A(0) , AB 
ie a a 


our theorem is established. 


537. Example 1. Let HOE a, 


Then for « + 0, g' @)= ae Here «a =}. 
x 


Kor:2 = 0, Rg @=+to0 , Lg'(e)=--. 
Thus Yr aE SEO 
V (a — en)? 

F(a) = SYS , B>o 


is a continuous function, and at the rational points e, in the in- 
terval I, 
RF’ (aj=+0 , Lr @=--. 


Hence the graph of F' has a pantactic set of cuspidal tangents 
in U%. The curve is not monotone in any interval of 2, however 
small. 


Example 2. Let 
of g (2) = asin 2 , #0 


Then Tati eee | 
’ => in - — — a t) x a 0. 
g (@) sin See cos 3 


Herea=1. Forz= 90, 


g' (2) te g@=-1. 
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Then 
F(@)= yas (a — e,) sin 


is a continuous function in %, and at the rational point én, 


, B>O 





F'(@) = mae + E! (em) 


nitB 


1 
nit8 





F'(@) =- at E' Cn), 


where EF is the series obtained from F by deleting the m term. 


538. Pompeiu Curves.* Let us now show the existence of 
curves which have a tangent at each point, and a pantactic set of 
vertical inflectional tangents. 

We first prove the theorem (Borel): 


Let Bo) = Y= ae 10. 


where © = {e,} is an enumerable set in the interval YU, and 
A= Va, 
ts convergent. Then B converges absolutely and uniformly im a set 
B< A, and B is as near A as we choose. 
The points D where adjoint B is divergent form a null set. 


For let us enclose each point e, in an interval 6, of length 
with e, as center. 
The sum of these intervals is 


2V an 
k 


3 





for k > 0 sufficiently large. Let now k be fixed. A point x of 
will not lie in any 6, if 

r, =|2—e,| ao 
Then at such a point, 


k 
Adjoint B > a — 
J << DN a kiva, =kA. 


n 


* Math. Annalen, v. 63 (1907), p. 826. 
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As $8 > %—e, the points where B does not converge ab- 
solutely form a null set. 


539. 1. We now consider the function 
F(x) = a,(2— €,)¢ = Df,(x) a 
where © = fe, is an enumerable pantactic set in an interval 2, and 
A= 2d, (2 
is a convergent positive term series. 


Then F is a continuous function of xin Y. For |a—e,\t is < 
some J in Y. 

Let us note that each f,(x) is an increasing function and the 
curve corresponding to it has a vertical inflectional tangent at the 
point z =e, 

We te nee that F (x) is an increasing function in A. For let 


thc a! keg Then 

fale!) <faC2!'). 
Hence F(a!) < F(a"). 
a8 F(2') < F@"). 
pene F(2') < F@''). 


2. Let us now consider the convergence of 


D(a) = ee = 5) (3 


obtained by differentiating F termwise at the points of &— 6. 
Let D denote the points in 2% where 


SS 4 
a > | a —e,| ( 
diverges. We have seen ® is a null set if 


TVG, (5 
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is convergent. Let Y= D+. Let z be a point of G, z.e. a 
point where 4) is convergent. We break 3) into two parts 


D=D,+Dz 
such that in D,, each &,<1. Then D, is obviously convergent, 
since each of its terms 
MESH where £, =|2— én|> 
a 
and the series 2) is convergent. 
The series D, is also convergent. For as &,< 1, the term 

ks Bese 

Eg En 
and the series 4) converges by hypothesis, at a point 2 in ©. 
Hence D(x) is convergent at any point in &, and € = % when 5) is 
convergent. 


3. Let @ denote the points in % where 3) converges. Let 


A= C+A. 
We next show that F'(x) = D(x), for x in C. For taking = at 
pleasure in C’ but fixed, 





Qa) = 24 = 3a, Gaia ae sy Ane WIRE 


We now apply 156, 2, showing that Q is uniformly convergent 
in (0*, 7). By direct multiplication we find that 


(a+b)i— ad _ 1 
b S re ead 
Thus 6) gives Poa 
Gap ee 
(xt+h—e,)§+ @t+h—e)*(e— en)? + (2 —e,)8 
Let us set 
h (aoe. 
‘< r—e, 
Then 


— ul a, n 
0 - Ligne Gah a : 


wv 
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for 0<|h|<n, 7 sufficiently small. As the series on the right is 
independent of h, Q converges uniformly in (0*, 7). Thus 
by 156, 2 
F'=D , foranyzin C. 
4. Let now x be a point of A, not in €. At such a point we show 
that 
F'(a)=4+, (8 


and thus the curve F' has a vertical inflectional tangent. For as 
D is divergent at 2, there exists for each M an m, such that 


De oe, 


But the middle term in 7) shows that for || < some 7’ each 
term in Q,, is > 3 the corresponding term in D,,. Thus 
QnCh) > M P) 0<|h| <7. 
Since each term of Q is > 0, as 7) shows, 


Q(h) > M. 
Hence 8) is established. 


5. Let us finally consider the points 7=e,,. If ® denotes the 
series obtained from F by deleting the m” term, we have 





m + p RLOLL C= C45 


As Fis increasing, the last term is > 0. 
Hence E'@)= + O0n . in &. 


As a result we see the curve F has at each point a tangent. At an 
enumerable pantactic set V, wt has points of inflection with vertical 
tangents. 

7. Let us now consider the inverse of the function F, which we 
denote by 
z= Gt). (9 

As x in 1) ranges over the interval U, t= F(x) will range over 
an interval %, and by I, 381, the inverse function 9) is a one- 
valued continuous function of ¢ in 8 which has a tangent at each 


546 DERIVATES, EXTREMES, VARIATION 


point of B. If Ware the points in 8 which correspond to the 
points V in %, then the tangent is parallel to the ¢-axis at the 
points W, or G'(t) = 0, at these points. ‘The points W are pan- 
tactic in B. 

Let Z denote the points of S at which G’() =0(0. We show 
that Z is of the 2° category, and therefore 


Card Z=c. 


For @'(t) being of class <1 in &, its points of discontinuity 6 
form a set of the 1° category, by 486, 2. On the other hand. the 
points of continuity of G’ form precisely the set Z, since the 
points W are pantactic in 8 and G' =0in W. In passing let us 
note that the points Z in B correspond 1-1 to a set of points 3 at 
which the series 3) diverges. For at these points the tangent to 
Fis vertical. But at any point of convergence of 3), we saw in 
2 that the tangent is not vertical. 

Finally we observe that 3) shows that 


i 


Min iD (eae, wena ol) 
oan 


Hence 


calbo 


Max @'(t)< 228. 
2a, 


Summing up, we have this result : 





8. Let the positive term series 2Va,, converge. Let €={e,} be 
an enumerable pantactic set in the interval A. The Pompeiu curves 
defined by 


F (2) = 2a,(e@— cn)? 
have a tangent at each point in A, whose slope is given by 
1 a 
F' ase n 
()=32, , 
(@— é,) 
when this series is convergent, i.e. for all x in A except a null set. 


At a point set 3 of the 2° category which embraces &, the tangents 
are vertical. The ordinates of the curve F increase with x. 


540. 1. Faber Curves.* Let F(x) be continuous in the interval 
%= (0, 1). Its graph we denote by F. For simplicity let 


* Math. Annalen, v. 66 (1908), p. 81. 
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F(0)=0, F(1)=1,. We proceed to construct a sequence of 
broken lines or polygons, 
Ly, Ly, Ly a 


which converge to the curve F as follows: 


As first line I, we take the segment joining the end points of 
F. Let us now divide %f into n, equal intervals 


on) 819 °° 81, m (2 
of length oe a: 
t= nm 
and havin 
2 4115 U2» %%3 °°° (3 


as end points. As second line LZ, we take the broken line or 
polygon joining the points on # whose abscisse are the points 3). 
We now divide each of the intervals 2) into n, equal intervals, 
getting the n,n, intervals 


8515 S299 Sg *** (4 
of length mele 
2 N4Ny 
d havin 
nek Fade Qq11 4199+ F983 °** ( 


as end points. In this way we proceed on indefinitely. Let us 


call the points 
A= 1Omnt 


terminal points. The number of intervals in the r™ division is 
Vv, = ny U No On N,- 


If L,,(xz) denote the one-valued continuous function in % whose 
value is the ordinate of a point on Z,,, we have 


F (4mn) = Lm(Gmn) > (6 
since the vertices of Z,, lie on the curve F. 


2. For each x in A, 
lim Z,,(z) = F(2). C7 


For if z is a terminal point, 7) is true by 6). 


548 DERIVATES, EXTREMES, VARIATION 


If z is not a terminal point, it lies in a sequence of intervals 
8, > 5 > see 
belonging to the 1°, 2°--- division of Y. 


Let 
5, = (Am, ns Im, et 


Since F(x) is continuous, there exists an s, such that 
| Fe) —F Omni <5 ™>s (3 


for any vin 6,. As L,,(z) is monotone in Pa 
| bec in an) | Tin Onna Le Gn, wel) | 
<4 | Fin( mn) on F'n(&m, nti) | 
ae 
Spb UN ed 


ee | Ln(2) — FQ) | <5 @ 


Hence from 8), 9), 
which is 7). Brian Ar ie 
3. We can write T) as a telescopic series. For 
L,=1,+ (4-1) 
DL, = [y+ (Ly — Ly) = Ly + Ly — Ly) + Ga — Ey) 
etc. Hence 
F(«) = lim L,(2) = Ly(2) + 2 §L,(2) — Ln1@)}- 
If we set 
A@eaL(e) ,» fri@=L,@) —-La@), (10 
we have F(2) = f,(2), qi 
and , 


F(z) = EF.(e) = 12). (12 


The function f,(z), as 10) shows, is the difference between the 
ordinates of two successive polygons L,_,, LZ, at the point 2. It 
may be positive or negative. In any case its graph is a polygon 
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f, which has a vertex on the z-axis at the end point of each 
interval 6,_,. Let /,, be the value of f,(2) at the point x= a,,, 
that is, at a point corresponding to one of the vertices of f,. We 
call J,, the vertex differences of the polygon JL,. 


Let : 
e (,= Min | 1,,| 5 j= Max 1es\4 


Then er yeeg.., gin. (13 


In the foregoing we have supposed F(z) given. Obviously if 
the vertex differences were given, the polygons 1) could be con- 
structed successively. 


We now show: 
Tf Zn (14 
7s convergent, 
‘ F(2) = =f,(@) 
is uniformly convergent in A, and is a continuous function in MI. 


For by 13), 14), F converges uniformly in %. As each f,(x) 
is continuous, F is continuous in YW. 
The functions so defined may be called Faber functions. 


541. 1. We now investigate the derivatives of Faber’s functions, 
and begin by proving the theorem: 


If VN 8+ NeJo = LVeJe a 


converge, the unilateral derivatives of F(x) exist in&%=(0,1). More- 
over they are equal, except possibly at the terminal points A = {any}. 


For let 2 be a point not in A. Let 2’, 2” liein V=VI(@); 
let 2! —z=h', 2"! —v=h'. 


Let g-2@)—4@ _FE)_ Fe). 


Then F’(z) exists at a, if 


C0 Peay 0). , | Ome for any z', 2’' in V. (2 
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Now 
F,,(2') — F,.(@) _ F,,(2"") — F,(®) 
| Q | = h! h" 





a oe = Hae) 





+R Bo| 











<= Q, ate Q5 ae Qs: 
But f(z!) —fi(@)| = 2%, 
g—2 "Oy 
Hence 


QO, 2 Dy.9. a5 , m sufficiently large. 
s=m+1 


med: i 
Similarly Q< <. 


Finally, if 7 is taken sufficiently small, z, 2’, 2’ will correspond 
to the side of the polygon Z,,. Hence using 540, 12), we see 
that Q,=0. Thus 2) holds, and F' (2) exists at 2. 

If x is a terminal point a,,,, and the two points g', z'' are taken 
on the same side of a,,, the same reasoning shows that the uni- 
lateral derivatives exist at a,,,. They may, however, be different. 


2. Let ny=ng=+ =2. For the differential coefficient EF" (a) to 
exist at the terminal point x, it is necessary that 


lim 2"9, <0. (8 
if lim 2"p, = 0, (4 
the points where the differential coefficient does not exist form a 
pantactic set in YU. 


Let us first prove 3). Let 6<a<c be terminal points. Then 
they belong to every division after a certain stage. We will 
therefore suppose that 6, ¢ are consecutive points in the n™ 
division, and a is a point of the n+1® division falling in the 
interval 5, = (0, c). If a differential coefficient is to exist at a, 


FC) — FO) yg FOQ=-FO a 
a—b a—e 


must be numerically less than some M, as n= oo, and hence their 
sum Q remains numerically <2 M. 
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Now 
F@=Lwy@ , FO=L,00) , FO=L,¢), 


1 


ja—b|=|a—e| = 8, = Fatt" 
Thus Giz 2971 (2 L.2,(4) — [L,(6) + L,(¢)]} 


= 2. 204{ Tq, (a) — OF oO}, 


or |Q@|=4-2%7,, , supposing a=4,,. 
Hence 2"¢,< IU, 


which establishes 3). 


Let us now consider 4). By hypothesis there exists a sequence 
Ny <Nq < ++ = oe, such that 


2p, > & ’ m=1, 2+, 


G@ being large at pleasure. Hence at least one of the difference 
quotients 5) belonging to this sequence of divisions is numerically 
large at pleasure. 


3. If ree a 


is absolutely convergent, the functions F (x) have limited variation in 


Qf. 


For fn() is monotone in each interval 6,,. Hence in 8n4, 
Var f,= | Uns = bas, a4 | S | Uns | + | ob a |. 


Hence in Wf, Var fn(x)< 9 Zs: 


Hence e ' 
Var F,(2)<222ly,=2% , I Wf. 
m=1s 


We apply now 531. 
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542. Faber Functions without Finite or Infinite Derivatives. 


To simplify matters let us consider the following example. 
The method employed admits easy generalization 


and gives a class of functions of this type. We 
use the notation of the preceding sections. 
Let f)(z) have as graph Fig. 1. We next ¢ 


divide % =(0, 1) into 2!' equal parts 11> Oi and a Be : 
take f,(x) as in Fig. 2. We now divide 2 into 
22! equal parts 94, 529, 523» Sa and take f,(2) as 


in Fig. 83. The height of the peaks is J, = a h=% 
In the m division %f falls into 2”' equal parts ie . bis 
I¢, 
Onts Onn ae 
one of which may be denoted by ; 
k=? 
Sm = (4nns Am, at): an aud a a 
Its length may be denoted by the same letter, Tide 
thus 1 
é,, =—: 
amen)! 
In Fig. 4, 8, is an interval of the m—1" LAKE 
division. Fre. 4 


The maximum ordinate of f,(v) is l,= 


part of the curve whose points have an ordinate < }/,, have been 
marked more heavily. The x of such points, form class 1. The 
other w’s make up class 2. With each 2 in class 1, we associate 
the points a,, <8, corresponding to the peaks of f,, adjacent to 2. 
Thus tm<2< 8m. If x is in class 2, the points «,, 8, are the 
adjacent valley points, where f,, = 0. 

Let now z be a point of class 1. The numerators in 


Li Ba —f(2) LEGS) —f (2) 


Bm — © hn — & 





a 


have like signs, while their denominators are of opposite sign. 
Thus the signs of the quotients 1) are different. Similarly if 2 
belongs to class 2, the signs of 1) are opposite. Hence for any 2, 
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the signs of 1) are opposite. It will be convenient to let e,, denote 


either a,, or 8,. We have 














| vt — em | <= rn 
| Fm 2) —F m€ Em) | = 3 bene (2 
Hence 
Fm(&) —F m€ Em) ah a F (3 
L— Cm 410” 
On the other hand, for any x# 7’ in 6,, 
[fala fat) | Ble, 
g—2 eth OTE 
Hence setting 2’ =e,, and letting n>m, 
‘ lL 
fn Cen) — Fu) |< | Oy — 21 <I 
Yoo 1 au 
Pf aS le 
Jom" Qe Tom” Oe 
if i ae (4 


<Tor ° Tor 


For if log, a be the logarithm of a with the base 2, 


n—1!>—“~log,10 , form sufficiently large. 





n—1 
ere (n —1)!(n—1)>log, 10". 
Thus S 
Qn! rs Qn 1! 1 
Gonmi > 10 > OF Gar < Zoe? 


and this establishes 4). 
Let us now extend the definition of the functions f,(x) by giv- 


ing them the period 1. The corresponding Faber function F(z) 
defined by 540, 12) will admit 1 as period. We have now 
Fn) ae F(x) a F.C ¢n) —f,Ce)} + { F-1(¢n) a F,_(2)3 

Le { Frit(en) ae Friy(2)} = T,+ T, + T;. 


SEs 


bol 


From 2) we have Tr, 
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As to T,, we have, using 2) and taking n nee large, 


lear 
btaliss jos Drea eR Te 


< 21, 
Similarly 
[Py < Euler) —Sa(@) 1S 2, Salen) +imC 
= ed Jal 
< — Se 
oan: fee Im 9 10° 
<21,. 


Thus finally 
| Fen) — F@)|>4G—-3- 8 


> qs la 





A 
: ee ae ree | Ze | 
apn Fn) = FC) _ apn Falta) — —Fu(@), 
Gn — ty ni & 
Thus F)-F@)|, 1h 
é, —2& a 8, 
E siilosed 
matin | 


As e, may be at pleasure «, or 8,, and as the signs of 1) are 
opposite, we see that 


Fi(ey=to , F(e)=—o; 


and F(x) has neither a finite nor an infinite differential coefficient 
at any point. 








CHAPTER XVI 
SUB- AND INFRA-UNIFORM CONVERGENCE 
Continuity 


543. In many places in the preceding pages we have seen how 
important the notion of uniform convergence is when dealing 
with iterated limits. We wish in this chapter to treat a kind of 
uniform convergence first introduced by Arzel@, and which we 
will call subuniform. By its aid we shall be able to give condi- 
tions for integrating and differentiating series termwise much 
more general than those in Chapter V. 

We refer the reader to Arzela’s two papers, “ Sulle Serie di 
Funzioni,” BR. Accad. di Bologna, ser. V, vol. 8 (1899). Also 
to a fundamental paper by Osgood, Am. Journ. of Math., vol. 19 
(1897), and to another by Hobson, Proe. Lond. Math. Soc., ser. 2, 
vol. 1 (1904). 


544. 1. Let f(a ++ ms ty (WHS O) be a function of two 
sets of variables. Let x=(2,-+:%m) range over X in an m-way 
space, and t=(t,--: ¢,) range over Zin an n-way space. As z 
ranges over ¥ and ¢ over &, the point (a ++ t,---)=(%, ¢) will 
range over a set % lying in a space Rp p=HmM+n. 

Let 7, finite or infinite, be a limiting point of &. 

Let lim f(a, ++* tm to t=O 2 aia) in %. 

Let the point 2 range over B<%, while ¢ remains fixed, then 
the point (a, £) will range over a layer of ordinate t, which we 
will denote by &,. We say x belongs to or is associated with this 


layer. 
We say now that f= ¢, subuniformly in ¥ when for each e>0, 


n>O: 
555 
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1° There exists a finite number of layers @, whose ordinates ¢ 
liens VetG): 

9° Kach point 2 of X is associated with one or more of these 
layers. Moreover if =a belongs to the layer &%,, all the points 
az in some V;(a) also belong to %). 


3° | fC, )—- o@)|<e 


while (2, t) ranges over any one of the layers &. When m=1, 
that is when there is but a single variable x which ranges over an 
interval, the layers reduce to segments. For this reason Arzela 
calls the convergence uniform in segments. 

2. In case that subuniform convergence is applied to the series 


F(a, Reis ipa No yey wee Zip 
convergent in %, we may state the definition as follows: 
F converges subuniformly in %& when 
1° For each e>0, and for each v there exists a finite set of 
layers of ordinates > », call them 


Gi % oe: (2 


such that each point 2 of & belongs to one or more of them, and if 
a= a belongs to %,, then all the points of & near a also belong 
to Vn 


es | F(a, tm <e 


as the point (2, n) ranges over any one of the layers 2). 


545. Hzample. Let 


_~< nx —1 ; 
Bo) a> a ora arabe erent a) nae Moll: 
Here 


NX 
EC eee as 5 Le) = 0. 


The series converges uniformly in Y, except at r=0. The 
convergence is therefore not uniform in %; it is, however, sub- 


uniform. For 
| F.(@)| = _nia| ° 
1+ nz 
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Hence taking m at pleasure and fixed, 
|F,|<e , zins,=(—6, 5), 
5 sufficiently small. On the other hand, 


Pal <7 a in (—1, —$8) + G4, 1)= 8, 4+ 85. 


Thus for n sufficiently large, 
| Fil<e. 


Hence we need only three segments 8,, 8,, 8, to get subuniform 
convergence. 


546. 1. Let f(ay-+tmy tyre tn) = b(t, ** Im) im HX, as t=, 
finite or infinite. Let f(a, t) be continuous in X for each t near rt. 
For to be continuous at the point x= a in X, it is necessary that 
for each €>0, there exists an n>0, and a d, for each t in V,*(7) 


such that 
[fC 0) —$(@)|<e qd 
for each tin V, and for any xin Via). 
It is sufficient if there exists a single t=B in V,*(7) for which 


the inequality 1) holds for any x in some V;(a@). 
It is necessary. For since ¢ is continuous at r= a, 
| p(x) — ¢(a)| 5 , for any z in some V;(a). 

Also since f= 9, 

| f(a, t+) — o(a)| <a , for any tin some V,*(t). 
Finally, since f is continuous in x for any ¢ near 7, 

| f(a, t) —f(a, t)| < 5 , for any z in some V;,(@). 
Adding these three inequalities we get 1), on taking 

d,< 6, 8. 
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Tt is sufficient. For by hypothesis 
\f(a, B) — o(2) | 5 , for any z in some V3(a); 
and hence in particular. 
PCa, BC) <3 
Also since f(a, 8) is continuous in 2, 
\f(a, B)-F(, B)| = , for any zin some Vy(@). 

Thus if 5< 8, 8”, these unequalities hold simultaneously. Add- 

ing them we get 
|d(a)—$(a)|<e , forany z in V3(a@), 

and thus ¢ is continuous at x= a. 

2. Asa corollary we get: 

Let Be) = Shirin Gy Been) 


converge in U, each term being continuous in I. For F(x) to be con- 
tinuous at the pointxr=a in YX, wt is necessary that for each e>0, 
and for any cell R,, > some R,, there exists a 6, such that 


| F.(a)|<e , for any x in Vz,(a). 
It is sufficient if there exists an R, and a 6 > 0 such that 
|Fy(x2)|<e , for any xin V,(a). 


547. 1. Let lim f(a, +++ ty ty +++ ta) = Py °++ Fm) IM ¥, T finite 
or infinite. Tet t) be continuous in X for each t near t. 

1° If f=¢d subuniformly in ¥, $ is continuous in &. 

2° If X is complete, and ¢$ is continuous in X, f = $ subunrformly 
in %. 

To prove 1°. Let x=abea point of ¥. Let «> 0 be taken at 


pleasure and fixed. ‘Then there is a layer %, to which the point 
a belongs and such that 


If@ O-4@) <6 qd 
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when (z, ¢) ranges over the points of &. But then 1) holds for 
i Bi and x in some V,(a). Thus the condition of 546, 1 is satis- 
ed. 

To prove 2°. Since ¢ is continuous at x=a, the relation 1) 
holds by 546, 1, for each t in V,*(r) and for any z in V;,(@). 
With the point a let us associate a cube C,,, lying in D,,(a) and 
having a as center. Then each point of X lies within a cube. 
Hence by Borel’s theorem there exists a finite number of these 
cubes C, such that each point of ¥ lies within one of them, say 


Cast, ’ Cas . @ 
But the cubes 2) determine a set of layers 
w, ’ &, ae (3 


such that 1) holds as (a, ¢) ranges over the points of % in each 
layer of 3). Thus the convergence of f to @ is subuniform in X. 


2. Asa corollary we have the theorem : 
Let F(a, eee Lm) = Da ane Gy, anc Lin) 


converge in X, each f, beiny continuous in ¥. If F converges sub- 
uniformly in %, F is continuous im X. If & is complete and F is 
continuous in &, F converges subuniformly in . 


548. 1. Let FayS fete, 
converge in A. 

Let the convergence be uniform in X except possibly for the points 
of a complete discrete set 8 = ‘bt. For each b, let there exist a Ao 
such that for any % = Xo; 


lim F(z) = 0. 
a=b 
Then F converges subuniformly in U. 


For let D be a cubical division of norm d of the space ®,, in 
which % lies. We may take d so small that %, is small at 
pleasure. Let Bp denote the cells of D containing points of W 
but none of B. Then by hypothesis # converges uniformly in Bp. 
Thus there exists a m, such that for any » > Ho» 


|W, (a) |e “ae hor any z of Yin Bp. 
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At a point 4 of %, there exists by hypothesis a Vs(6) and a XA, 
such that for each A 7 Ay 


|F.@)|<e , forany 2 in V3(6). 


Let @,,, be a cube lying in D,(b), having 6 as center. Since B 
is complete there exists a finite number of these cubes 


Cora s Crary a qd 
such that each point of & lies within one of them. 
Moreover | A hate 
for any z of % lying in the «" cube of 1}. 


As B, embraces but a finite number of cubes, and as the same 
is true of 1), there is a finite set of layers & such that 


|F,(z)|<e , imeach %. 
The convergence is thus subuniform, as i, » are arbitrarily large. 


2. The reasoning of the preceding section gives us also the 
theorem : 


Let lim f (a, +++ Gms ty err te) = OCG ++ Lm) 
t=r 


in &, 7 finite or infinite. Let the convergence be uniform in & except 
possibly for the points of a complete discrete set € = fe}. For each 
point e, let there exist an y such that setting e(2, t) =f (a, t) —$(*), 


= e(a,t)=0 , for any tim V,*(r)- 
Then f = $ subuniformly in &. 
8. As aspecial case of 1 we have the theorem : 
a P(e) =f,@) +fy(2) + 


converge in A, and converge uniformly in U, except at T= 01, +++ T= A,. 
At x = a, let there exist a v, such that 

lim FE. ay = 0, mom 5 t=l,2-~-a 

ra, 


Then F converges subuniformly in A. 
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4. When lim f (a, t) = $(2) 
t=r 
we will often set 
Sa D=b@)+e@O, 


and call e the restdual function. 
549. Hxample 1. 
I@ 2) = 





wae ; 4 
—,=o@=0 , for n =o in A= (0 <a), 
Ca 

a, B,r = 0 ’ p> 0. 


The convergence is subuniform in %. For z= 0 is the only 
possible point of non-uniform convergence, and for any m, 





A 
je(2, m)|= "= =0 » asz= 0, 
e 





Example 2. f@n)= F i =o(47)=0 , asn=o, 


zin&k=(0<a) , a B,rAw>O , wr , e>0. 
The convergence is uniform in @= (e <a), wheree>0. For 


nar : 
[e@, n) | ss oe lonre 5 owsilh as 





az nr 
ef ne 


<e , forn>some ™m. 


Thus the convergence is uniform in 2%, except possibly at 2 = 0. 
The convergence is subuniform in %. For obviously for a given n 


lim f(z, n) = 0. 
z=—0 


550. 1. Let lim f(a, +++ tmty s+ tn) = P(% 1+ Um) tm K, 7 finite 
t=r é 
or infinite. 
Let the convergence be uniform in & except at the points 


B= (0, bg, ++» 5,)- 
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For the convergence to be sub-uniform in &, it is necessary that for 
cach b in B, and for each € > 0, there exists at = B near 7, such that 


Tim |e(x, |e d 
z=) 


For if the convergence is subuniform, there exists for each ¢ 
and 7 > 0 a finite set of layers @, t in V,*(r) such that 


[e(a, ty |<e€ ; z in &;. 


Now the point = lies in one of these layers, say in &. 
Then 
Je(a, B)|<e , foralle in some V*(6). 
But then 1) holds. 


2. Example. Let F(x) = Sar —2). 
0 


This is the series considered in 140, Ex. 2. 


F converges uniformly in & = (—1, 1), except at z= ile 


ae PaCS 
we see that ne F, Cea 
z= 


Hence F is not subuniformly convergent in %. 


Integrability 
551. 1. Infra-wniform Convergence. It often happens that 
f(a, +++ uty + ty) = (2, + Tm) 


subuniformly in ¥ except possibly at certain points € = fe} form- 
ing a discrete set. To be more specific, let A be a cubical divi- 
sion of ®,, in which % lies, of norm 8. Let X, denote those cells 
containing points of %, but none of &. Since € is discrete, 
X,=%. Suppose now f=¢ subuniformly in any X,; we shall 
say the convergence is infra-uniform in X. When there are no 
exceptional points, infra-uniform convergence goes over into sub- 
uniform convergence. 
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This kind of convergence Arzela calls uniform convergence by 
segments, in general. 


2. We can make the above definition independent of the set 6, 
and this is desirable at times. 

Let ¥ = (X, y) be an unmixed division of ¥ such that x may be 
taken small at pleasure. If f+¢ subuniformly in each X, we 
say the convergence is infra-uniform in &. 


3. Then to each e, 7 >0, and a given X, there exists a set of 
layers [,, I,-++, € in V,*(7), such that the residual function e(a, ¢) 
is numerically <e for each of these layers. As the projections of 
these layers { do not in general embrace all the points of X, we 
call them deleted layers. 


4. The points x we shall call the resedual points. 


ge 


5. Example. -> Gd +arhydt+ m+ 12 





This series was studied in 150. We saw that it converges uni- 
formly in %=(0, 1), except at r= 0. 


As 





PCL) — 2 9 a#0 


1+ nz 
and as this = 1as 20 for an arbitrary but fixed n, F does not 
converge subuniformly in f, by 550. The series converges infra- 
uniformly in 2%, obviously. 


6. Example 2. ne Tar(1 —2). 
0 


This series was considered in 550, 2. Although it does not 
converge subuniformly in an interval containing the point 2 =1, 
the convergence is obviously infra-uniform. 


552. 1. Let lim f (a, ++: 2m to tn) =P” Im) be Limited in X, 


+ finite or infinite. For each t near 7, let f be limited and R-integrable 
in&. For ¢ to be R-integrable in %, it is sufficient that f + > infra- 
uniformly in %. If % is complete, this condition is necessary. 
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It is sufficient. We show that for each e, > 0 there exists a 
division D of ®,, such that the cells in which 
Osc ¢ = @ qa 
have a volume <o. For setting’ as usual 


S=ots 


we have in any point set, 
Ose ¢ < Ose f+ Osc e. 
Using the notation of 551, 
|e, | <F 
in the finite set of deleted layers 1,, [,--- corresponding to 
t=t,,t,--- For each of these ordinates t,, f (2, t,) is integrable 


in ¥. There exists, therefore, a rectangular division D of Res 
such that those cells in which 


Osc f (a, t.) 25 


have a content < a whichever ordinate ¢,is used. Let # be a 


division of 9, such that the cells containing points of the residual 
set x have a content <a/2. Let F=D+ #. Then those cells 
of F in which 


Ose f (2, t.) Za or Osc|e(z, t.) | zis 
t=1,2--- have a content <o. Hence those cells in which 1) 
holds have a content <o. 
It is necessary, if ¥ is complete. Yor let 
t1, tg + = T. 


Since ¢ and f(a, t,) are integrable, the points of discontinuity of 
$(x) and of f (2, t,) are null sets by 462,6. Hence if ©, ©, denote 
the points of continuity of d(x) and f (a, t) in &, 


€=G6,=% 


since ¥ is measurable, as it is complete. 
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Let G = Quy {Gj}, 
then Gey. 
by 410, 6. 
Let D = Dv(G, G), 
then D= %, a 


as we proceed to show. For if G@=X—G, 
C= Dv(G, G) + D(C, G) = H+ DvG, &). 


But G is a null set. Hence Meas Do(G, G)=0, and thus 
€ =¥ = 5, which is 1). 

Let now £& be a point of 9, let it lie in ©, ©, +++ where ¢,, t+ 
form a monotone sequence =7. ‘Then since 


F C&, tn) = $(E), 
there is an m such that 


| e(&, t,) | a3 , foranyn>m. (2 
But & lying in 9, it lies in € and ©,. 
Thus lo) -— (1 <5 


|f (a, tn) — fr, ta) | ao 
for any z in Vs(&). Hence 
|eCay ty) — eB te) | <4 5 vin Va(E). (3 


Now 


€(2, ty) = €(&, th) — eCE, th) + €C&; t,)- 
Hence from 2), 3), 
|e(z,t,)|<e , for any vin Vs(&). 


Thus associated with the point &, there is a cube I’ lying in D;(&), 
having £ as center. As D=X—®D is a null set, each of its points 
can be enclosed within cubes C, such that the resulting enclosure 
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© has a measure <a, small at pleasure. Thus each point of ¥ hes 
within a cube. By Borel’s theorem there exists a finite set of 


these cubes 
r,; in cue pees Ch» C, zie Ci 

such that each point of % lies within one of them. But corre- 
sponding to the Is, are layers 

Q> %, oi ® gz 
such that in each of them 

| e(a, t)| <e. 
Thus f = ¢ subuniformly in X= (T,, Tg: T,)-. Let x be the 
residual set. Obviously y<o. Thus the convergence is infra- 


uniform. 
2. Asa corollary we have: 
Let F(a) = Sha -in(By °° Um) 


converge in %. Let F be limited, and each f, be limited and R-in- 
tegrable in U. For F to be R-integrable in A, it is suffictent that F | 
converges infra-uniformly in I. 

Tf X is complete, this condition is necessary. 


553. Infinite Peaks. 1. Let lim f(a, + tn ty ta) = p(x) in Xan 
t= 


7 finite or infinite. Although f(z, t) is limited in X for each ¢— 
near 7, and although $(2) is also limited in %, we cannot say that» 





| f (x, t)| << some M a 
for any x in ¥ and any ¢ near 7, as is shown by the following 
Example. Let f(a, t) = = =d(z)=0, as t=o for @ in 
X = (— 0, 0). 


It is easy to see that the peak of f becomes infinitely high as) 
nN =o. 
vt 


1 
ig f= i. Thus the peak is at least as high. 


In fact, for z= 


as ve which =o. 
e 
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The origin is thus a point in whose vicinity the peaks of the 
family of curves f(z, ¢) are infinitely high. In general, if the 


peaks of FAG Cao 


in the vicinity V, of z= & become infinitely high as t= 7, however 
small 6 is taken, we say & is a point with infinite peaks. 

On the other hand, if the relation 1) holds for all 2 and ¢ in- 
volved, we shall say f (a, t) is uniformly limited. 

cod bef nm Ff (By 00m tye te) = P(A Tn), and if fF, t) ts 
uniformly limited in X, then > is limited in X. 
_ For a being taken at pleasure in ¥ and fixed, $(2) is a limit 

point of the points f(a, t)ast=7. But all these points le in 
some interval (— G, @) independent of z. Hence ¢ lies in this 
interval. 

3. If ¥ is complete, the points R in X with infinite peaks also form 
a complete set. If these points & are enumerable, they are discrete. 

That ® is complete is obvious. But then R= K=0, as K is 
enumerable. 


554. 1. Let lim f (2, -++%mty +++ tn) = P(X *** Um) in ¥, metric or 


complete. Let f(a, t) be uniformly limited in X, and R-integrable 
for each t near t. For the relation 


erin {ie D = So@) 

to hold, it ts sufficient that f= infra-uniformly in %. If & is 
for each t complete, this condition 1s necessary. 

For by 552, ¢ is R-integrable if f+ ¢ infra-uniformly, and when 
X is complete, this condition is necessary. By 424, 4, each f (2, ¢) 
is measurable. Thus we may apply 381, 2 and 413, 2. 

2. Asa corollary we have the theorem: 

Let F (2) = Ef vin(%1 7° Mm) 
converge in the complete or metric field U. Let the partial sums F, be 
uniformly limited in A. Let each term f, be limited and R-integrable 
in Y. Then for the relation 


ea2 hh 
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to hold it is sufficient that F is infra-uniformly convergent mA. If 
Y is complete, this condition ws necessary. 


555. Example 1. Let us reconsider the example of 150, 
2 


PO=% Cea +at DA) 


We saw that we may integrate termwise in % = (0, 1), al- 
though F does not converge uniformly in %. The only point of 
non-uniform convergence is z= 0. In 551, 5, we saw that it con- 
verges, however, infra-uniformly in %f. As 


|F,(z)|<1 , for any a in A, and for every n, 


all the conditions of 554 are satisfied and we can integrate the 
series termwise, in accordance with the result already obtained 
in 150. 
Example 2. Let F(2%)= >2, | la 1)x\ = 0. 
1 


enn ef -1)z? J 





Then ge Nx 


AD 
ent 





We considered this series in 152,1. We saw there that this 
series cannot be integrated termwise in %= (0<a). It is, how- 
ever, subuniformly convergent in % as we saw in 549, Ex. 1. We 
cannot apply 554, however, as #’,, is not uniformly limited. In 
fact we saw in 152, 1, that z = 0 is a point with an infinite peak. 


Example 8. Lp) Tar(1 — 2). 
0 
We saw in 551, 6, that # converges infra-uniformly in Y& = (0, 1). 
Here F,(@)|=|1—2"| < some M, 


for any z in Y= (0<u), w<1,and any n. Thus the F, are 
uniformly limited in 2. 


We may therefore integrate termwise by 554, 2. We may 
verify this at once. For 


= ’ ot + 
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Hence {'E@dz =the qd 
0 
On the other hand, 
u ynrti 
fo Ende =u — =u , an=oo. (2 
0 n+1 
From 1), 2) we have 
Gone 5 > { yntt ynr2 
0 





facie tame 9 


556. 1. If 1° f(a, +++ Gm ty <7 fn) = be Um) infra-uniformly 
in the metric or complete field X, as t = 7, T finite or infinite ; 
2° f(a, t) is uniformly limited in X and R-integrable for each t 
near T; 
Then : 
] 9 t= ’ 
im [F@0=Sd 


uniformly with respect to the set of measurable fields U in X- 
If %¥ is complete, condition 1° may be replaced by 3° (2) ts 
R-integrable in &. 
For by 552, 1, when 3° holds, 1° holds; and when 1° holds, ¢ 
is R-integrable in &. 
Now the points €, where 
|e@ ta) | >e 


lim G,=0 , by 412. 


tt 


are such that 


Let ¥=6,4+ %,- Then 


[e@ n= [eo O+ [em t), 


Si! < [ \e\s2MG+e. 
a x 


But iai@a0, 


tt 





which establishes the theorem. 


2. Asa corollary we have: 


If 19 F(t) = Zfhiywin(41 01 Pm) converges infra-uniformly, and 
each of its terms f. is R-integrable in the metric or complete field I ; 
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2° F(x) is uniformly limited in U ; 
Then s 
S,PO= pf 


and the series on the right converges uniformly with respect to all 
measurable 8 < %. 
3. If 1° lim f(a, t, + th) = (2) ts R-integrable in the interval 
t=T 
%=(a <b), 7 finite or infinite ; 
2° f(x, t) is uniformly limited, and R-integrable for each t neart ; 
Then . a 2% 
] ee Oe ae dz = ; 
im ff, Odx = Jo (@) de = &(@) 


uniformly in A, and P(x) is continuous in U. 


bediets F(x) = 3f,..,,(@) 

and also each term f, are R-integrable in the interval A=(a< 6); 
2° F(a) is uniformly limited in A; 
Mee G(2)= = fF. @)de , cnt 

78 continuous. 


For G is a uniformly convergent series in %{, each of whose terms 


S fae 


is a continuous function of x. 


Differentiability 
5575 10. Jf 13 Man fe te t= (x) in UX =(a< bd), 7 finite or 


infinite ; 

2° f(a, t) is R-integrable for each t near 1, and uniformly limited 
in U; 

3° fi(a, th= (a) infra-uniformly in U, as t = 7; 

Then at a point x of continuity of w in 


$'(@)= ¥@), a 


or what is the same 


an eG, 
Fa Ae )=lim ql t). (2 
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For by 554, 
i x ; = °r 
im J, Fi(a, tydz J vb (a)dx (8 
= ae [f(a,t)—f(a,t)] , by I, 588 


=$(z)—¢(@) , by?. 
Now by I, 587, at a point of continuity of +, 


2 fy@de =). (4 


From 8), 4), we have 1), or what is the same 2). 
2. In the interval %, of 
1° F(r)=zf,...,,e) converges ; qa 
2° Each f'(2) is limited and R-integrable ; 
3° F(a) is uniformly limited ; 
4° G(x) = =f! ts infra-uniformly convergent ; 
Then at a point of continuity of G(x) in U, we may differentiate 
the series 1) termwise, or F'(x)= G(x). 
3. In the interval A, if 
1° f (a, ty +++ ta) = b(x) as t= 7, T finite or infinite ; 
~~ 2° f (a, t) is uniformly limited, and a continuous function of x; 
3° 4(2)= iyo FL(a, t) is continuous ; 


nee (2) =¥(2), a 


or what is the same 


a lim f(a t) = im @ f(r t). (2 


For by 547, 1, condition 3° requires that f’ = y subuniformly 
in 9. But then the conditions of 1 are satisfied and 1) and 2) 
hold. 


4. In the interval U let us suppose that 
1° F(x%= > ee?) converges ; a 
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2° Hach term f, is continwous 5 

8° Fi(a) is uniformly limited ; 

4° G(x) = Zfi(x) is continuous ; 

Then we may differentiate 1) termwise, or F'(2) = G(@). 


558. Example 1. We saw in 555, Ex. 3 that 


is ay 2 
ghth grt 


F@)=2=% 





[2 -5} ponies a 


The series got by differentiating termwise is 


G(x) = Sar(1—v)=1 5 Oecd 
0 














2 
= 0 5 c= 0. : 
Thus by 5957, 4, G(x) = F(z) in (0*, 1) =U. @G 
The relation 3) does not hold for x= 0. 
Example 2. 
Fay aS { aretg evn _ arctg ovn+1) _s 
2 Vn Vn+1 fst 
ea) il 1 
ane ( aa} =Zfi(2). 
WS > L+n? 1l+(n+1)2 moe 
Here F(«)=aretg a, for any 2. ad 
il 
2) =a eee G 
=0 , «=0. 


Hence G(x) is continuous in any interval Y%, not containing 
x=0. Thus we should have by 557, 4, 


E(e2)=G@), x in Uf. (3 


This relation is verified by 1), 2). The relation 3) does not 
hold for z = 0, since 


F(O)=1, , EO)=0, 
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Example 3. 
oid ae A 1 

F@)=> i= log (1 + mat) — 55 log (1 +(n-+ 1)8) 
=2f,(@) ad 
=4log(1+2*) , for any z. 

Cr) = ae We War (Ut de | 

& Lys (2) pa 1+n?2? 14(n41)? e 
eee ere Lor any 2. 
1+ 22 


In any interval %, all the conditions of 557, 4, hold. 


plots M(@)=Gay,, torjany «in 2. (3 

In case we did not know the value of the sums 1), 2) we could 
still assert that 3) holds. For by 545, G@ is subuniformly con- 
vergent in %, and hence is continuous. 





Example 4. 
— Litne tts De) at? 1 
Hike) pa nen (n+ yer? ee are C 
Here ~ 
EH @y=——* (2 
er 


The series obtained by differentiating # termwise is 


Bea Se area oe fe 


etbe ene ez 





and hence 
CROC) Star yet 


enz 
The peaks of the residual function 


Sens 

€(@, n)= a 
are of height =1/e. The convergence of G@ is not uniform at 
z=0. The conditions of 557, 4, are satisfied and we can differ- 
entiate 1) termwise. This is verified by 2), 3). 
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559. 1. If 1° lim f(a, t,--- t.)=$@ is limited and R-integrable 
t=7 


in the interval U=(a < 5); 
2° f(a, t) is limited, and R-integrable in %, for each t near 7; 


3° (2) = him SP@H=limg@ 


is a continuous function in U; 


4° The points E in A in whose vicinity the peaks of f(a, t) as 


t= 7 are infinitely high form an enumerable set ; 


Then 7 2 
62) = f' 6) slim [F@ Dde=¥@), 


or 


lim (f(z, )de= i , t)dz, 
im [F(a Ode = flim fw, Ode 
and the set © is complete and diserete. 


For & is discrete by 553, 3. 
Let « be a point of A=%—. Then in an interval a about «, 


|f(a, t)|<some M , wina, any t near tr. (2 


Now by 556, 3, taking ¢>0 small at pleasure, there exists an 
7 > 0 such that 


H2)—Wa=fF@tte , [d|<e 
for any xina,andtin V,*(7r). If we setx=a+h, we have 
Ay _ ¥(@)— ¥() _1 (” é! 
x — HCO) = [PG de +£. (3 
Also by 556, 3, we have 


SF@ Dae =So@detel , lell<e 

for any x ina, and tin V,*(7). Thus 
1% 6(r) — 0(«) AO , e! 
Lp(a, nde OOM 4 AAP 
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Now e may be made small at pleasure, and that independent of 
h. Thus the last relation gives 


Ay _ 49 


eater for z in A. 


As this holds however small A = Az is taken, we have 


dy _ a0 


Fey ne for z in A. 


Hence by 515, 3, 
(2)=O(x)+ const , in A. 
For z= 4, Wa) = O(a) = 0; 
and thus 
(2y=O(r) ,— in Y. 
2. Asa corollary we have: 


Tf 1° F(x) = Sfagein(@) 18 limited and R integrable in the inter- 
val A= (a<b); 


2° F,(2x) is limited and each term f, is R-integrable ; 
3° G(2)= > ie Ff, is continuous ; 


4° The points & in XU in whose vicinity the peaks of Fy(x) are tn- 
finitely high form an enumerable set ; 


Then S'F@ B > oe 


or we may integrate the F series termwise. 


560. 1. If 1° lim f(s, t,t) =¢(z) mU=(a< b), 7 finite or 
infinite ; a 

2° fl(a, t) is limited and R-integrable for each t near T; 

3° The points & of U in whose vicinity Fi(a, t) has infinite peaks 
as t= 7 form an enumerable set; 

4° (x) is continuous at the points €; 

5° p(x) = lim fi(a, t) is limited and R-integrable in WU; 
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Then at a point of continuity of (2) in 
p(x) =V(), @! 


or what is the same 


é lim f(x, #) = lim a F(t). 


For let 8= («< ) be an interval in & containing no point of 
©. Then for any z in 6 


[PG Ode =f O-flq~ by 2. 
Hence 2 
lim f“fl(@, t)dz =lim{ fe, 0 —F(% O} 
t=r “a ‘=r 
=¢(v%)—d(«) , by 1°. (2 
By 556, 3, $(z) is continuous in 6. Thus (2) is continuous 
at any point not in ©. Hence by 4° it is continuous in Y. 


We may thus apply 559, 1, replacing therein f(a, t) by fr €). 
We get 


lim [L@, dde= [limfi@, Dde= {paar 8 


Since 2) obviously holds when we replace « by a, this relation 
with 3) gives 


{ v@)de = $(2) — $(a). 
At a point of continuity, this gives 1) on differentiating. 


2. If 1° F(2) = Sf.,....,(&) converges in the interval A; 


2° G(r) = =f\(x) and each of its terms are limited and R- 
integrable in U; 


3° The points of Win whose vicinity G(x) has infinite peaks as 
A= oo, form an enumerable set at which F(x) is continuous ; 


Then at a point of continuity of G(x) we have 
F'(z) = G(a), 


Dea oe) 
qprtek => dx 


or what is the same 
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561. Hxample. 





2 


Eee eo ee |S 








ene e(n+1)a? et 
Hence 9 9 23 
x x 
F'(x) — —_— = 
ew en 


The series obtained by differentiating # termwise is 


GG) = > {2arteka 2K) eves) 
1 


en enn? e(n+)a? e(ntl)a? 








Here 











Shanes Sy 
G,(@) = 23-22 | 2 nee | 
ew ez ene enx 
Hence 
Oy PQict 
G(x) = ro) — = 


is a continuous function of z. 


The convergence of the @ series is not uniform at x= 0. 


set a,=1/n. Then 


Gane) re G(a,) a | wi 


€ é 


qd 


(2 


For 


To get the peaks of the residual function we consider the 


points of extreme of 


na(1 — nz*) 
pire 
e 
We find y' nl —5 nat + 2 na | 
en 


Thus y’ = 0 when 
2 n2at —5 na? +1=9, 


or when ff Te , 4, « constants. 
n 


a 
ee 
Vn 
Putting these values in 3), we find that y has the form 
y= eV n. 


(3 


Hence x= 0 is the only point where the residual function has 
an infinite peak. Thus the conditions of 560, 2, are satisfied, and 
we should have F’ (x) = G(@) for any 2. This is indeed so, as 1), 


2) show. 


CHAPTER XVII 


GEOMETRIC NOTIONS 


Plane Curves 


562. In this chapter we propose to examine the notions of 
curve and surface together with other allied geometric concepts. 
Like most of our notions, we shall see that they are vague and 
uncertain as soon as we pass the confines of our daily experience. 
In studying some of their complexities and even paradoxical 
properties, the reader will see how impossible it is to rely on his 
unschooled intuition. He will also learn that the demonstration 
of a theorem in analysis which rests on the evidence of our 
geometric intuition cannot be regarded as binding until the 
geometric notions employed have been clarified and placed on a 
sound basis. 

Let us begin by investigating our ideas of a plane curve. 


563. Without attempting to define a curve we would say on 
looking over those curves most familiar to us that a plane curve 
has the following properties : 

1° It can be generated by the motion of a point. 

2° It is formed by the intersection of two surfaces. 

3° It is continuous. 

4° It has a tangent at each' point. 

5° The are between any two of its points has a length. 

6° A curve is not superficial. 

T° Its equations can be written in any one of the forms 


z=) , y=¥(b), @2 
F(a, y) =9; (3 


and conversely such equations define curves. 
578 
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8° When closed it forms the complete boundary of a region. 
9° This region has an area. 


Of all these properties the first is the most conspicuous and 
characteristic to the naive intuition. Indeed many employ this 
as the definition of a curve. Let us therefore look at our ideas 
of motion. 


564. Motion. In this notion, two properties seem to be essen- 
tial. 1° motion is continuous, 2° it takes place at each instant in 
a definite direction and with a definite speed. The direction of 
motion, we agree, shall be given by dy/dz, its speed by ‘ds/dt. 
Wesee that the notion of motion involves properties 4°, 5°, and 7°. 
Waiving this point, let us notice a few peculiarities which may 
arise. 

Suppose the curve along which the motion takes place has an 
angle point or a cusp as in I, 366. What is the direction of 
motion at such a point? Evidently we must say that motion is 
impossible along such a curve, or admit that the ordinary idea of 
motion is imperfect and must be extended in accordance with the 
notion of right-hand and left-hand derivatives. 

Similarly ds/dt may also give two speeds, a posterior and an 
anterior speed, at a point where the two derivatives of s= $(t) 
are different. 

Again we will admit that at any point of the path of motion, 
motion may begin and take place in either direction. Consider 
what happens for a path defined by the continuous function in 
I, 367. This curve has no tangent at the origin. We ask how 
does the point move as it passes this point, or to make the ques- 
tion still more embarassing, suppose the point at the origin. In 
what direction does it start to move? We will admit that no 
such motion is possible, or at least it is not the motion given us 
by our intuition. Still more complicated paths of this nature are 
given in I, 369, 371, and in Chapter XV of the present volume. 

It thus appears that to define a curve as the path of a moving 
point, is to define an unknown term by another unknown term, 
equally if not more obscure. 


565. 2° Property. Intersection of Two Surfaces. This property 
has also been used as the definition of a curve. As the notion 
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of a surface is vastly more complicated than that of a curve, it 
hardly seems advisable to define a complicated notion by one still 
more complicated and vague. 


566. 3° Property. Continuity. Over this knotty concept philos- 
ophers have quarreled since the days of Democritus and Aristotle. 
As far as our senses go, we say a magnitude is continuous when 
it can pass from one state to another by imperceptible gradations. 
The minute hand of a clock appears to move continuously, although 
in reality it moves by little jerks corresponding to the beats of the 
pendulum. Its velocity to our senses appears to be continuous. 

We not only say that the magnitude shall pass from one state 
to another by gradations imperceptible to our senses, but we also 
demand that between any two states another state exists and so 
without end. Is sucha magnitude continuous? No less a mathe- 
matician than Bolzano admitted this in his philosophical tract 
Paradoxien des Unendlichen. No one admits it, however, to-day. 
The different states of such a magnitude are pantactic, but their 
ensemble is not a continuum. 

But we are not so much interested in what constitutes a con- 
tinuum in the abstract, as in what constitutes a continuous curve 
or even a continuous straight line or segment. The answer we 
have adopted to these questions is given in the theory of irra- 
tional numbers created by Cantor and Dedekind [see Vol. I, 
Chap. II], and in the notion of a continuous function due to 
Cauchy and Weierstrass [see Vol. I, Chap. VII]. 

These definitions of continuity are analytical. With them we 
can reason with the utmost precision and rigor. The consequences 
we deduce from them are sufficiently in accord with our intuition 
to justify their employment. We can show by purely analytic 
methods that a continuous function f(z) does attain its extreme 
values [I, 854], that if such a function takes on the value a at the 
point P, and the value 6 at the point Q, then it takes on all inter- 
mediary values between a, 6, as x ranges from P to Q [I, 357]. 
We can also show that a closed curve without double point does 
form the boundary of a complete region [cf. 576 seq. ]. 


567. 4° Property. Tangents. To begin with, what isa tangent ? 
Euclid detines a tangent to a circle as a straight line which meets 
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the circle and being produced does not cut it again. In com- 
menting on this definition Casey says, “In modern geometry a 
curve is made up of an infinite number of points which are 
placed in order along the curve, and then the secant through two 
consecutive points is a tangent.” If the points on a curve were 
like beads on a string, we might speak of consecutive points. As, 
however, there are always an infinite number of points between any 
two points on a continuous curve, this definition is quite illusory. 

The definition we have chosen is given in I, 365. That property 
3° does not hold at each point of a continuous curve was brought 
out in the discussion of property 1°. Not only is it not necessary 
that a curve has a tangent at each of its points, but a curve does 
not need to have a tangent at a pantactic set of points, as we saw 
in Chapter XV. 

For a long time it was supposed that every curve has a tangent 
at each point, or if not at each point, at least in general. Analytic- 
ally, this property would go over into the following: every con- 
tinuous function has a derivative. A celebrated attempt to prove 
this was made by Ampere. 

Mathematicians were greatly surprised when Weierstrass ex- 
hibited the function we have studied in 502 and which has no 
derivative. 

Weierstrass* himself remarks: ‘Bis auf die neueste Zeit hat 
man allgemein angenommen, dass eine eindeutige und continuir- 
liche Function einer reellen Verinderlichen auch stets eine erste 
Ableitung habe, deren Werth nur an einzelnen Stellen unbestimmt 
oder unendlich gross werden kénne. Selbst in den Schriften von 
Gauss, Cauchy, Dirichlet findet sich meines Wissens keine 
Ausserung, aus der unzweifelhaft hervorginge, dass diese Mathe- 
matiker, welche in ihrer Wissenschaft die strengste Kritik tberall 
zu iiben gewohnt waren, anderer Ansicht gewesen seien.” 


568. Property 5°. Length. We think of a curve as having 
length. Indeed we read as the definition of a curve in Euclid’s 
Elements: a line is length without breadth. When we see two 
simple curves we can often compare one with the other in regard 
to length without consciously having established a way to measure 


* Werke, vol. 2, p. 71. 
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them. Perhaps we unconsciously suppose them described at a 
uniform rate and estimate the time it takes. It may be that we 
regard them as inextensible strings whose length is got by 
straightening them out. A less obvious way to measure their 
lengths would be to roll a straightedge over them and measure 
the distance on the edge between the initial and final points of 
contact. 

We ask how shall we formulate arithmetically our intuitional 
ideas regarding the length of a curve? The intuitionist says, a 
curve or the are of a curve has length. This length is expressed 
by a number ZL which is obtained by taking a number of points 
P,, P,, P3--- on the curve between the end points P, P’, and 
forming the sum 


See * qd 


The limit of this sum as the points became pantactic is the 
length Z of the are PP’. 

Our point of view is different. We would say: Whatever 
arithmetic formulation we choose we have no a prior? assurance 
that it adequately represents our intuitional ideas of length. 
With the intuitionist we will, however, form the sum 1) and see if 
it has a limit, however the points P, are chosen. If it has, we will 
investigate this number used as a definition of length and see if it 
leads to consequences which are in harmony with our intuition. 

This we now proceed to do. 


569. 1. Let t=(t) , y=v(t) qd 


be one-valued continuous functions of ¢ in the interval I = (a<6). 
As t ranges over %f the point 2, y will describe a curve or an are 
of a curve C. We might agree to call such curves analytic, in 
distinction to those given by our intuition. The interval % is 
the interval corresponding to C. 

Let D be a finite division of % of norm d, defined by 


CN ec eels a 
To these values of t will correspond points 


Ps Py, Pas Q (2 
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on (, which may be used to define a polygon Pp whose vertices 
are 2). 


Let (m, m+1) denote the side P,,Pnsy, a8 well as its length. 
If we denote the length of P, by the same letter, we have 
Pp= =(m, m+1) = ZV Az?, + Ay?,. 
i lin Py (3 
a=) 


exists, it is called the length of the are C, and Cis rectefiable. 


2. (Jordan.) For the are PQ to be rectifiable, it 8 necessary and 
sufficient that the functions $, in 1) have limited variation in A. 


HCE VAx? + Ay? >| Ac}. 
Hence Pett Anh 


But the sum on the right is the variation of ¢ for the division D. 
If now ¢ does not have limited variation in A, the limit 3) does 
not exist. The same holds for y. Hence limited variation is a 
necessary condition. 

The condition is sufficient. For 


Py< =| Av|+2| Ay|= Varg + Vary. 


As ¢, have limited variation, this shows that 
Pos Max 5 
is finite. We show now that 
lim P= P,: (4 
For there exists a division A such that 


Let A cause % to fall into v intervals, the smallest of which has 
the length ». Let D be a division of & of norm i Ear ag WS 
Then no interval of D contains more than one point of A. 


Let H= D+A. 
Obviously Pzg>Pp or Pa: 
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Suppose that the point ¢, of A falls in the interval (¢,, 41) of 
D. Then the chord (c, ++ 1) in Pz is replaced by the two chords 
(1, «), (K,++1)in Pz. Hence 


Po DS eG ate Te 


tore 4.= (4, «) + (Kk, ¢+1)—-Ge+1). 
Obviously as $, y are continuous we may take d,) so small that 
each 
Gi <—-m, for any d<d,. 
2v 
Hence Pea pe (6 


2 
From 5), 6) we have 
P,—Pyp<e , foranyd<d, 

which gives 4). 

3. If the are PQ is rectifiable, any are contained in PQ 18 also 
rectifiable. 

For ¢, y having limited variation in interval Y, have a fortiorz 
limited variation in any segment of I. 


4. Let the rectifiable are C fall into two ares Ci, C,. If 8, 81, & 
are the lengths of C, C,, Cy then 


$ = 8, + 8. Gi 

For we saw that C,, C, are rectifiable since Cis. Let %,, %, 

be the intervals in % corresponding to C,,C,. Let D,, D, be 
divisions of %f,, %, of norm d. Then 


3) = MN pw oo Ie 
d=0 a=0 


But D,, D, effect a division of 2, and since 
= lime? (8 
e=0 


with respect to the class of all divisions of %f, the limit 8) is the 
same when F is restricted to range over divisions of the type of D. 
Now 

Py y=P),+Po,. 


Passing to the limit, we get 7). 
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The preceding reasoning also shows that if C,, C, are rectifiable 
curves, then Cis, and 7) holds again. 


5. If 1) define a rectifiable curve, its length s is a continuous func- 
tion s(t) of t. 


For ¢, having limited variation, 


Pie Pa ee 
where the functions on the right are continuous monotone inereas- 
ing functions of ¢ in the interval % = (a< 6). 
For a division D of norm d of the interval AY = (t,t +h) we 
have aoe ERs 
Ps = > Az + Ay? 
<2 | Ax] += |Ay| 
< TAd¢g, + TAg, + TAY, + TAY, 
< 81 + dy + dYy + Oy, 


where 8, =¢,(t¢ + 4) — ¢(4), and similarly for the other func- 
tions. As ¢, is continuous, 5¢,+ 9, etc., as h=0. We may 
therefore take 7 >0 so small that 5¢,, 5¢,, dy, dy, < €/4, ifh< n. 
Hence As = s(t + h)— s(t) < Max Pp<e , if 0< h>». 
Thus s is continuous. 
6. The length s of the rectifiable are CO corresponding to the inter- 
val (a < t) is a monotone inereasing function of t. 


This follows from 4. 


7. If x, y do not have simultaneous intervals of invariability, s(t) 
is an increasing function of t. The inverse function is one-valued 
and increasing and the codrdinates x, y are one-valued functions of 8. 


That the inverse function ¢ (s) is one-valued follows from I, 214. 
We can thus express ¢ in terms of s, and so eliminate ¢ in 1). 


570. 1. If ¢', W! are continuous in the interval A, 
a= ff dtvar sy? fal 
X 


ot 3 =lim VAG? + Ay. (2 
d=0 
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Now Ag. =¢i(tdt, » Aye = HDL, 


where t!, t/’ le in the interval At,. 


As $', wy’ are continuous they are uniformly continuous. 


for any division D of norm <some dy, 


SU)=P8(t)t% 9 WED =") +B 


where | «, |, | B.| <some 7, small at pleasure, for any «. 





VAG? + Ay? = At. Vb! (te)? + YW (ed? + Ab, 
and we may take a 
le, |e Ge ee Les 
Thus 





s=lim SAt, Vo! (t,)? + WC)? + lim 2e,At,. 
d=0 
Hence 





8 — <é, 
Sy 
which establishes 1). 


Hence 


Thus 


For simplicity we have assumed ¢’, y' to be continuous in 


This is not necessary, as the following shows. 


2. Let a, +++ Gy, 54, °+° 6, = 9 butmotiall: = 0: 
Then 





| Vaz + + +a2— /o2 + ++» +62 |< z la, —6, |, 


m=1,2+-n 

















(4 


For 
(Via + —VbR + )(Vazt +-V02 4 +.) 
= (02et pod te a2) — (63+ ais + 62) 
= (a}— BE) +--+ + (ad — BB) 
= (a; — b,) (a, + 5;) + «+ + (4, — Fn) (Gn t+ Fn): 
Hlence ; 
Vat te — VER fo = . (G10, ) Om + bm 
> Vat foe + VOR + 
But ; | 
2 he ar m 2 Sel 
Vai + + V OEE 


This in 5) gives 4). 
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Let us apply 4) to prove the following theorem, more general 
than 1. 


3. (Baire.) If $', w! are limited and R-integrable, then 
s= | Vd? 4 wd. 1 
For by 4), : 2 
| Vb! P+ WP VP P+ Ge)? | <1 O'CO— $e) | 
+ |W’) — GD | 5 
or, — UV, = 7! Ose 6'(t) + 7! Ose W(t) ,_”sin 8 = At,, 








where 7, 7! are numerically <1. Thus 
| 28.0, — TEV, | = Tb. Ose f! + ZS.y¢ Ose wp’. (6 
As ¢’, \' are integrable, the right side = 0,asd=0. Now 


lim 38,¥, = aft Vpee p? dt. 
d=) w 
Thus passing to the limit in 6), we have 


lim SAt, Vol (tb? + VG? = f 
wt 
This with 2), 3) gives 1) at once. 





571. Volterra’s Curve. It is interesting to note that there are 
rectifiable curves for which $'(t), y'(t) are not both R-integrable. 
Such a curve is Volterra’s curve, discussed in 508. Let its equa- 
tion be y= f(z). Then f'(z) behaves as 


an | a 
2 x2 sin = — cos — 
x x 


in the vicinity of a non null set in Y=(0,1). Hence igh EAR 
not R-integrable in %. But then it is easy to show that 


JS VIFF@P de 


does not exist. For suppose that 


I= V1 4+ f'(x)* 
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were R-integrable. Then g?=1+/'(2)? is R-integrable, and 
hence f'(z)? also. But the points of discontinuity of f’? in % do 
not form a null set. Hence f’? is not #-integrable. 

On the other hand, Volterra’s curve is rectifiable by 569, 2, and 
OLo le 


572. Taking the definition of length given in 569, 1, we saw 
that the codrdinates 
c=$(t) , y= vO 
must have limited variation for the curve to be rectifiable. But we 
have had many examples of functions not having limited variation 
in an interval 2. Thus the curve defined by 


(4 
— 5 c= 0 
does not have a length in % =(— 1,1); while 
atl 
=27'¢5 =y bi} +0 
otis z (5 
=0% -2=0 


does. 

It certainly astonishes the naive intuition to learn that the 
curve 4) has no length in any interval 6 about the origin how- 
ever smnall, or if we like, that this length is infinite, however small 
Sis taken. For the same reason we see that 

Vo are of Weierstrass’ curve has a length (or its length is infinite) 
however near the end points are taken to each other, when ab>1. 


573. 1. 6° Property. Space-filling Ourves. We wish now to 
exhibit a curve which passes through every point of a square, 7.e. 
which completely fills a square. Having seen how to define one 
such curve, it is easy to construct such curves in great varicty, not 
only for the plane but for space. The first to show how this may 
be done was Peano in 1890. The curve we wish now to define is 
due to Hilbert. 

We start with a unit interval % = (0, 1) over which ¢ ranges, 
and a unit square 8 over which the point z, y ranges. We define 


z= $(t) ’ y=vC) qd 
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as one-valued continuous functions of t in %&f so that zy ranges over 
% as ¢ ranges over A. The analytic curve C defined by 1) thus 
completely fills the square %. 

We do this as follows. We effect a division of {& into four 
equal segments 6), 65, 65, 84, and of B into equal squares My els 
73, 74, a8 in Fig. 1. 

We call this the first division or D,. The corre- 
spondence between % and % is given in first 
approximation by saying that to each point Pen 
8! shall correspond some point Q in 7/. 

We now effect a second division D, by dividing 
each interval and square of D, into four equal 
parts. 

We number them as in Fig. 2, 


i " " 
Bf, 8 Og 


" 
Unt 5 No eee 116 


As to the numbering of the 7’s we observe the 
following two principles: 1° we may pass over the 
squares 1 to 16 continuously without passing the 
same square twice, and 2° in doing COISLWO (D88Se oy te tee 
over the squares of D, in the same order as in Fra. 2. 
Fig. 1. The correspondence between % and % is 
given in second approximation by saying that to each point P in 
8” shall correspond some point Qin y/. In this way we continue 





indefinitely. 
To find the point Q@ in B corresponding to P in & we observe 
that P lies in a sequence of intervals 


8 > 8! a4 Sl leash aaa) (2 
to which correspond uniquely a sequence of squares 
n! = n!! > ail See =. (3 


The sequence 8) determines uniquely a point whose codrdinates 
are one-valued functions of t, viz. the functions given in 1). 
The functions 1) are continuous in I. 


For let t’ be a point near ¢; it either lies in the same interval as 
t in D, or in the adjacent interval. ‘Thus the point Q’ corre- 
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sponding to ¢! either lies in the same square of D, as the point @ 
corresponding to ¢, or in an adjacent square. But the diagonal 
of the squares = 0,asn =o. Thus 


Dist (Q'Q)=90 , asn=oo. 
oty—¢@) , andy@)—¥¥@® 
both = 0, as ¢’ + t. 


Thus 


As t ranges over %, the point x, y ranges over every point in the 
square B. 


For let @ be a given point of B. It lies in a sequence of 
squares as 3). If @ lies on a side or at a vertex of one of the 7 
squares, there is more than one such sequence. But having taken 
such a sequence, the corresponding sequence 2) is uniquely de- 
termined. Thus to each Q corresponds at least one P. A more 
careful analysis shows that to a given Q never more than four 
points P can correspond. 


2. The method we have used here may obviously be extended 
to space. By passing median planes through a unit cube we 
divide it into 23 equal cubes. Thus to get our correspondence 
each division D, should divide each interval and cube of the pre- 
ceding division D,_, into 23 equal parts. The cubes of each divi- 
sion should be numbered according to the 1° and 2° principles of 
enumeration mentioned in 1. 

By this process we define 


t=) » y=b) » 2= 43%) 
as one-valued continuous functions of ¢ such that as ¢ ranges over 


the unit interval (0, 1), the point z, y, z ranges over the unit 
cube. 


574. 1. Hilbert's Curve. We wish now to study in detail the 
correspondence between the unit interval 9% and the unit square 
% afforded by Hilbert’s curve defined in 5738. A number of inter- 
esting facts will reward our labor. We begin by seeking the 
points P in % which correspond to a given Q in &. 

To this end let us note how P enters and leaves an n square. 
Let B be a square of D,. In the next division B falls into four 
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squares B, --- B,and in the n+ 2% division in 16 squares B,;. 
Of these last, four lie at the vertices ef B; we call them verter 
squares. The other 12 are median squares. A simple considera- 
tion shows that the 7 squares of D,,. are so numbered that we 
always enter a square B belonging to D,, and also leave it by a 
vertex square. 

Since this is true of every division, we see on passing to the 
limit that the point Q enters and leaves any » square at the ver- 
tices of n. We call this the vertex law. 

Let us now elassify the points P, Q. 

If P is an end point of some division D, > we call it a terminal 
point, otherwise an inner point, because it lies within a sequence 
of & intervals 8’ > 8!’ >.--- =0. 

The points @ we divide into four classes: 

1° vertex points, when @ is a vertex of some division. 

2° inner points, when @ lies within a sequence of squares 

Woon > te: 

3° lateral points, when @ lies on a side of some 7 square but 
never at a vertex. 

4° points lying on the edge of the original square 8. Points 
of this class also lie in 1°, 3°. 

We now seek the points P corresponding toa @ lying in one of 
these four classes. 

Class 1°. Qa Vertex Point. Let D, be the first division such 
that @ is at a vertex. Then Q lies in four squares ., 7j, > ™ Of 
Dy. 

There are 5 cases: 

a) tj kl are consecutive. 

B) +7 k are consecutive, but not J. 

y) «j are consecutive, but not kl. 

8) ej, also & 1, are consecutive. 

€) no two are consecutive. 

A simple analysis shows that a), 8) are not permanent in the 
following divisions; ‘), 5) may or may not be permanent; €) is 
permanent. 
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ad 


Now, whenever a case is permanent, we can enclose Y in @ Se- 
quence of » squares whose sides = 0. ‘To this sequence corre- 
sponds uniquely a sequence of 6 intervals of lengths = 0. Thus 
to two consecutive squares will correspond two consecutive inter- 
vals which converge to a single point Pin Y&. If the squares are 
not consecutive, the corresponding intervals converge to two dis- 
tinct points in %. Thus we see that when +) is permanent, to Q 
correspond three points P. When 6) is permanent, to QY corre- 
spond two points P. While when @ belongs to €), four points P 
correspond to it. 


Class 2°. Q an Inner Point. Obviously to each Q corresponds 
one point P and only one. 
Class 3°. Qa Lateral Point. To fix the ideas let ¢ lie on a ver- 


tical side of one of the n’s. Let it he between 7,, 7; of D,. There 
are two cases: 


a) goet+l. 
B) j>ce#l. 


We see easily that @) is not permanent, while of course #) is. 
Thus to each Q in class 8°, there correspond two points P. 


Class 4°. @ lies on the edge of B. If Q@ is a vertex point, to it 
may correspond one or two points P. If Q is not a vertex point, 
only one point P corresponds to it. 

To sum up we may Say : 

To each inner point Q corresponds one inner point P. 

To each lateral point Q correspond two points P. 

To each edye point Y correspond one or two points P. 

To each vertex point Q, correspond two, three, or four points P. 

2. As a result of the preceding investigation we show easily 
that : 

To the points on a line parallel to one of the sides of 8 correspond 


in U an apantactic perfect set. 


3. Let us now consider the tangents to Hilbert’s curve which 
we denote by H. 
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Let Q be a vertex point. We saw there were three permanent 
cases 7), 5), €)- 

In cases y), 5) we saw that to two consecutive 6 intervals cor- 
respond permanently two contiguous ver- 
tical or horizontal squares. 3 

Thusgasaisrangessover,'j——"-—5 "4 2 
5,, 5,41 the point 2, y ranges ; j 
over these squares, and the secant line 
joining Q and this variable point 2, y oscillates through 180°. 
There is thus no tangent at @. In case e) we see similarly that 
the secant line ranges through 90°. Again there is no tangent 
at Q. 

In the same way we may treat the three other classes. We find 
that the secant line never converges to a fixed position, and may 
oscillate through 360°, viz. when Q is aninner point. Asa result 
we see that Hilbert’s curve has at no point a tangent, nor even a 
unilateral tangent. 





4. Associated with Hilbert’s curve H are two other curves, 


z=o(t) , andy=y(). 


The functions ¢, # being one-valued and continuous in 9, these 
curves are continuous and they do not have a multiple point. A 
very simple consideration shows that they do not have even a 
unilateral tangent at a pantactic set of points in U. 


575. Property 1°. Equations of a Curve. As already remarked, 
it is commonly thought that the equation of a curve may be 
written in any one of the three forms 


¥y =f(«), qd 
O(a, y= 9, 2 
r= 9g) » y=¥Os (3 


and if these functions are continuous, these equations define con- 
tinuous curves. 

Let us look at the Hilbert curve H. We saw its equation 
could be expressed in the form 3). H cuts an ordinate at every 
point of it for which 0Sy <1. Thus if we tried to define H by 


594 GEOMETRIC NOTIONS 


an equation of the type 1), f@) would have to take on every 
value between 0 and 1 for each value of z in X=(0, 1). No such 
functions are considered in analysis. 

Again, we saw that to any value v= ain % corresponds a perfect 
apantactic set of values {t,} having the cardinal numberc. Thus 
the inverse function of z= ¢(t) is a many-valued function of 2 
whose different values form a set whose cardinal number is c. 
Such functions have not yet been studied in analysis. 

How is it possible in the light of such facts to say that we may 
pass from 3) to 1) or 2) by eliminating t from 3). And if we 
cannot, how can we say a curve can be represented equally well 
by any of the above three equations, or if the curve is given by 
one of these three equations, we may suppose it replaced by one 
of the other two whenever convenient. Yet this is often done. 

In this connection we may call attention to the loose way 
elimination is treated. Suppose we have a set of equations 


AiG, 20° Dm by + t,)==.0; 
Invi 1 8° Ln ty ose t= 0. 


We often see it stated that one can eliminate ¢, --- ¢, and obtain 
a relation involving the z’s alone. Any reasoning based on such 
a procedure must be regarded as highly unsatisfactory, in view of 
what we have just seen, until this elimination process has been 
established. 


576. Property 8°. Closed Curves. A circle, a rectangle, an 
ellipse are examples of closed curves. Our intuition tells us that 
it is impossible to pass from the inside to the outside without 
crossing the curve itself. If we adopt the definition of a closed 
curve without multiple point given in I, 362, we find it no easy 
matter to establish this property which is so obvious for the simple 
closed curves of our daily experience. The first to effect the 
demonstration was Jordan in 1892. We give here* a proof due 
to de la Vallée- Poussin. + 

Let us call for brevity a continuous curve without double point 


* The reader is referred to a second proof due to Brouwer and given in 598 seq. 
t Cours @’ Analyse, Paris, 1903, Vol. 1, p. 307. 
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a Jordan curve. A continuous closed curve without double point 
will then be a closed Jordan curve. Cf. I, 362. 


577. Let CO bea closed Jordan curve. However small o> 0 is 
taken, there exists a polygonal ring R containing C and such that 


1° Each point of R is at a distance < o from C. 
2° Hach point of O is at a distance < o from the edges of R. 


For let z=(t) , y=) el 


be continuous one-valued functions of t in 7=(a <b) defining @. 
Let D = (a, a, 4,-°5) be a division of 7 of norm d._ Let 
0, 04, M+ be points of C corresponding to a, a + If d@ is suffi- 
ciently small, the distance between two points on the arc 
O, = (a_1, &) is <e’, small at pleasure. Let A be a quadrate 
division of the z, y plane of norm 6. Let us shade all cells con- 
taining a point of C,. These form a connected domain since C, is 
continuous. We can thus go around its outer edge without a 
break.* If this shaded domain contains unshaded cells, let us 
shade these too. We call the result a link A,. It has only one 
edge E,, and the distance between any two points of EH, is ob- 
viously < e + 2V26. We can choose d, 5 so small that 


e& +2V28<o, arbitrarily small. qd 


Then the distance between any two points of A,is <o. Let él! 
be the least distance between non-consecutive arcs O,.. We take 


8 so small that we also have 
" 


Wow Ge 2 


Then two non-consecutive links A,, A; have no point in common. 
For then their edges would have a common point P. As P lies 
on E, its distance from C, is < 25. Its distance from C; is also 
< V¥26. Thus there is a point P,on C,,and a point P;on OC, such 
that 

n = PP; <2V26. 


* Here and in the following, intuitional properties of polygons are assumed as 
known. 
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But by hypothesis e'’ <7. Hence 


CN oo 
which contradicts 2). 

Thus the union of these links form a ring R whose edges are 
polygons without double point. One of the edges, say G,, lies 
within the other, which we call @,. The curve @ lies within A. 
The inner polygon G, must exist, since non-consecutive links have 
no point in common. 


578. 1. Interior and Exterior Points. Let o, >o0,>-+- =0. 
Let R,, RB, +++ be the corresponding rings, and let 


Gl 
G! 3 t 2ie;e) 
/ 
G! 5 GY o% 


be their inner and outer edges. A point P of the plane not on 
C which lies inside some G, we call an interior or inner point of C. 
If P lies outside some G,, we call it an exterior or outer point of C. 

Each point P not on C must belong to one of these two classes. 
For let p= Dist (P, (); then pis > somec,. It therefore lies 
within G” or without G, and is thus an inner or an outer point. 
Obviously this definition is independent of the sequence of rings 
{R,t employed. The points of the curve Care interior to each 
G@ and exterior to each G(, 

Inner points must exist, since the inner polygons exist as al- 
ready observed. Let us denote the inner points by & and the 
outer points by ©. Then the frontiers of $§ and D are the curve C. 


2. We show now that 
1° Two inner points can be joined by a broken line L, lying in &. 
2° Two outer points can be joined by a broken line L, lying in ©. 


3° Any continuous curve R joining an inner point i and an outer 
point e has a point in common with C. 
To prove 8°, let 
e=f(t) + y=9@) 
be the equations of §, the variable ¢ ranging over an interval 
T=(a<f8),t=a corresponding to 7 and t=8 to e. Let t! be 
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such that a<t<?! gives inner points, while t=?! does not give an 
inner point. Thus the point corresponding to t=?’ is a frontier 
point of § and hence a point of 0. 

To prove 1°. If A, B are inner points, they lie within some G,. 
We may join A, B, G, by broken lines L,, L, meeting G, at the 
points A’, B’, say. Let Ga be the part of G, lying between 4’, 
ms. Lhen 

I,+ Gat 


is a broken line joining A to B. 


The proof of 2° is similar. 


579. 1. Let P’, P’’ correspond to t=#',t=t'’, on the curve 0 
defined by 577, 1). If t'<#'’, we say P’ precedes P"' and write 
EG aie 

Any set of points on C corresponding to an increasing set of 
values of ¢ is called an increasing set. 

As t ranges from a to 8, the point P ranges over C in a direct 
sense. 

We may thus consider a Jordan curve as an ordered set, in the 
sense of 265. 


2. (De la Vallée-Poussin.) On each are CO, of the curve C, there 
exists at least one point P; such that 


Pe Bese ie Gl 


may be regarded as the vertices of a closed polygon without double 
point and whose sides are aul < €. 


For in the first place we may take 6>0 so small that no square 
of A contains a point lying on non-consecutive arcs C, of C. Let 
us also take A so that the point « corresponding to t=a lies 
within a square, call it S,, of A. As t¢ increases from t =a, there 
is a last point P, on C where the curve leaves S;. The point P, 
lies in another square of A, call it S,, containing other points of 
C. Let P, be the last point of. C in S,. In this way we may 
continue, getting a sequence 1): 

There exists at least one point of 1) on each are C,. For other- 
wise a square of A would contain points lying on non-consecutive 
arcs C,. The polygon determined by 1) cannot have a double 
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point, since each side of it lies in one square. The sides are <e, 
provided we take 6V2 <e, since the diagonal is the longest line 
we can draw in a square of side 6. 


580. Existence of Inner Points. To show that the links form a 
ring with inner points, Schénfliess* has given a proof which may 
be rendered as follows: | 

Let us take the number of links to be even, and call them L,, 
L,, +++ Iy,- Then L,, L;, L,--- lie entirely outside each other. 
Since Z,, LD, overlap, let P be an inner common point. Simi- 
larly let Q@ be an inner common point of L,, L;. Then P, @ 
lying within Z, may be joined by a finite broken line 6 lying 
within Z,. Let 6, be that part of it lying between the last point 
of leaving Z, and the following point of meeting L,. In this 
way the pairs of links 

Te atid a Ly sess 


define finite broken lines 


No two of these can have a common point, since they lie in 
non-consecutive links. The union of the points in the sets 


Ly ’ b, ’ L, ’ Oe Lies ’ bon 


we call a ring, and denote it by ®. The points of the plane not 
in ¥ fall into two parts, separated by R. Let T denote the part 
which is limited, together with its frontier. We call € the inte- 
rior of R. That & has tmner points is regarded as obvious since 
it is defined by the links 


a Dg ee pe BP me me Bors 
which pairwise have no point in common, and by the broken lines 
Oy B debge yp ob Be. 
each of which latter lies entirely within a link. 
Let Ste DLs ay m= 1, 2, -.. 


* Die Entwickelung der Lehre von den Punktmunnigfaltigkeiten. Leipzig, 1908 
Part 2, p. 170. ; 
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Then these @ have pairwise no point in common since the J,,, 
have not. 


Let T= WwtUt rs +% 4+ 8. 


Then > 0. For let us adjoin Z, to ®, getting a ring R, whose 
interior call $,. That T, has inner points follows from the fact 
that it contains %,, %,--- Let us continue adjoining the links 
L,, Lg -+ Finally we reach L,,, to which corresponds the 
ring %,,, whose interior, if it exists, is T,. If T,, does not exist, 
T,,. contains only %,,. This is not so, for on the edge of L, 
bounding &, is a point P, such that some D,(P) contains points 
of no L except L,. In fact there is a point P on the edge of L, 
not in either Z, or L,,, as otherwise these would have a point in 
common. Now, if however small p>0 is taken, D,(P) contains 
points of some LZ other than L,, the point P must lie in Z, which 
is absurd, since LZ, has only points in common with Ly. Leas end 
P is not in either of these. Thus the adjunction of Z,, Ly, + 
L,,, produces a ring ®,, whose interior 2, does not reduce to 0; 
it has inner points. 


581. Property 9°. Area. That a figure defined by a closed 
curve without double point, z.e. the interior of a Jordan curve, 
has an area, has long been an accepted fact in intuitional geometry. 
Thus Lindemann, Vorlesungen tiber Geometrie, vol. 2, p. 557, says 
“ einer allseitig umgrenzten Figur kommt ein bestimmter Flachen- 
snhalt zu.” The truth of such a statement rests of course on 
the definition of the term area. In I, 487, 702 we have given a 
definition of area for any limited plane point set % which reduces 
to the ordinary definition when %f becomes an ordinary plane figure. 
In our language % has an area when its frontier points form a 


discrete set. Let 
z=o(t) » y=¥O 


define a Jordan curve G, as ¢ ranges over 7'= (a<b). The 
figure % defined by this curve has the curve as frontier. In I, 
708, 710, we gave various cases in which © is discrete. The 
reasoning of I, 710, gives us also this important case: 


Tf one of the continuous functions $, Ww defining the Jordan curve 
S, has limited variation in T, then © is discrete. 
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It was not known whether © would remain discrete if the con- 
dition of limited variation was removed from both coordinates, 
until Osgood * exhibited a Jordan curve which is not discrete. 
This we will now discuss. 


582. 1. Osgood’s Ourve. We start with a unit segment 
T = (0, 1) on the ¢ axis, and a unit square Sin the zy plane. 
We divide Z'into 17 equal parts 


123 45 16 17 yi tik ms fie Gi 


a8 
oon 
noo Then as ¢ is ranging from left 

to right over the even or black 


intervals 7, 7',, -- T,, marked heavy in the figure, the point 2, y 
on Osgood’s curve, call it ©, shall range univariantly over the 
segments 3). 

While ¢ is ranging over the odd or white intervals 7, 7, --- Ty, 
the point zy on © shall range over the squares 2) as determined 
below. 

Each of the odd intervals 1) we will now divide into 17 equal 
intervals 7, and in each of the squares 2) we will construct 
horizontal and vertical bands B, as we did in the original square 
S. Thus each square 2) gives rise to 8 new segments on © 
corresponding to the new black intervals in 7, and 9 new squares 
S,; corresponding to the white intervals. In this way we may 
continue indefinitely. 

The points which finally get in a black interval call 8, the 
others are limit points of the @’s and we call them >A. The point 





and the square S into 9 equal 
squares 


S15 Si, Ss +++ Stzs GQ 
by drawing 4 bands B, which 
are shaded in the figure. On 
these bands we take 8 segments, 












825 845 8g °° S165 (3 


marked heavy in the figure. 


* Trans. Am. Math. Soc., vol. 4 (1903), p. 107. 
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on © corresponding to a 8 point has been defined. The point of 
© corresponding to a point » is defined to be the point lying in 
the sequence of squares, one inside the other, corresponding to the 
sequence of white intervals, one inside the other, in which » falls, 
in the successive divisions of 7. 

Thus to each t in 7 corresponds a single point z, yin S. The 
aggregate of these points constitutes Osgood’s curve. Obviously 
the 2, y of one of its points are one-valued functions of ¢ in T, say 


r=$(t) » y=¥(t). Cc 


The curve D has no double point. This is obvious tor points of 
© lying in black segments. Any other point falls in a sequence 
of squares 


S, > Sy = S je a! 
to which correspond intervals 


MAES ed Us Tet 


in which the corresponding t's lie. But only one point ¢ is thus 
determined. 

The functions 4) are continuous. This is obvious for points B 
lying within the black intervals of 7. It is true for the points 2. 
For X lies within a sequence of white intervals, and while ¢ ranges 
over one of these, the point on © ranges in a square. But these 
squares shut down to a point as the intervals do. Thus ¢, wW are 
continuous at t=. In a similar manner we show they are con- 
tinuous at the end points of the black intervals. 

We note that to t=0 corresponds the upper left-hand corner 
of S, and to t=1, the diagonally opposite point. 


2. Up to the present we have said nothing as to the width of 
the shaded bands B Bis 
[eaters 


introduced in the successive steps. Let 
A= ay + ay ose 


be a convergent positive term series whose sum A<il. We 
choose B, so that its area is a,, B, so that its area 18 d,, etc. 


Then OH=0 F Peel A, (5 
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a 


as we now show. For © has obviously only frontier points ; 
hence D = 0. Since O is complete, it is measurable and 


§ =. 
Let O= S= Dy) and B={.B,)) Sienna: For any point 


which does not lie in some B, lies in a sequence of convergent 
squares 8, >S,;> °° which converge to a point of ©. Now 


p= Jee B+ eee wie 


On the other hand, B contains a null set of points of O, viz. the 
black segments. Thus 


c~ is 


O= he A. yand hence $ = 1—A 
and 5) is established. 


Thus Osgood’s curve is continuous, has no double point, and its 
upper content is 1 — A. 


3. To get a continuous closed curve C without double point 
we have merely to join the two end points @, 8 of Osgood’s curve 
by a broken line which does not cut itself or have a point in com- 
mon with the square S except of course the end points «, 8. 
Then C bounds a figure § whose frontier is not discrete, and § 
does not have an area. Let us call such curves closed Osgood 
curves. 

Thus we see that there exist regions bounded by Jordan curves 
which do not have area in the sense current since the Greek 
geometers down to the present day. 

Suppose, however, we discard this traditional definition, and 
employ as definition of area its measure. Then we can say : 


A figure § formed of a closed Jordan curve J and its interior 3 
has an area, viz. Meas §. 


For Front § = J. Hence § is complete, and is therefore meas- 
ureable. 
We note that a gree 


We have seen there are Jordan curves such that 


J> 0. 
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We now have a definition of area which is in accordance with the 
promptings of our geometric intuition. It must be remembered, 
however, that this definition has been only recently discovered, 
and that the definition which for centuries has been accepted leads 
to results which flatly contradict our intuition, which leads us to 
say that a figure bounded by a continuous closed curve has an 
area. 


583. At this point we will break off our discussion of the 
relation between our intuitional notion of a curve, and the con- 
figuration determined by the equations 


c=o%) » y=¥O da 


where ¢, y are one-valued continuous functions of ¢ in an interval 
T. Let us look back at the list of properties of an intuitional 
curve drawn up in 563. We have seen that the analytic curve 
1) does not need to have tangents at a pantactic set of points on 
it; no arc on it needs have a finite length; it may completely fill 
the interior of a square; its equations cannot always be brought 
in the forms y=f(x) or F(ay)=0, if we restrict ourselves to 
functions f or F employed in analysis up to the present; it does 
not need to have an area as that term is ordinarily understood. 

On the other hand, it is continuous, and when closed and with- 
out double point it forms the complete boundary of a region. 

Enough in any case has been said to justify the thesis that 
geometric reasoning in analysis must be used with the greatest 
circumspection. 


Detached and Connected Sets 


584. In the foregoing sections we have studied in detail some 
of the properties of curves defined by the equations 


a=$(t) » y= vO, 

Now the notion of a curve, like many other geometric notions, is 
independent of an analytic representation. We wish in the fol- 
lowing sections to consider some of these notions from this point 
of view. 
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585. 1. Let 2X, B be point sets in m-way space pds Ii 
Dist (A, B)> 9, 
we say U, B are detached. If A cannot be split up into two parts 
%, © such that they are detached, we say % has no detached parts. 
If Y=B+ C and Dist (B, €)>9, we say %, € are detached parts 
of %. 

Let the set of points, finite or infinite, 

Mgt ail Ay oscll) é! 
be such that the distance between two successive ones is <e. We 
call 1) an e-sequence between 4, 6; or a sequence with segments 
(a,, 44,) of length <e. We suppose the segments ordered so 
that we can pass continuously from a to 6 over the segments without 
retracing. If 1) is a finite set, the sequence is finite, otherwise 
infinite. 

2. Let X have no detached parts. Let a, 6 be two of its points. 
For each €>0, there exists a finite e-sequence between a, 6, and lying 
in A. 

For about a describe a sphere of radius e. ' About each point of 
Y in this sphere describe a sphere of radius e. About each point 
of % in each of these spheres describe a sphere of radiuse. Let 
this process be repeated indefinitely. Let 8 denote the points of 
9% made use of in this procedure. If B<Y%, let C=A—B. Then 
Dist (B, €)>e, and % has detached parts, which is contrary to 
hypothesis. Thus there are sets of e-spheres in 2% joining a and 6. 

Among these sets there are finite ones. For let § denote the 
set of points in % which may be joined to a by finite sequences ; let 
@G@=A-—F. Then Dist (¥, G)>e. For if <e, there is a point f 
in §, and a point g in G whose distance is <e. Thena and g can 
be joined by a finite e-sequence, which is contrary to hypothesis. 


3. If A has no detached parts, it is dense. 


For if not dense, it must have at least one isolated point a. 
But then a, and  — a are detached parts of %, which contradicts 
the hypothesis. 


4. Let A,B, € be complete and A= (B,C). IF A has no de- 


tached parts, 8, € have at least one common point. 
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For if %, € have no common point, 6= Dist (%, ©) is > 0. 
But 6 cannot > 0, since $8, € would then be detached parts of Y. 
Since 6=0 and since %, € are complete, they have a point in 
common. 


(rg 


5. If Nis such that any two of its points may be joined by an 
e-sequence lying in %, where ¢>0 is small at pleasure, % has no 
detached parts. 


For if 2% had %, € as detached parts, let Dist (6, ©)=6. Then 
5>0. Hence there is no sequence joining a point of & with a 
point of © with segments < 6. 


> 


6. If % is complete and has no detached parts, it is said to be 
connected. We also call Ya connez. 
As a special case, a point may be regarded as a connex. 


7. If U is connected, it is perfect. 
For by 3 it is dense, and by definition it is complete. 


8. If Lisa rectilinear connex, it has a first point « and a last 
point B, and contains every point in the interval (a, 8). 


For being limited and complete its minimum and maximum 
lie in 9% and these are respectively a and ®. Let now 


ee 


There exists an e,sequence C, between a, 8. Hach segment has 
an ¢,-sequence (,. Hach segment of QO, has an ¢,sequence Cs, 
etc. Let @ be the union of all these sequences. It is pantactic 
in (a, 8). As Wis complete, 


Y= (a, B)- 


Images 


586. Let = Fy by ns Ge) On = f(t +++ tm) ce 
be one-valued functions of ¢ in the point set I. As t ranges over 
$, the point «= (a, --- z,) will range over a set % in an n-way 
space 9,. We have called 9 the image of T. Cf. I, 288, 3. 


If the functions f are not one-valued, to a point ¢ may correspond 
several images 2’, 2!’ --- finite or infinite in number. Conversely 
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to the point 2 may correspond several values of ¢. If to each 
point ¢ correspond in general r values of x, and to each 2 in 
general s values of t, we say the correspondence between Z, 2 is 
r to s. If r=s=1 the correspondence is 1 to 1 or unifold ; if 
r>1, it is manifold. If r=1, UW isa simple image of &, other- 
wise it is a multiple image. If the functions 1) are one-valued 
and continuous in &, we say 2 is a continuous image of &. 


587. Transformations of the Plane. Example 1. Let 
=azsiny , v=xcosy. qd 
We have in the first place 
ue + v2 = 2". 


This shows that the image of a line =a, a#0, parallel to the 
y-axis is a circle whose center is the origin in the wu, v plane, and 
whose radius is a. To the y-axis in the 2, y plane corresponds 
the origin in the u, v plane. 

From 1) we have, secondly, 


U 
= = tan ¥. 
i y 


This shows that the image of a line y = 4, is a line through the 
origin in the w, v plane. 

From 1) we have finally that uw, v are periodic in y, having the 
period 27. Thus as 2, y ranges in the band B, formed by the 
two parallels y=+7, or —7 <y <7, the point uw, v ranges over 
the entire u, v plane once and once only. 

The correspondence between B and the wu, v plane is unifold, 
except, as is obvious, to the origin in the uw, v plane corresponds 
the points on the y-axis. 

Let us apply the theorem of I, 441, on implicit functions. The 
determinant A is here 


d(u,v) _| siny, cos y| __ 


d(z,y) \|xcosy, —xrsiny ae 


As this is + 0 when g, y is not on the y-axis, we see that the 
correspondence between the domain of any such point and its 
image is 1 tol. This accords with what we have found above. 
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It is, however, a much more restricted result than we have found ; 
for we have seen that the correspondence between any limited 
point set & in B which does not contain a point of the y-axis and 
its image is unifold. 


588. Hzample 2. Let 


ee BY oA arr) 
— Sava 27 + 9/4, 1 
Ve + y? 4 C 
the radical having the positive sign. Let us find the image of the 
first quadrant @ in the a, y plane. 

From 1) we have at once 


Petar <a 1 0, 


Hence the image of Q is a band B parallel to the v-axis. 
From 1) we get secondly 


y=uv , c=vvl—-w. (2 


Hence 
gt yt=v 


Thus the image of a circle in Q whose center is the origin and 
whose radius is a is a segment of a right line v = a. 

When z= y = 0, the equations 1) do not define the correspond- 
ing point in the u,v plane. If we use 2) to define the corre- 
spondence, we may say that to the line v= 0 in B corresponds the 
origin in the z, y plane. With this exception the correspondence 
between Q and B is uniform, as 1), 2) show. 

The determinant A of 1) is, setting 





r=Va'+ y*, 
ay & 
O(u, Vv) _ ‘a ie —2 
d(@, y) Chey exo y? 
r ip 


for any point a, y different from the origin. 


589. Example 8. Reciprocal Radi. Let O be the origin in the 
LY plane and Q the origin in the wu, v plane. To any point 
P =(«, y) in the z, y plane different from the origin shall cor- 
respond a point @ = (%, v) in the u,v plane such that 0@ has 
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the same direction as OP and such that OP -0Q=1. Analyti- 
cally we have 
PAY opal Mee; 


(u2 + v7) (a2 + y*®) = 1. 


From these equations we get 


and 


U v 
7 ee) oe ¢ 
and also 
et tl v= 
w+ y2 2 a2 + y? 


The correspondence between the two planes is obviously unifold 
except that no point in either plane corresponds to the origin in 
the other plane. We find for any point 2, y different from the 


origin that ACS DIN 1 
say @+y¥* 


Obviously from the definition, to a line through the origin in 
the z, y plane corresponds a similar line in the uw, v plane. As ay 
moves toward the origin, wu, v moves toward infinity. 

Let 2, y move on the line x=a%0. Then 1) shows that u, v 
moves along the circle 

a(w + v*4)—u=0 


which passes through the origin. A similar remark holds when 
x, y moves along the line y = 5+ 0. 


590. Such relations between two point sets 2%, 8 as defined in 
586 may be formulated independently of the functions f. In fact 
with each point a of 2 we may associate one or more points 0,, b, ++. 
of 8 according to some law. Then 8 may be regarded as the 
image of 2. We may now define the terms simple, manifold, etc., 
as in 586. When 6 corresponds to a we may write 6b ~ a. 

We shall call 8 a continuous image of % when the following con- 
ditions are satisfied. 1° To each a in Y shall correspond but one 
bin %, that is, 8 is a simple image of Y. 2° Let b~ a, let a,, a,-+ 
be any sequence of points in & which=a. Let 6,~a,. Then 
b, must = 6 however the sequence {a,} is chosen: 
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When & is a simple image of %, the law which determines 
which 6 of & is associated with a point a of Y determines obviously 
m one-valued functions as in 586, 1), where ¢, --- ¢,, are the m co- 
ordinates of a,and a, +++ x, are the n codrdinates of 6. We call these 
functions 1) the associated functions. Obviously when % is a 
continuous image, the associated functions are continuous in Y. 


591. 1. Let B bea simple continuous image of the limited complete 
set U. Then 1° B is limited and complete. If 2° Wis perfect and 
only a finite number of points of XU correspond to any point of B, then 
B is perfect. Lf 3° U is a eonnex, so is B. 

To prove 1°. The case that % is finite requires no proof. Let 
by, by +++ be points ct B which = 8. We wish to show that f lies 
in 8. To each 4, will correspond one or more points in %; call 
the union of all these points a. Since % is a simple image, a is an 
infinite set. Let a,, a,--» be a set of points in a which = a, a 
limiting point of Y%. As & is complete, « lies in YA. Let b~a. 
Let 6, ~a,. AS a, = % b, = 8. But B being continuous, De 
must =}. Thus Aliesin 8. That Bis limited follows from the 
fact that the associated functions are continuous in the limited 
complete set %. Zo prove 2°. Suppose that B had an isolated 
point 6. Let b~a. Since % is perfect, let a,, a,--- = 4. Let 
b, ~a,. Then as % is continuous, b, = b, and 6 is not an isolated 
point. Zo prove 3°. We have only to show that there exists 
an e-sequence between any two points a, 8 of %, e small at pleasure. 
Let a~a,B~b. Since % is connected there exists an n-sequence 
between a, 6. Also the associated functions are uniformly con- 
tinuous in %f, and hence 7 may be taken so small that each segment 
of the corresponding sequence in % is > «. 


2. Let f(t, +++ tm) be one-valued and continuous in the connex A, 
then the image of % is an interval including its end points. 
This follows from the above and from 585, 8. 


3. Let the correspondence between Y,B be unifold. If Bis a 
continuous image of UX, then U is a continuous image of B. 


For let {5,3 be a set of points in 8 which = 6. Let a,~ Ons 
a~b. We have only to show that a, = 4. For suppose that it 
does not, suppose in fact that there is a sequence 4@,,, 4,,°* which 


610 GEOMETRIC NOTIONS 


toueza. LetBra. Then d,,6,- =A. But any partial se- 
quence of {6,} must = 6. Thus d= 8, hence a=a, hence a, =a. 


4. A Jordan curve J is a unifold continuous image of an interval 
T. Conversely if J is a unifold continuous image of an interval T, 
there exist two one-valued continuous functions 


z=$(t) » y=VO 


such that as t ranges over T, the point x, y ranges over J. In case 
J is closed it may be regarded as the image of a circle T. 


All but the last part of the theorem has been already established. 
To prove the last sentence we have only to remark that if we set 


a2=rcost , y=rsint 


we have a unifold continuous correspondence between the points 
of the interval (0, 2 *) and the points of a circle. 


5. The first part of 4 may be regarded as a geometrical definition 
of a Jordan curve. The image of a segment of the interval 7’ or 
of the circle I’, will be called an are of J. 


592. Side Lights on Jordan Curves. These curves have been 
defined by means of the equations 


c=$(t), y=). a 
As ¢ ranges over the interval 7’ =(a< 6), the point P =(a, y) 
ranges over the curve J. This curve is a certain point set in the 
v, y plane. We may now propose this problem: We have given 
a point set € in the z, y plane; may it be regarded as a Jordan 
curve? That is, do there exist two continuous one-valued func- 
tions 1) such that as ¢ ranges over some interval 7, the point P 
ranges over the given set © without returning on itself, except 
possibly for t= a, t = b, when the curve would be closed? 
Let us look at a number of point sets from this point of view. 


593. Hzample 1. 


1. Let ‘ ; is 
$ y =sin = , #in the interval &%=(—1, 1), but +0 


=0 , forz=0. 
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Is this point set € a Jordan curve? Theanswer is,No. Fora 
Jordan curve is a continuous image of an interval Y&. By 591, 1, 
it is complete. But € is not complete, as all the points on the 
y axis, -1<y<1are limiting points of ©, and only one of them 
belongs to G, viz. the origin. 


2. Let us modify € by adjoining to it all these missing limiting 
points, and call the resulting point set C. Is Ca Jordan curve? 
The answer is again, No. For if it were, we can divide the inter- 
val Tinto intervals 6 so small that the oscillation of ¢, W in any 
one of themis<o. To the intervals 6, will correspond ares C, on 
the curve, and two non-consecutive ares C, are distant from each 
other by an amount > some ¢, small at pleasure. This shows that 
one of these ares, say C,, must contain the segment on the y-axis 
—1<y<1. But then Osc p= 2 ast ranges over the correspond. 
ing 6, interval. Thus the oscillation of y cannot be made <e, 
however small 6, is taken. 


2 Tet us return to the set © defined in 1. Let A, B be the 
two end points corresponding toz=—1,2=1. Let as join them 
by an ordinary curve, a polygon if we please, which does not cut 
itself or ©. The resulting point set & divides all the other points 
of the plane into two parts which cannot be joined by a contin- 
uous curve without crossing . For this point of view & must be 
regarded as a closed configuration. Yet Sis obviously not complete. 

On the other hand, let us look at the curve formed by removing 
the points on a circle between two given points a, 6 on it. The 
remaining arc & including the end points a, 6 is a complete set, but 
as it does not divide the other points of the plane into two sepa- 
rated parts, we cannot say & is a closed configuration. 

We mention this circumstance because many English writers 
use the term closed set where we have used the term complete. 
Cantor, who first introduced this notion, called such sets abge- 
schlossen, which is quite different from geschlossen = closed. 


id 

594. Example 2. Let p=e °, for @ in the interval 2% = (0, 1) 
except @=0, where p=0. These polar coérdinates may easily be 
replaced by Cartesian codrdinates 


s|— 


sind , in, 


i 
c=o(0)=e °cos? , y=e 
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except @=0, when 2, y both =0. The curve thus defined is a 
Jordan curve. 
Let us take a second Jordan curve 


pop coh 


with p=0 for 0=0. If we join the two end points on these 
curves corresponding to @=1 by a straight line, we get a closed 
Jordan curve J, which has an interior }, and an exterior ©. 

The peculiarity of this curve J is the fact that one point of it, 
viz. the origin «=y=0, cannot be joined to an arbitrary point 
of & by a finite broken line lying entirely in 35; nor can it be 
joined to an arbitrary point in © by such a line lying in ©. 


595. 1. It will be convenient to introduce the following terms. 
Let & be a limited or unlimited point set in the plane. A set 


of distinct points in 
ay 5 Gy 4 Agr ad 


determine a broken line. In case 1) is an infinite sequence, let a, 
converge toa fixed point. If this line has no double point, we call 
it a chain, and the segments of the line links. In case not only the 
points 1) but also the links lie in %, we call the chain a path. If 
the chain or path has but a finite number of links, it is called 
finite. 

Let us call a precinct a region, t.e. a set all of whose points are 
inner points, limited or unlimited, such than any two of its points 
may be joined by a finite path. 


2. Using the results of 578, we may say that, — 


A closed Jordan curve J divides the other points of the plane into 
two precincts, an inner Y and an outer. Moreover, they have a 
common frontier which is J. 


3. The closed Jordan curve considered in 594 shows that not 
every point of such a closed Jordan curve can always be joined to 
an arbitrary point of Y or O by a finite path. 

Obviously it can by an infinite path. For about this point, call 
it P, we can describe a sequence of circles of radiir=0. Between 
anv two of these circles there le points of & and of ©, if r is suf- 
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ficiently small. In this way we may get a sequence of points in 3 
viz. I, I,» =P. Any two of these £,, Z,,, may be joined by w 
path which does not cut the path joining J, to J,. For if a loop 
were formed, it could be omitted. 


4. Any are & of a closed Jordan curve J can be joined by a path 
to an arbitrary point of the interior or exterior, which call A. 

For let J=R+2% Let & be a point of R not an end point. 
Let 5=Dist(k, ®), let a be a point of & such that vist (a, k) 

1 
<6. Then antes wee 

Hence the link 7 = (a, &) has no point in common with &. Let 
6 be the first point of 7 in common with &. Then the link 
m = (a, 6) lies in %. If now « is any point of %, it may be joined 
toa by a path p. Then p+m isa path in Qf joining the arbi- 
trary point « to a point 6 on the are £. 


596. Example 3. For @ in {= (0*, 1) let 
St 
L= a(l+e °), 


i 
and p= a(1 oe LAE 


These equations in polar codrdinates define two non-intersecting 
spirals S,, S, which coil about p=a@ as an asymptotic circle I’. 
Let us join the end points of the spirals corresponding to @= 1 
by a straight line Z. Let © denote the figure formed by the 
spirals S,, S,, the segment L and the asymptotic circle I. Is € 
a closed Jordan curve? The answer is, No. This may be seen 
in many ways. For example, © does not divide the other points 
into two precincts, but into three, one of which is formed of points 
within I. 

Another way is to employ the reasoning of 593, 2. Here the 
circle I takes the place of the segment on the y-axis which figures 
there. 

Still another way is to observe that no point on I’ can be joined 
to a point within © by a path. ‘ 


597. Example 4. Let © be formed of the edge © of a unit 
square, together with the ordinates o erected at the points 
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2a of length x n=1,2- Although € divides the other 


points of the plane into two precincts ¥ and O, we can say that 
€ is not a closed Jordan curve. 

For if it were, ¥ and © would have to have © as a common 
frontier. But the frontier of © is G, while that of 3 is ©. 

That © is not a Jordan curve is seen in other ways. For 
example, let y be an inner segment of one of the ordinates 0. 
Obviously it cannot be reached by a path in ©. 


Brouwer’s Proof of Jordan's Theorem 


598. We have already given one proof of this theorem in 577 
seq., based on the fact that the codrdinates of the closed curve are 
expressed as one-valued continuous functions 


z= Gt) , y=). 


Brouwer’s proof * is entirely geometrical in nature and rests 
on the definition of a closed Jordan curve as the unifold continu- 
ous image of a circle, cf. 591, 5. 

If Y, B, --- are point sets in the plane, it will be convenient to 
denote their frontiers by Fy, Fg -+- so that 


$y = Front Y , etc. 


We admit that any ~losed polygon § having a finite number of 
sides, without double point, divides the other points of the plane 
into an inner and an outer precinct $,, B, respectively. In the 
following sections we shall call such a polygon simple, and usu- 
ally denote it by $. 

We shall denote the whole plane by &. 

Then 

€ a Do mF Oy ote be 

Let 2 be complete. The complementary set A is formed, as 

we saw in 828, of an enumerable set of precincts, say A= {A,}. 


* Math. Annalen, vol. 69 (1910), p. 169, 
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599. 1. If a precinct XL and its complement* A each contain a 
point of the connex ©, then §y contains a point of ©. 

For in the contrary case c= Dv(Q, ©) is complete. In fact 
S = A+ Fy is complete. As © is complete, Dv(B, €) is com- 
plete. But if Jy does not contain a point of @,c = Dv(B, ©). 
Thus on this hypothesis, c is complete. Now c= Dv(A, ©) is 
complete in any case. Thus € =c + ¢, which contradicts 585, 4. 


2. If %., B., the interior and exterior of a simple polygon J each 
contain a point of a connex ©, then $ contains a pornt of ©. 


3. Let be complete and not connected. There exists a simple 
polygon 8 such that no point of R lies on P, while a part of K lies in 
B, and another part in §,. 


For let &,, ®, be two non-connected parts of & whose distance 
from each other is p>0. Let A be a quadrate division of the 
plane of norm 6, so small that no cell contains a point of &, and 
R,. Let A, denote the cells of A containing points of &,. It is 
complete, and the complementary set A, = € — A, is formed of one 
or more precincts. No point of §, lies in A, or on its frontier. 

Let P,, P, be points in &,, &, respectively. Let D be that 
precinct containing P,. Then §» embraces a simple polygon % 
which separates P, and P,. 


4. Let &,, &, be two detached connexes. There exists a simple 
polygon which separates them. One of them is in f3,, the other in 
P., and no point of either connex lies on f. 


For the previous theorem shows that there is a simple polygon 
% which separates a point P, in &, from a point P, in &, and no 
point of &, or K, lies on $. Call this fact F. 

Let now P, lie in 8,. Then every point of §, lies in G.. For 
otherwise ¥, ad $B, each contain a point of the connex &,. Then 
2 shows that a point of &, lies on , which contradicts FP. 


5. Let B be a precinct determined by the connea &. Then 


b = Front % ts a connex. 


* Since the initial sets are all limited, their complements may be taken with ref- 
erence to a sufficiently large square O ; and when dealing with frontier points, points 
on the edge of © may be neglected. 
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For suppose 6 is not a connex. Then by 8, there exists a simple 
polygon which contains a part of 6 in §, and another in §., 
while no point of b lies on B. Hence a point ’ of b lies in $., 
and another point B” in B,. As B is a precinct, let us join pf’, 
B'' by a path v in 8. Thus §$ contains at least one point of 2», 
that is, a point of ® lies on B®. As b and $$ have no point in 
common, and as one point of $ lies in &, all the points of 2 he 


in 8. Hence Dv(, ©) = 0. ad 


As 6 is a part of € and hence some of the points of € are in 
and some in §,, it follows from 2 that a part of B lies in ©. This 
contradicts 1). 


6. Let &,, ®, be two connexes without double point. By 38 
there exists a simple polygon B which separates them and has 
one connex inside, the other outside $. 

Now & = , + &, is complete and defines one or more precincts. 
One of these precincts contains $B. 

For say $ lay in two of these precincts as Y and B. Then the 
precinct % and its complement (in which % lies) each contain a 
point of the connex $. Thus §y contains a point of B. But Fo 
is a part of &, and no point of & lies on $. 

That precinct in Comp & which contains $ we call the iter- 
mediate precinct determined by &,, ®,, or more shortly the pre- 
cinct between &,, R, and denote it by Inter (R,, K,). 


T. Let 81, ®, be two detached connexes, and let f=Inter (R,, &,). 
Then &,, Ra can be joined by a path lying in f, except its end points 
which lie on the frontiers of &,, KR, respectively. 


For by hypothesis p = Dist (&,, ®,)>0. Let P, be a point of 
Ge, such that some domain d of P, contains only points of &, and 
of f. Let Q, bea point of Find. Join P,, Q, by a right line, let 
it cut $e, first at the point P’. In a similar way we may reason 
on §,, obtaining the points P”, Q,. Then P’Q,Q,P" is the path 
in question. If we denote it by v, we may let v* denote this 
path after removing its two end points. 


8. Let &,, ®, be two detached connexes. A path v joining &,, 
RK, and lying in f= Inter(R,, Ry), end points excepted, determines 
one and only one precinct in f. 
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For from an arbitrary point P in f, let us draw all possible 
paths to v. Those paths ending on the same side (left or right) 
of v certainly lie in one and the same precinct f, or f; in f. Then 
since one end point of v is inside, the other end point outside $, 
there must be a part of B which is not met by v and which joins 
the right and left sides of v. We take this as an evident property 
of finite broken lines and polygons without double points. 

Thus f, and f, are not detached; they are parts of one precinct. 


9. Two paths v1, v2 without common point, lying in ¥ and joining 
R1, Ky, split £ into two precincts. 


Let i=f—,; this we have just seen is a precinct. From any 
point of it let us draw paths to 2. Those paths ending on the 
same side of v, determine precincts ij, t, which may be identical. 
Suppose they are. Then the two sides of v, can be joined by a 
path lying in f, which does not touch v, (end points excepted), 
has no point in common with 2,, and together with a segment of 
v, forms a simple polygon $ which has one end point of 2, in §,, 
the other end point in B,. Thus by 2, $ contains a point of the 
connex v,. This is contrary to hypothesis. 

Similar reasoning shows that 

10. The n paths v, +++ U, pairwise without common point, lying in 
f, and joining the connexes R,, Ky split € into n precincts. 

Let us finally note that the reasoning of 595, 4, being independ- 
ent of an analytic representation of a Jordan curve, enables us to 
use the geometric definition of 591, 5, and we have therefore the 
theorem 

11. Let % be a precinct whose frontier % is a Jordan curve. Then 
there exists a path in U owning an arbitrary point of U with any are 
of &: 

Having established these preliminary theorems, we may now 
take up the body of the proof. 


600. 1. Let % be a precinct determined by a closed Jordan curve 
J. Then § = Front A ts identical with J. 


If J determines but one precinct which is pantactic in ©, we 
have obviously § = /- 
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Suppose then that fis a precinct, not pantactic in © Let B 
be a precinct #% determined by F. Let b= Front 8. Then 
6<%<J. Suppose nowh<dJ. As J isa connex by 591, 1, § isa 
connex by 599, 5. Similarly since § is a connex,-b is a connex. 
Since 6 < J, let 6~b on the circle whose image is J. We 
divide 6 into three ares 6,, 6,, 6, to which ~ 6, bg, bg in b. 

Let 8 = Inter (b,, by). 
Then by 599, 11, we can join b,, b; by a path v, in Y, and by a 
path v, in B. By 599, 9, these paths split 8 into two precincts 
8,, 8. We can join v,, v, by a path wu, lying in @,, and bya 
path uw, lying in f,. 

Now the precinct 8 and its complement each contain a point of 
the connex u,. Hence by 599, 1, b contains a point of u,. Simi- 
larly b contains a point of w,. Thus u,, uv, cut b,and as they 
do not cut b,, b, by hypothesis, they cut b,. Thus at least one 
point of B, and one point of B, lie in b,. 

Let p be a point of 8, lying in b,, let p~p on the circle. Let 
6’ be an arc of 6, containing p. Let 6’ ~ 6’. As the connex 0’ 
has no point in common with Front 8,, 6’ must lie entirely in 8, 
by 599, 1. This is independent of the choice of 6’, hence the 
connex by, except its end points, lies in Bi el hus 8, can contain 
no point of b,, which contradicts the result in italics above. 

Thus the supposition that b<<J is impossible. Hence § = J, 
and therefore § = J. 


As a corollary we have : 
2. A Jordan curve is apantactiec in &. 


3. A closed Jordan curve J cannot determine more than two 
precincts. 


For suppose there were more than two precincts 
Wh» Wy, Us + ad 
Let us divide the circle T into four arcs whose images call J,, Jy, 
a 
Then by 1, the frontier of each of the precincts 1) is J. Thus 
by 599, 9, there is a path in each of the precincts Y,, %, ++. join- 
ing J, and J. These paths split 
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t = Inter (J), J3) 
into precincts f,, f, --- 
Now as in 1, we show on the one hand that each f, must contain 


a point of J, or J,, and on the other hand neither J, nor J, can 
lie in more than one f,. 


4. A closed Jordan curve J must determine at least two precincts. 


Suppose that J determines but a single precinct Y. From a 
point a of &% we may draw two non-intersecting paths w,, U, to 
points 6,, 6, of J. 

Since the point a may be regarded as a connex, a and J are two 
detached connexes. Hence by 599, 9, the paths w,, w, split 2% into 
two precincts W,, %. Let 7 = (4%, %, J). The points b,, 5, 
divide J into two ares J,, J,, and 


Jy = Cy» Ue» Ji) Jo = (Uys Ups Jo) 


are closed Jordan curves. Regarding a and J, as two detached 
connexes, we see j, determines two precincts, %, %.- By 599, 1, a 
path which joins a point a, of a, with a point a, of a, must cut J, 
and hence 7. It cannot thus lie altogether in A, orin A. Thus 
both a,, a, do not lie in %,, nor both in %,. Let us therefore 
say for example that %, lies in a, and 9%, in @. Hence by 2, 
Y, is pantactic in «,, and A, ina. By 1, each point of 7; is com- 
mon to the frontiers of «, and of a, and hence of WU, and of ,, 
as these are pantactic. 

Let P be a point of J,. It lies either in @, or a. Suppose it 
lies in «,. Then it lies neither in «, nor on Front «,, and hence 
neither in %{, nor on Front %,. But every point of 7, and also 
every point of 7; lies on Front %,. We are thus brought to a 
contradiction. Hence the supposition that J determines but a 
single precinct is untenable. 


Dimensional Invariance 


601. 1. In 247 we have seen that the points of a unit interval 
Zand of a unit square S may be put in one to one correspondence. 
This fact, due to Cantor, caused great astonishment in the mathe- 
matical world, as it seemed to contradict our intuitional views 
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regarding the number of dimensions necessary to define a figure. 
Thus it was thought that a curve required one variable to define 
it, a surface two, and a solid three. 

The correspondence set up by Cantor is not continuous. On 
the other hand the curves invented by Peano, Hilbert, and others 
(cf. 573) establish a continuous correspondence between J and S; 
but this correspondence is not one to one. Various mathemati- 
cians have attempted to prove that a continuous one to one corre- 
spondence between spaces of m and m dimensions cannot exist. 
We give a very simple proof due to Lebesgue.* 


It rests on the following theorem : 
2. Let I be a point set in R,.~ Let Q<°A be a standard cube 
OS 7.0, 2 ot lo = 


Let €,, ©,-++ be a finite number of complete sets so small that each 
lies in a standard cube of edge o. If each point of UX les in one of 
the C's, there is a point of X which lies in at least m+ 1 of them. 


Suppose first that each ©, is the union of a finite number of 
standard cubes. Let €, denote those @’s containing a point of 
the face f, of © lying in the plane z,=a,. The frontier §, of G, 
is formed of a part of the faces of the @’s. Let F, denote that 
part of §, which is parallel to f,. Let O,=Dv(O, F,). Any 
point of it lies in at least two C@’s. 

Let ©, denote those of the @’s not lying altogether in G, and 
containing a point of the face f, of Q determined by a,=a,. Let 
F,, denote that part of Front ©, which is parallel to f,. Let 
OQ, = Dv(Q,, #,). Any point of it lies in at least three of the @’s. 

In this way we may continue, arriving finally at O,,, any point 
of which lies in at least m+ 1 of the @’s. 

Let us consider now the general case. We effect a cubical 
division of space of normd<o. Let (, denote those cells of D 
which contain a point of €,. Then by the foregoing, there is a 
point of %& which lies in at least m+1 of the C's. As this is true, 
however small d is taken, and as the G’s are complete, there is at 
least one point of % which lies in m + 1 of the @’s. 


* Math Annalen, vol. 70 (1911), p. 166. 
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3. We now note that the space R,, may be divided into congruent 
cells so that no point is in more than m + 1 cells. 


For m= 1 it is obvious. For m=2 we may 

use a hexagonal pattern. We may also use 

a quadrate division of norm 6 of the plane. 

These squares may be grouped in horizontal 

bands. Let every other band be slid a distance 

18 to the right. Then no point lies in more 

than 8 squares. For m=38 we may use a 

cubical division of space, etc. 
In each case no point of space is in more than m+ 1 cells. 
Let us call such a division a reticulation of Rn- 


4. Let U be a point set in R, having an inner point a. There is 
no continuous unifold image 8 of Win Rn, n#M, such that b~a ts 
an inner point of B. 

For letn>m. Let us effect a reticulation & of Ry of norm p. 
IfS>0 is taken sufficiently small A= Dj 3(a) lies in %. Let 
E=D,(a); if p is taken sufficiently small, the cells 


Ore Creal d 


of R which contain points of £, lie in A. Let the image of H be 
&, and that of the cells 1) be 
G,, G, +++ G,. (2 
These are complete. Each point of € lies in one of the sets 2). 
Hence by 2, they contain a point 8 which lies inn +1 of them. 
Then a~ lies in n + 1 of the cells 1). But these, being part of 
the reticulation R, are such that no point lies in more than m + 1 
of them. Hence the contradiction. 


602. 1. Schdnfliess’ Theorem. Let 
u=flny) » »=9@9) a 
be one-valued and continuous in a unit square A whose center is 
the origin. These equations define a transformation 7. If T'is 
regular, we have seen in I, 742, that the domain D,(P) of a point 
P=(a, y) within A goes over into a set E such that if Q~ P 
then D,(Q) lies in &, if «> 0 is sufficiently small. 
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These conditions on f, g which make 7 regular are sufficient, 
but they are much more than necessary as the following theorem 
due to Schénfliess * shows. 


2. Let A= B+e be a unit square in the x, y plane, whose center 
is the origin and whose frontier is c. 


Le u=f(ry) » v=9@%y) 


be one-valued continuous functions in A. As (a, y) ranges over A, 
let (u, v) range over I= B+cwherec~c. Let the correspondence 
between A and X be uniform. Thenc is a closed Jordan curve and 
the interior c, of c is identical with B. 


That c is a closed Jordan curve follows from 576 seq., or 598 
seq. Obviously if one point of B lies inc,, all do. For if &., B, 
are points of %, one within c and the other without, let 6,~£., 
b6,~B,. Then 6,, 6, lying in B can be joined by a path in B 
which has no point in common with ec. The image of this path is 
a continuous curve which has no point in common with c, which 
contradicts 578, 2. 

a p= (8) 
be the equation of ¢ in polar codrdinates. 

If 0<p<1, the equation 

p= 49) 
defines a square, call it ¢,, concentric with ¢ and whose sides are 
in the ratio #: 1 with those of ec. The equations of c, ~e, are 


u=fj{up(A)cosO , pwh(O)sin Ot = F(p, 4), 
v= 9}: ° ° ° . . . ° . Res G (pu, 8). 
These c, curves have now the following property : 


If a point (p, q) ts exterior (interior) to c,,, it is extertor (in- 
terior) to ¢,, for all w such that 


| #— My |< some e>0. 


For let p, be the distance of (p, g) from a point (u, v) on ty. 
Then 4-5 
Pe = Vy — p)?+(% — 9)? 
*Goettingen Nachrichten, 1899, The demonstration here given is due to Osgood, 
Goett. Nachr., 1900, ‘ 
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is a continuous function of 6, w which does not vanish for » = py 
when 0<0<2. But being continuous, it is uniformly con- 
tinuous. It therefore does not vanish in the rectangle 


acs boreey ace Ces W iet I A 


We can now show that if B<c,, zt is identical with c,. To this 
end we need only to show that any point 8 of ¢, lies on some ¢,. 
In fact, as w = 0,¢, contracts to a point. Thus is an outer point 
of some c,, and an inner point of others. Let wy) be the maximum 
of the values of » such that @ is exterior to all cy, if M<-p- 
Then £ lies onc,,- For if not, 8 is exterior tO Cures by what we 
have just shown, and 4, is not the maximum of p. 

Let us suppose that B lay without c. We show this leads to a 
contradiction. For let us invert with respect to a circle f, lying 
in c,. Then c goes over into a curve f, and % goes over into 
D=CE+f. Then € lies inside f. Let & be coordinates of a 
point of D. Obviously they are continuous functions of z, y in 
A, and A~®D , e~f, uniformly. 

By what we have just proved, © must fill all the interior of f. 
This is impossible unless 2 is unlimited. 


3. We may obviously extend the theorem 2 to the case 


Uy = f4(2y see Ln) -*+ Um i CP ++*Lm) 
and A is a cube in m-way space R,. provided we assume that c, the 


image of the boundary of A, divides space into two precincts 
whose frontier is ¢. 


Area of Curved Surfaces 


603. 1. The Inner Definition. Itis natural to define the area of a 
curved surface in a manner analogous to that employed to define 
the length of a plane curve, viz. by inscribing and circumscrib- 
ing the surface with a system of polyhedra, the area of whose 
faces converges to 0. It is natural to expect that the limits of 
the area of these two systems will be identical, and this common 
limit would then forthwith serve as the definition of the area of 
the surface. The consideration of the inner and the outer sys- 
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tems of polyhedra afford thus two types of definitions, which 
may be styled the inner and the outer definitions. Let us look 
first at the inner definition. 

Let the equations of the surface S under consideration be 


c= h(U,~) 5 Y=" » 2= KX, »), qd 


the parameters ranging over a complete metric set Y, and 2, y, 2 
being one-valued and continuous in Y. 

Let us effect a rectangular division D of norm d of the u, v 
plane. The rectangles fall into triangles ¢, on drawing the 
diagonals. Such a division of the plane we call quasi rectangular. 


se Py = (Ups %) » Py=(%q+8%) 5 Pp=(Uqs % +7) 
be the vertices of t,. To these points in the uw, v plane corre- 
spond three points 2, = (2, y,, 2), 4=1, 2, 8, of S which form the 
vertices of one of the triangular faces 7, of the inscribed polyhe- 
dron II, corresponding to the division D. Here, as in the follow- 
ing sections, we consider only triangles lying in %. We may do 
this since % is metric. 

Let X,, Y,, Z, be the projections of +, on the codrdinate planes. 
Then, as is shown in analytic geometry, 


T= X24 V24Z2 
where 
Yo % 1 YIU gmty 2s Zo Nig eit a Ae 
2 Xi, => yy ca 1|/= 
by Ce Al | Ys — Yo z=, Aly , Ave 


and similar expressions for Y,, Z. 


Thus the area of II, is 





Sp=2V X24 V24Z2, 


the summation extending over all the triangles t, lying in the 
set 2%. 


Let 2, y, 2 have continuous first derivatives in Y. Then, 


Ox 
A'z=2,—2,= —8 Sue Avia LO Ges " 
1 fay LoRtas +a0; A"r=2, Po eth n 








AREA OF CURVED SURFACES 625 


with similar expressions for the other increments. Let 


ah Gs ue dx oy 

Ou ou Ou du du du 
sasha tess | heme |= aoa lead « cnwldee. ay | soa C 

dv ov ov dv dv dv 


Then 
ApS (A, + be 3 Y, = (Br. + Bx) te ’ Z,.= CC. + Ye) be 


where «, 8, y, are uniformly evanescent with d in Y. Thus if 
A, B, C do not simultaneously vanish at any point of 2, we have 
as area of the surface S’ 


lim S,= | Vv A? Y2dudv. 
In 2 JS A2+ B24 C*dudy (38 


2. An objection which at once arises to this definition lies in 
the fact that we have taken the faces of our inscribed polyhedra 
in a very restricted manner. We cannot help asking, Would we 
get the same area for S if we had chosen a different system of 
polyhedra ? 

To lessen the force of this objection we observe that by replac- 
ing the parameters wu, v by two new parameters u', v' we may 
replace the above quasi rectangular divisions which correspond to 
the family of right lines w=constant, v=constant by the infinitely 
richer system of divisions corresponding to the family of curves 
uy! = constant, v’ = constant. In fact, by subjecting wu’, v’ to cer- 
tain very general conditions, we may transform the integral 3) 
to the new variables w’, v’ without altering its value. 

But even this does not exhaust all possible ways of dividing 2% 
into a system of triangles with evanescent sides. Let us there- 
fore take at pleasure a system of points in the u, v plane having 
no limiting points, and join them in such a way as to cover the 
plane without overlapping with a set of triangles ¢t,. If each 
triangle lies in a square of side d, we may call this a triangular 
division of norm d. We may now inquire if Sp still converges 
to the limit 3). as d = 0, for this more general system of divisions. 
It was generally believed that such was the case, and standard 
treatises even contained demonstrations to this effect. These 
demonstrations are wrong; for Schwarz* has shown that by 


* Werke, vol. 2, p. 309. 
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properly choosing the triangular divisions D, ic is possible to 
make S, converge to a value large at pleasure, for an extensive 
class of simple surfaces. 


604. 1. Schwarz’s Erample. Let C be a right circular cylin- 
der of radius 1 and height 1. A set of planes parallel to the base 


at a distance 2 apart cuts out a system of circles Tj, [+++ Let 
n 


us divide each of these circles into m equal 

ares, in such a way that the end points of 

for the arcs on T,, T';, Ps +--+ lie on the same 

vertical generators, while the end points of 

oF T,, Ty, I, -:- lie on generators halfway 

7 r, between those of the first set. We now 

7 inscribe a polyhedron so that the base of 

d one of the triangular facets les on one 

circle while the vertex lies on the next circle above or below, as 

in the figure. 

The area t of one of these facets is 


t=4 bh 5 6=2 51 ==. h= 5+(1 — cos), 
ae m vi mM. 
Thus 











v= sin Att 4 Asie 
ne 2m 
There are 2m such triangles in each layer, and there are n 
layers. Hence the area of the polyhedron corresponding to this 
triangular division D is 
S, = =t.= 2 mnsin za by ie 
m *n2 2m 
Since the integers m,n are independent of each other, let us 
consider various relations which may be placed on them. 
Case 1°. Letn=rm. Then 


Sy = 2 mr sin™/ 1 + 4 sint 
m 2m 








2m? 
. 7 2 ae ar heen A 
s1n — 1 4 pe. ] 
7 m 
= 2X stl Sg 2m 
T 2m? 24 m4 7 
m 2m 
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Case 2°. Let n=2Xm?. Then 























oo “ye : vis 
sin 1 : sin 
S SO Nb i da 
m| om mi + * Dimi 7 
m 2m 
q 
a2nyi+™m , asSm=o., 
Case 3°. Letn=rm. Then 
rn 
inne P | sin 
7 m 
Sp = 2 a 1+ 5 min’ = 
A or, 


=+o , am=O. 


2. Thus only in the first case does Sp converge to 2, which 
is the area of the cylinder Cas universally understood. In the 
2° and 38° cases the ratio h/b +0. As equations of C’ we may 
take 2 

z=cosu , y=sinu , 2=2. 

Then to a triangular facet of the inscribed polyhedron will cor- 
respond a triangle in the w, v plane. In cases 2° and 8° this tri- 
angle has an angle which converges to 7 as m= %. This is not 
so in case 1°. Triangular divisions of this latter type are of great 
importance. Let us call then a triangular division of the u, v 
plane such that no angle of any of its triangles is greater than 
a — €, where € > 0 is small at pleasure but fixed, positive triangu- 
lar divisions. We employ this term since the sine of one of the 
angles is > seme fixed positive number. 


605. The Outer Definition. Having seen one of the serious diffi- 
culties which arise from the inner definition, let us consider briefly 
the outer definition. We begin with the simplest case in which 
the equation of the surface S is 


z=f(2, y), qd 


f being one-valued and having continuous first derivatives. Let 
us effect a metric division A of the z, y plane of norm 6, and on 


628 | GEOMETRIC NOTIONS 


each cell d, as base, we erect a right cylinder C, which cuts out an 
element of surface 6, from 8. Let ®, be an arbitrary point of 6, 
and &, the tangent plane at this point. The cylinder C cuts out 
of S, anelement AS,. Let », be the angle that the normal to &, 
makes with the z-axis. Then 


oe 
dz\2. (dz \? 
V+ ee eo 


and Ke d,, 


COS », 


COs Y, = 








The area of Sis now defined to be 
lim TAS, (2 


6=0 


when this limit exists. The derivatives being continuous, we have 
at once that this limit is 


Sf aeay yt Se (3 


oy 





which agrees with the result obtained by the inner definition in 
603, 3). 


The advantages of this form of definition are obvious. In the 
first place, the nature of the divisions A is quite arbitrary ; however 
they are chosen, one and the same limit exists. Secondly, the most 
general type of division is as easy to treat as the most narrow, viz. 
when the cells d, are squares. 

Let us look at its disadvantages. In the first place, the elements 
AS, do not form a circumscribing polyhedron of S. On the con- 
trary, they are little patches attached to S at the points B,, and 
having in general no contact with one another. Secondly, tet us 
suppose that S' has tangent planes parallel to the z-axis. The de- 
rivatives which enter the integral 603, 3) are no longer continuous, 
and the reasoning employed to establish the existence of the limit 
2) breaks down. Thirdly, we have the case that z is not one- 
valued, or that the tangent planes to § do not turn continuously, 
or do not even exist at certain points. 








AREA OF CURVED SURFACES 629 


To get rid of these disadvantages various other forms of outer 
definitions have been proposed. One of these is given by Goursat 
in his Cours d@’ Analyse. Instead of projecting an arbitrary 
element of surface on a fixed plane, the zy plane, it is projected on 
one of the tangent planes belonging to that element. Hereby the 
more general type of surfaces defined by 603, 1) instead of those 
defined by 1) above is considered. The restriction is, however, 
made that the normals to the tangent planes cut the elements of 
surface but once, also the first derivatives of the codrdinates are 
assumed to be continuous in Y%. Under these conditions we get 
the same value for the area as that given in 608, 3). 

When the first derivatives of x, y, 2 are not continuous or do 
not exist, this definition breaks down. To obviate this difficulty 
de la Vallée-Poussin has proposed a third form of definition in his 
Cours d’ Analyse, vol. 2, p. 30 seq. Instead of projecting the 
element of surface on a tangent plane, let us project it on a plane 
for which the projection is a maximum. In case that S has a con- 
tinuously turning tangent plane nowhere parallel to the z-axis, de 
la Vallée-Poussin shows that this definition leads to the same 
value of the area of Sas before. He does not consider other cases 
in detail. 

Before leaving this section let us note that Jordan in his Cours 
employs the form of outer definition first noted, using the paramet- 
ric form of the equations of S. In the preface to this treatise the 
author avows that the notion of area is still somewhat obscure, and 
that he has not been able “a définir d’une maniéré satisfaisante 
Vaire d’une surface gauche que dans le cas ot la surface a un plan 
tangent variant suivant une loi continue.” 


606. 1. Regular Surfaces. Let us return to the inner definition 
considered in 603. We have seen in 604 that not every system of 
triangular divisions can be employed. Let us see, however, if we 
cannot employ divisions much more general than the quasi rec- 
tangular. We suppose the given surface is defined by 


re db(mr) > YSrOsr) » 2=x%H% a 


the functions ¢, ¥, x being one-valued, totally differentiable func- 
tions of the parameters %, 0 which latter range over the complete 
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metric set %. Surfaces characterized by these conditions we 
shall call regular. Let 
Py = (ys %) 9 By = Cyt 5, gt’)... Pa = yt O", Vo) 


be the vertices of one of the triangles ¢,, of a triangular division 
D of norm d of Y. As before let Py, B,, PB, be the corresponding 
points on the surface 8S. Then 


+ 2 9! 


Ale = 2, — y= 2 8 + + a[8' + Bly’, 


AND = Ty ty + a! + ald-+ Bln", " 


and similar expressions hold for the other increments. Also 


OY sm OY wemntey 192 arin OS ret 


2X.= Ou a Ou dv 4 2X7, 
9Y gy) A Ball, 02 sr oz 't 4 
du v Ov pee Ou 2G 


where X/ denotes the sum of several determinants, involving the 
infinitesimals 


ea Rl Ha 
Similar expressions hold for Y,, Z.. We get thus 
IG, = A,t, ar 2G 9 Ve == Bit ae ¥ e) Z, — Oe =F yA 


where A, B, Care the determinants 2) in 603. Then the area of 
the inscribed polyhedron corresponding to this division D is 


/ 
senna BY (BY (0e%. 


Let us suppose that 
A+ B+ O>q , g>0 2 








as u, v ranges over Y. Also let us assume that 


xy 1g l 
— ’ Ss 5 XZ (3 
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remain numerically <e for any division D of norm d< dp, € small 
at pleasure, except in the vicinity of a discrete set of points, that 
is, let 3) be in general uniformly evanescent in Y,asd=0. Then 


Sp =< 2t,.v A? ain B + ie + LEles 
where zn general 





€ 
|¢<| < Cont X 

If now A, B, Care limited and R-integrable in %, we have at 

once 
lim Sp=  dudov A? + B+ OF 
d=0 w 

as in 603. 

2. We ask now under what conditions are the expressions 3) 
in general uniformly evanescent in 9%? The answer is pretty evi- 
dent from the example given by Schwarz. In fact the equation 
of the tangent plane at Py is 

A(a — %)) + Bly — Yo) + CE — %)= 9. 

On the other hand the equation of the plane T= (Pp, B,, Be) 

is 
BY 2% 2k 
® Yo % 1 EH 
a yy % 1 i 
Yo % I 





OF aX, + yV¥it2Z.+ UO. = 9%, 
or finally 
if ! ! 
asBedasr Bear B ethno 


Thus for 3) to converge in general uniformly to zero, it is nec- 
essary and sufficient that the secant planes 7’ converge in general 
uniformly to tangent planes. Let us call divisions such that the 
faces of the corresponding inscribed polyhedra converge in general 
uniformly to tangent planes uniform triangular divisions. For 
such divisions the expressions 3) are in general uniformly evanes- 
cent, as d=0. We have therefore the following theorem : 


3. Let % be a limited complete metric set. Let the codrdinates 
a, y, 2 be one-valued totally differentiable functions of the parame- 
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ters u, vin U, such that A?+ B?+ OQ? is greater than some positive 
constant, and is limited and k-integrable in U. Then 


S=lim S, = a(; VAt+ B+ Cdudr, 
d=) yf 


D denoting the class of uniform triangular divisions of norms d. 


This limit we shall call the area of S. From this definition we 
have at once a number of its properties. We mention only the 
following : 

4. Let U,, +++ Un be unmixed metric sets whose union is A. Let 
S), ++ Sp be the pieces of S corresponding to them. Then each S, 
has an area and their sum is S. 


5. Let U, be a metric part of WU, depending on a parameter r.= 0, 


such that %, =H, Then 
lim iS) = S. 
n=O 


6. The area of S remains unaltered when S is subjected to a dis- 
placement or a transformation of the parameters as in I, 744 seq. 


607. 1. Irregular Surfaces. We consider now surfaces which 
do not have tangent planes at every point, that is, surfaces for 
which one or more of the first derivatives of the vodrdinates 2, y, z 
do not exist, and which may be styled irregular surfaces. We 
prove now the theorem : 


Let the codrdinates x, y, 2 be one-valued functions of u, v having 
limited total difference quotients in the metric set YU. Let D be a 
positive triangular division of normd<d,. Then 


Max S, 


is finite and evanescent with %. 
For let the difference quotients remain <p. We have 


Sp< |X.) + =/¥V.1+2|Z,|. 
But 


| Xe] = g[A’y Ae — A’zAly| <3 §]A'y|-|A"2| + | Al2|-[ANy|} 


Se PEP Pye xt, | cosec 8, | 
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where 6, is the angle made by the sides P)P)}, P)P,- As Disa 
positive division, one of the angles of t, is such that cosec 0, is 
numerically less than some positive number M. Thus 


| X,.|<2 p?Mt,, 
where p, M are independent of « and d. Similar relations hold 
for |Y,|,|2.|. Hence 
Sp)< 26M -t,=6 MMA +7) 
where 7 >0 is small at pleasure, for d, sufficiently small. 


2. Let X and x, y, z be as in 606, 3, except at certain points form- 
ing a discrete set a, the first partial derwvatives do not exist. Let 
their total difference quotients be limited in MN. Then 


lim S, ={v# + B+ Odudy, 
d=0 
where D denotes a positive triangular division of norm d. 


Let us first show that the limit on the left exists. We may 
choose a metric part $ of A such that C= %— B is complete and 
exterior to % and such that % is as small as we please. Let So 
denote the area of the surface corresponding to ©. The triangles 
t, fall into two groups: G, containing points of 8; G, containing 
only points of ©. Then 


Ge, 


But $ may be chosen so small that the first sum is < ¢/4 for 
any d<d,. Moreover by taking d, still smaller if necessary, we 


have 
|= — Sg|<é/4. 
Gy 


iehyaes |Sp—Se|<«/2 , d<dy. qd 
Similarly for any other division D! of norm @’, 
|Sp.— Se|<«/2 , d'<d, 
decreasing d, still farther if necessary. Thus 


|Sp—Spl<e » a a'<dy. 
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Hence lim Sp exists, call it S. Since S' exists we may take d, 
so small that 


|S Spice eee ee 


This with 1) gives 


| S— Se| <e, 
that is, 
S=lim Se = lim i) VAI + B+ CO dudv 
€ 
= {V2 + B+ O2dudv 
pe 
by I, 724. 


608. 1. The preceding theorem takes care of a large class of 
irregular surfaces whose total difference quotients are limited. 
In case they are not limited we may treat certain cases as follows: 

Let us effect a quadrate division of the uw, v plane of norm d, 
and take the triangles ¢, so that for any triangular division D 
associated with d, no square contains more than n triangles, and 
no triangle lies in more than v squares; n, v being arbitrarily 
large constants independent of d. Such a division we call a 
quasi quadrate division of norm d. If we replace the quadrate by 
a rectangular division, we get a quasi rectangular division. 

We shall also need to introduce a new classification of functions 
according to their variation in 2, or along lines parallel to the 
u,v axes. Let Dbea quadrate division of the u, v plane of norm 


d<d,. Let 
o,= Osc f(u, v) , in the cell d,. 


Then Max 2a,d 


is the variation of fin %. If this is not only finite, but evanes- 
cent with %, we say f has limited fluctuation in %. Obviously this 
may be extended to any limited point set in m-way. space. 

Let us now restrict ourselves to the plane. Let a denote the 
points of 2 on a line parallel to the w-axis. Let us effect a divi- 
sion D! of norm ad’. Let wo! = Ose f(u, v) in one of the intervals 
of D’. Then 

7, = Max Zo} 
is the variation of f in a. 
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Let us now consider all the sets a lying on lines parallel to the 
u-axis, and let 


a<o , c=0. 
If now there exists a constant G independent of q such that 
Na < 7G, 


that is, if n, is uniformly evanescent with o, we say that f(u, v) 
has limited fluctuation in & with respect to u. 


With the aid of these notions we may state the theorems: 


2. Let the codrdinates x, y, z be one-valued limited functions in 
the limited complete set A. Let x, y have limited total difference 
quotients, while z has limited variation in U. Let D denote a quasi 
quadratic division of normd<d,. Then 


Max S, 
D 
is finite. 
For, as before, 
2| X.|<[Ap|-| AP] + [Ay] Ar: 
But pw denoting a sufficiently large constant, 
aM Prasat are < pd. 
Let ,=Oscz in the square s,. If the triangle ¢, lies in the 
squares 8, °** 8,5 
JAL|, [AZ| So. + + +o. 
Thus, n denoting a sufficiently large constant, 
= | aE | < prd(o, SF Reh @,,) 
<npdo,.d, 
the summation extending over those squares containing a triangle 
of D. But z having limited variation, 
Sod < some M. 
Hlerice SEX | ee are < nul. 


Finally, as in 607, 
=|Z|<some UM’. 


The theorem is thus established. 
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3. The coordinates x, y, 2, being as in 2, except that z has limited 
fluctuation in YU, and D denoting a quasi quadrate division of 


normd < dy, 
Max Sp 
D 


is finite and evanescent with . 


The reasoning is the same as in 2 except that now M, M' are 
evanescent with Y. 


4. Let the codrdinates x, y, 2 have limited total difference quo- 
tients in %, while the variation of z along any line parallel to the u 
or vazisis< M. Let % lie in a square of sides = 0. Then 


Max S), < 8G, 
D 


where Gis some constant independent of s, and D is a quasi rectan- 
gular division of normd < dy. 


For here 
23 |X,|< zl Aly|-|A’z| += | A’y|- | A’z| 
< M'So,d, + M'2oe,d,, 
where M’ denotes a sufficiently large constant; d,, d, denote the 
length of the sides of one of the triangles t, parallel respectively 


to the u, v axes, and @,, @, the oscillation of z along these sides. 
Since the variation is < M in both directions, 


2o,d, = 2d,2o, < Md, < Ms. 
Similarly 
20,0 as 
The rest of the proof follows as before. 


5. The symbols having the same meaning as before, except that z 
has limited fluctuation with respect to u, v, 


Max Sp < #G. 
D 
The demonstration is similar to the foregoing. Following the 


line of proof used in establishing 607, 2 and employing the 
theorems just given, we readily prove the following theorems : 








AREA OF CURVED SURFACES 637 


6. Let X be a metric set containing the discrete seta. Let b be 
a metric part of X, containing a such that B = A — b is exterior to a, 
and 6 = 0. Let the codrdinates x, y, z be one-valued totally differ- 
entiable functions in B, such that A? + B2+ C2 never sinks below a 
positive constant in any 8, ts properly R-integrable in any B, and 
improperly integrable in M1. Let x, y have limited total difference 
quotients, and z limited fluctuation in b. Then 





lim Sp = { VAP + B+ C'dudv 
d=() 2 


where A, B, Care the determinants in 603, 2), and D is any quasi 
quadrate division of norm d. 

7. Let the symbols have the same meaning as in 6, except that 

1° a reduces to a finite set. 

2° » has limited variation along any line parallel to the u, v axes. 


3° D denotes a uniform quasi rectangular division. Then 





lim S, = {VA? + B + Cidud. 
d=0 DIE 

8. The symbols having the same meaning as in 6, except that 
1° z has limited fluctuation with respect to u,v in b. 


2° D denotes a uniform quasi rectangular division. Then 





lim Sp = [VAP + BP + Cedude. 
a=0 5) § 


9. If we call the limits in theorems 6, T, 8, area, the theorems 
606, 3, 4, 5 still hold. 


_ : 
“ 


re dah cua 2: 
aay - 


aw 
_— 





INDEX 


(Numbers refer to pages) 


Abel’s identity, 87 
series, 87 
Absolutely convergent integrals, 31 
series, 79 
products, 247 
Addition of cardinals, 292 
ordinals, 312 
series, 128 
Adherence, 340 
Adjoint product, 247 
series, 77, 139 
set of intervals, 337 
Aggregates, cardinal number, 278 
definition, 276 
distribution, 295 
enumerable, 280 
equivalence, 276 
eutactic, 304 
exponents, 294 
ordered, 302 
power or potency, 278 
sections, 307 
similar, 303 
transfinite, 278 
uniform or 1-1 correspondence, 276 
Alternate series, 83 
Analytical curve, 582 
Apantactic, 325 
Area of curve, 599, 602 
surface, 623 
Arzela, 365, 555 
Associated simple series, 144 
products, 247 
multiple series, 145 
normal series, 245 
logarithmic series, 243 
jnner sets, 365 


Associated, outer sets, 365 
non-negative functions, 41 


Baire, 326, 452, 482, 587 
Bernouillian numbers, 265 
Bertran’s test, 104 

Bessel functions, 238 

Beta functions, 267 
Binomial series, 110 
Bécher, 165 

Bonnet’s test, 121 

Borel, 324, 542 

Brouwer, 614 


Cahen’s test, 340 
Cantor’s 1° and 2° principle, 316 
theorem, 450 
Category of a set, 326 
Cauchy’s function, 214 
integral test, 99 
radical test, 98 
theorem, 90 
Cell of convergence, 144 
standard rectangular, 359 
Chain, 612 
Class of a function, 468, 469 
Conjugate functions, 238 
series, 147 
products, 249 
Connez, 605 
Connected sets, 605 
Contiguous functions, 231 
Continuity, 452 
infra, 487 
semi, 487 
supra, 487 
Continuous image, 608 
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Contraction, 287 
Convergence, infra-uniform, 562 
monotone, 176 
uniform, 156 
at a point, 157 
in segments, 556 
sub-uniform, 555 
Co-product, 242 
Curves, analytical, 582 
area, 599, 602 
Faber, 546 
Jordan, 595, 610 
Hilbert, 590 
length, 579 
non-intuitional, 5387 
Osgood, 600 
Pompeiu, 542 
rectifiable, 583 
space-filling, 588 


TD Alembert, 96 
Deleted series, 139 
Derivates, 494 
Derivative of a set, 330 

order of, 331 
Detached sets, 604 
Dilation, 287 
Dini, 176, 185, 438, 538 

series, 86 
Discontinuity, 452 

at a point, 454 

of 1° kind, 416 

of 2° kind, 455 

pointwise, 457 

total, 457 
Displacement, 286 
Distribution, 295 
Divergence of a series, 440 
Division, complete, 30 

separated, 366, 371 

unmixed, 2 

of series, 196 

of products, 253 
Divisor of a set, 23 

quasi, 390 
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Divisor, semi, 390 
Du Bois Reymond, 103 


©., €.=0 sets, 475 
Elimination, 594 
Enclosures, complementary €-, 355 

deleted, 452 

distinct, 344 

divisor of, 344 

€-, 3855 

measurable, 356 

non-overlapping, 344 

null, 366 

outer, 343 

standard, 359 
Enumerable, 280 
Equivalent, 276 
Essentially positive series, 78 

negative series, 78 
Euler’s constant, 269 
Eutactic, 304 
Exponents, 294 
Exponential series, 96 
Extremal sequence, 374 


Faber curves, 546 
Fluctuation, 634, 635 
Fourier’s coefficient, 416 
constants, 416 
series, 416 
Function, associated non-negative func 
tions, 41 
Bessel’s, 238 
Beta, 267 
Cauchy’s, 214 
class of, 468, 469 
conjugate, 233 
contiguous, 231 
continuous, 452 
infra, 487 
semi, 487 
supra, 487 
discontinuous, 452 
of 1° kind, 416 
of 2° kind, 455 
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Function, Gamma, 267 Integrals, R- or Riemannian, 372 
Gauss’ II(z), 238 Integrand set, 385 
hyperbolic, 228 Intervals, of convergence, 90 
hypergeometric, 228 adjoint set of, 337 
lineo-oscillating, 528 set of, belonging to, 337 
maximal, 488 Inversion, geometric, 287 
measurable, 338 of a series, 204 
minimal, 488 Iterable sets, 14 
monotone, 137 Iterated products, 251 
null, 385 series, 149 
oscillatory, 488 
pointwise discontinuous, 457 Jordan curves, 595, 610 
residual, 561 variation, 430 
Riemann’s, 459 theorem, 436 
totally discontinuous, 457 
truncated, 27 Konig, 527 
uniformly limited, 160, 567 Kummer’s test, 106, 124 
Volterra’s, 501, 588 
Weierstrass’, 498, 523, 581, 588 Lattice points, 137 
system, 137 
Gamma function, 267 Law of Mean, generalized, 505 
Gauss’ function I(x), 238 Layers, 555 
test, 109 deleted, 563 
Geometric series, 81, 139 Lebesque or L- integrals, 372 
theorems, 413, 424, 426, 452, 475. 
Harnack, divergence of series, 440 520, 619 
sets, 354 Leibnitz’s formula, 226 
Hermite, 300 Length of curve, 579 
Hilbert’s curves, 590 Lindermann, 300, 599 
Hobson, 389, 412, 555 Lineo-oscillating functions, 528 
Hyperbolic functions, 228 Link, 612 
Hypercomplete sets, 472 Liouville numbers, 301 
Hypergeometric functions, 229 Lipschitz, 438 
series, 112 Logarithmic series, 97 


Liiroth, 448 
Images, simple, multiple, 606 


unifold, manifold, 606 Maclaurin’s series, 206 
continuous, 606, 608 Maximal, minimal functions, 488 
Integrals, absolutely convergent, 3J Mazimum, minimum, 521 
L- or Lebesgue, proper, 372 at a point, 485 
improper, 403, 405 Measure, 348 
improper, author’s, 32 lower, 348 
classical, 26 upper, 343 
de la Vallée-Poussin, 27 Mertens, 130 


inner, 20 Metric sets, 1 
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Monotone convergence, 176 
functions, 137 
Moore-Osgood theorem, 170 
Motion, 579 
Multiplication of series, 129 
cardinals, 293 
ordinals, 314 
infinite products, 253 


Normal form of infinite product, 245 
Null functions, 385 
sets, 348 
Numbers, Bernouillian, 265 
cardinal, 278 
class of ordinal numbers, 318 
limitary, 314. 
Liouville, 301 
ordinal, 310 
rank of limitary numbers, 331 


Ordered sets, 302 
Order of derivative of a set, 331 
Oscillation at a point, 454 
Oscillatory function, 488 
Osgood curves, 600 
-Moore theorem, 170 
theorems, etc., 178, 555, 622 


Pantactic, 325 

Path, 612 

Peaks, 179 
infinite, 566 

Polyant, 158 

Point sets, adherence, 340 
adjoint set of intervals, 337 
apantactic, 325 
associated inner set, 365 

outer set, 365 

Baire sets, 326 
category 1° and 2°, 326 
coherence, 340 
conjugate, 51 
connected, 605 
convex, 605 
detached, 604 


Point sets, divisor, 23 
€,, € =, sets, 473 
Harnack sets, 354 
hypercomplete, 472 
images, 605, 606 
integrand sets, 385 
iterable, 14 
measurable, 3438, 348 
metric, 1 
negative component, 37 
null, 348 
pantactic, 325 
positive component, 37 
potency or power, 278 
projection, 10 
quasidivisor, 390 
reducible, 335 
reticulation, 621 
semidivisor, 390 
separated intervals, 337 
sum, 22 
transfinite derivatives, 330 
union, 27 
well-ordered, 304 
Pointwise discontinuity, 457 
Pompeiu, curves, 542 
Potency or power of a set, 278 
Power series, 89, 144, 187, 191 
Precinct, 612 
Pringsheim, theory of convergence, 114 
theorems, etc., 141, 215, 216, 217, 
220, 273 
Projection, 10 
Products, absolute convergence, 247 
adjoint, 247 
associate simple, 247 
conjugate, 249 
co-product, 242 
iterated, 251 
normal form, 245 








Quasidivisor, 390 


Raabe’s test, 107 
Rank of limitary numbers, 331 


INDEX 


Rate of convergence or divergence, 102 
Ratio test, 96 
Reducible sets, 335 
Remainder series, 77 
of Taylor’s series, 209, 210 
Rectifiable curves, 583 
Regular points, 428 
Residual function, 561 
Reticulation, 621 
Richardson, 32 
Riemann’s function, 459 
theorem, 444 
R- or Riemann integrals, 372 
Rotation, 286 


Scheefer, theorem, 516 
Schinfliess, theorems, 598, 621 
Schwarz, theorem, etc., 448, 626 
Section of an aggregate, 307 
Segment, constant, or of invariability, 
521 
Semidivisor, 390 
Separated divisions, 366, 371 
functions, 403 
sets, 366 
of intervals, 337 
Sequence, extremal, 374 
m-tuple, 137 
Series, Abel’s, 87 
absolute convergent, 79 
adjoint, 77, 139 
alternate, 83 
associate logarithmic, 243 
normal, 245 
simple, 144 
multiple, 144 
Bessels, 238 
binomial, 110 
cell of convergence, 144 
conjugate, 147 
deleted, 139 
Dini’s, 86 
divergence of, 440 
essentially positive or negative, 78 
exponential, 96 
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Series, Fourier’s, 416 
geometric, 81, 139 
harmonic, 82 

general of exponent p, 82 
hypergeometric, 112 
interval of convergence, 90 
inverse, 204 
iterated, 149 
logarithmic, 97 
Maclaurin’s, 206 
power, 89, 144, 187 
rate of convergence or divergence, 
102 
remainder, 77 
simple convergence, 80 
Taylor’s, 206 
tests of convergence, see Tests 
telescopic, 85 
trigonometric, 88 
two-way, 133 

Similar sets, 303 

Similitude, 287 

Simple convergence of series, 80 

Singular points, 26 

Space-filling curves, 588 

Steady convergence, 176 

Submeasurable, 405 

Sum of sets, 22 

Surface, area, 623 
irregular, 632 
regular, 629 


Taylor’s series, 206 

Telescopic series, 85 

Tests of convergence, Bertram, 104 
Bonnet, 121 
Cahen, 108 
Cauchy, 98, 99 
d’Alembert, 96 
Gauss, 109 
Kummer, 106, 124 
Pringsheim, 123 
Raabe, 107 
radical, 98 
ratio, 96 


644 


Tests of convergence, tests of 1° and 2° 
kind, 120 
Weierstrass, 120 
Theta functions, 135, 184, 256 
Total discontinuity, 457 
Transfinite cardinals, 278 
derivatives, 330 
Translation, 286 
Trigonometric series, 88 
Truncated function, 27 
Two-way series, 133 


Undetermined coefficients, 197 
Unifold image, 606 
Uniform convergence, 156 
at a point, 157 
correspondence, 276 


INDEX 


Uniformly limited function, 160, 567 
Union of sets, 22 


Vallée-Poussin (de la), 27, 594 

Van Vleck sets, 361 

Variation, limited or finite, 429, 536 
positive and negative, 430 

Volterra curves, 501, 587 


Wallis formula, 260 

Weierstrass’ function, 498, 528, 588 
test, 120 

Well-ordered sets, 304 

Wilson, W. A., vii, 395, 401 


Young, W. H., theorems, 360, 363 


Zeros of power series, 191 


SYMBOLS EMPLOYED IN VOLUME II 


(Numbers refer to pages) 


Front Y, 1. 


* 
f° 20 


Y, 1 
On) yew 
Dy, 22 


Aaj f, 31 

ik vs) 31 

Wa, p 32. Wyo, p, 34 

We, Whee 34 

Ag AGA 71s Agints 
A; =A VyrVn? 138 ; as = Ay ON 139 
Ry = yy,» 139 

A~ B, 276; Ax~ B, 303 
Card %, 278 

Ch—EN COOL EC 20 t 

R,,, 290 

Sa, 307 

Ord %, 311 

w, 311; QO, 318 


Fy, 614 


Niueaeo18, 923 

LATS 

Ao) = Yo, 330; A = Ya, 33] 

% = Meas %, 343; A = Meas A, 348 
i — Meas W, 348 


[ [ [ 372, 403, 405 


Sdyv, Qdv, 390 

Vp, 429; Var f= V,, 429 

Osc f = oscillation in a given set. 
Ose f, 454 

Dise f, 454 

&,, E20, 473 


F (2), f (@), 488 

F'(2), F'(@); 493 

Ree RL, Lf Uf Ufa ey 
R(a), 494 

A(a, 8), 494 
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The following symbols are defined in Volume I and are repeated here for 


the convenience of the reader. 


Dist(a,z) is the distance between 
aand x 

D,(a), called the domain of the point 
a of norm 6 is the set of points 2, 
such that Dist (a, r) <8 

V;(a), called the vicinity of the point 
a of norm 6, refers to some set XY, 
and is the set of points in D;(a) 
which lie in 

Ds*(a), Vs*(a) are the same as the 
above sets, omitting a. They are 
called deleted domains, deleted vi- 
cinities 

dy, = & means a, converges to a 


f(z) = @, means f(x) converges to « 
A line of symbols as: 
€<0,m,|@—a,|<eEn>m 

is of constant occurrence, and is to 
be read: for each e > 0, there exists 
an index m, such that | @ — a, |<e, 
for every n >m 

Similarly a line of symbols as: 


e>0, 8>0,| f(x) — «| <6, xin Vs*(a) 
is to be read: for each «> 0, there 
exists a 6 > 0, such that 


f(z) - al <6 


for every z in V5*(a) 
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CATALOGUE OF DOVER BOOKS 


CATALOGUE OF DOVER{BOCOKS 


BOOKS EXPLAINING SCIENCE AND MATHEMATICS 


General 


WHAT IS SCIENCE?, Norman Campbell. This excellent introduction explains scientific method, 
role of mathematics, types of scientific laws. Contents: 2 aspects of science, science & 
nature, laws of science, discovery of iaws, explanation of laws, measurement & numerical 
laws, applications of science. 192pp. 5% x 8. S43 Paperbound $1.25 


THE COMMON SENSE OF THE EXACT SCIENCES, W. K. Clifford. Introduction by James Newman, 
edited by Karl Pearson. For 70 years this has been a guide to classical scientific and 
mathematical thought. Explains with unusual clarity basic concepts, such as extension of 
meaning of symbols, characteristics of surface boundaries, properties of plane figures, 
vectors, Cartesian method of determining position, etc. Long preface by Bertrand Russell. 
Bibliography of Clifford. Corrected, 130 diagrams redrawn. 249pp. 5% x 8. 

T61 Paperbound $1.60 


SCIENCE THEORY AND MAN, Erwin Schrédinger. This is a complete and unabridged reissue 
of SCIENCE AND THE HUMAN TEMPERAMENT plus an additional essay: ‘‘What is an Elementary 
Particle?’ Nobel laureate Schrodinger discusses such topics as nature of scientific method, 
the nature of science, chance and determinism, science and society, conceptual models for 
physical entities, elementary particles and wave mechanics. Presentation is popular and may 
be followed by most people with little or no scientific training. ‘‘Fine practical preparation 
for a time when laws of nature, human institutions... are undergoing a critical examina- 
tion without parallel,’’ Waldemar Kaempffert, N. Y. TIMES. 192pp. 536 x 8. 

T7428 Paperbound $1.35 


FADS AND FALLACIES IN THE NAME OF SCIENCE, Martin Gardner. Examines various cults, 
quack systems, frauds, delusions which at various times have masqueraded as science. 
Accounts of hollow-earth fanatics like Symmes; Velikovsky and wandering planets; Hoer- 
biger; Bellamy and the theory of multiple moons; Charles Fort; dowsing, pseudoscientific 
methods for finding water, ores, oil. Sections on naturopathy, iridiagnosis, zone therapy, 
food fads, etc. Analytical accounts of Wilhelm Reich and orgone sex energy; L. Ron Hubbard 
and Dianetics; A. Korzybski and General Semantics; many others. Brought up to date to 
include Bridey Murphy, others. Not just a collection of anecdotes, but a fair, reasoned 
appraisal of eccentric theory. Formerly titled IN THE NAME OF SCIENCE. Preface. Index. 
X + 384pp. 5% x 8. 7394 Paperbound $1.50 


A DOVER SCIENCE SAMPLER, edited by George Barkin. 64-page book, sturdily bound, contain- 
ing excerpts from over 20 Dover books, explaining science. Edwin Hubble, George Sarton, 
Ernst Mach, A. d’Abro, Galileo, Newton, others, discussing island universes, scientific truth, 
biological phenomena, stability in bridges, etc. Copies limited; no more than 1 to a customer, 


REE 


POPULAR SCIENTIFIC LECTURES, Hermann von Helmholtz. Helmholtz was a superb expositor 
as well as a scientist of genius in many areas. The seven essays in this volume are models 
of clarity, and even today they rank among the best general descriptions of their subjects 
ever written. ‘‘The Physiological Causes of Harmony in Music’’ was the first significant physio- 
logical explanation of musical consonance and dissonance. Two essays, ‘‘On the Interaction 
of Natural Forces’ and ‘‘On the Conservation of Force,’’ were of great importance in the 
history of science, for they firmly established the principle of the conservation of energy. 
Other lectures include ‘‘On the Relation of Optics to Painting,’’ ‘‘On Recent Progress in the 
Theory of Vision,’”’ ‘‘On Goethe’s Scientific Researches,’’ and ‘On the Origin and Significance 
of Geometrical Axioms.’’ Selected and edited with an introduction by Professor Morris Kline. 
xii + 286pp. 536 x 84. 1799 Paperbound $1.45 


BOOKS EXPLAINING SCIENCE AND MATHEMATICS 
Physics 


CONCERNING THE NATURE OF THINGS, Sir William Bragg. Christmas lectures delivered at 
the Royal Society by Nobel laureate. Why a spinning ball travels in a curved track; how 
uranium is transmuted to lead, etc. Partial contents: atoms, gases, liquids, crystals, metals, 
etc. No scientific background needed; wonderful for intelligent child. 32pp. of photos, 57 
figures. xii + 232pp. 53@ x 8. T31 Paperbound $1.50 


THE RESTLESS UNIVERSE, Max Born. New enlarged version of this remarkably readabl 
account by a Nobel laureate. Moving from sub-atomic particles to universe, the author 
explains in very simple terms the latest theories of wave mechanics. Partial contents: air 
and its relatives, electrons & ions, waves & particles, electronic structure of the atom, 
nuclear physics. Nearly 1000 illustrations, including 7 animated sequences. 325pp. 6 x 9. 


T412 Paperbound $2.00 











CATALOGUE OF DOVER BOOKS 


FROM EUCLID TO EDDINGTON: A STUDY OF THE CONCEPTIONS OF THE EXTERNAL WORLD 
Sir Edmund Whittaker. A foremost British scientist traces the development of theories of 
natural philosophy from the western rediscovery of Euclid to Eddington, Einstein, Dirac, etc. 
The inadequacy of classical physics is contrasted with present day attempts to understand 
the physical world through relativity, non-Euclidean geometry, space curvature, wave me- 
chanics, etc. 5 major divisions of examination: Space; Time and Movement; the Concepts 
OF Classical Physics; the Concepts of Quantum Mechanics; the Eddington Universe. 212pp. 
53¥e X 8. T491 Paperbound $1.35 


PHYSICS, THE PIONEER SCIENCE, L. W. Taylor. First thorough text to place all important 
physical phenomena in cultural-historical framework; remains best work of its kind. Exposi- 
tion of physical laws, theories: developed chronologically, with great historical, illustrative 
experiments diagrammed, described, worked out mathematically. Excellent physics text 
for self-study as well as class work. Vol. 1: Heat, Sound: motion, acceleration, gravitation, 
conservation of energy, heat engines, rotation, heat, mechanical energy, etc. 211 illus. 
407pp. 536 x 8. Vol. 2: Light, Electricity: images, lenses, prisms, magnetism, Ohm’s law, 
dynamos, telegraph, quantum theory, decline of mechanical view of nature, etc. Bibliography. 
13 table appendix. Index. 551 illus. 2 color plates. 508pp. 5% x 8. 
Vol. 1 $565 Paperbound $2.00 
Vol. 2 S566 Paperbound $2.00 
The set $4.00 


A SURVEY OF PHYSICAL THEORY, Max Planck. One of the greatest scientists of all time, 
creator of the quantum revolution in physics, writes in non-technical terms of his own 
discoveries and those of other outstanding creators of modern physics. Planck wrote this 
book when science had just crossed the threshold of the new physics, and he communicates 
the excitement felt then as he discusses electromagnetic theories, statistical methods, evolu- 
tion of the concept of light, a step-by-step description of how he developed his own momen- 
tous theory, and many more of the basic ideas behind modern physics. Formerly “‘A Survey 
of Physics.’’ Bibliography. Index. 128pp. 5% x 8. S650 Paperbound $1.15 


THE ATOMIC NUCLEUS, M. Korsunsky. The only non-technical comprehensive account of the 
atomic nucleus in English. For college physics students, etc. Chapters cover: Radioactivity, 
the Nuclear Model of the Atom, the Mass of Atomic Nuclei, the Disintegration of Atomic 
Nuclei, the Discovery of the Positron, the Artificial Transformation of Atomic Nuclei, Artifi- 
cial Radioactivity, Mesons, the Neutrino, the Structure of Atomic Nuclei and Forces Acting 
Between Nuclear Particles, Nuclear Fission, Chain Reaction, Peaceful Uses, Thermoculear 
Reactions. Slightly abridged edition. Translated by G. Yankovsky. 65 figures. Appendix includes 
45 photographic illustrations. 413 pp. 5% x 8. $1052 Paperbound $2.00 


PRINCIPLES OF MECHANICS SIMPLY EXPLAINED, Morton Mott-Smith. Excellent, highly readable 
introduction to the theories and discoveries of classical physics. Ideal for the layman who 
desires a foundation which will enable him to understand and appreciate contemporary devel- 
opments in the physical sciences. Discusses: Density, The Law of Gravitation, Mass and 
Weight, Action and Reaction, Kinetic and Potential Energy, The Law of Inertia, Effects of 
Acceleration, The Independence of Motions, Galileo and the New Science of Dynamics, 
Newton and the New Cosmos, The Conservation of Momentum, and other topics. Revised 
edition of “This Mechanical World.” Illustrated by E. Kosa, Jr. Bibliography and Chronology. 
Index. xiv + 171pp. 5% x 8¥2. T1067 Paperbound $1.00 


THE CONCEPT OF ENERGY SIMPLY EXPLAINED, Morton Mott-Smith. Elementary, non-technical 
exposition which traces the story of man’s conquest of energy, with particular emphasis on 
the developments during the nineteenth century and the first three decades of our own 
century. Discusses man’s earlier efforts to harness energy, more recent experiments and 
discoveries relating to the steam engine, the engine indicator, the motive power of heat, the 
principle of excluded perpetual motion, the bases of the conservation of energy, the concept 
of entropy, the internal combustion engine, mechanical refrigeration, and many other related 
topics. Also much biographical material. Index. Bibliography. 33 illustrations. ix + 215pp. 
538 x Bl. T1071 Paperbound $1.25 


HEAT AND ITS WORKINGS, Morton Mott-Smith. One of the best elementary introductions to the 
theory and attributes of heat, covering such matters as the laws governing the effect of heat 
on solids, liquids and gases, the methods by which heat is measured, the conversion of a 
substance from one form to another through heating and cooling, evaporation, the effects of 
pressure on boiling and freezing points, and the three ways in which heat is transmitted 
(conduction, convection, radiation). Also brief notes on major experiments and discoveries. 
Concise, but complete, it presents all the essential facts about the subject in readable style. 
Will give the layman and beginning student a first-rate background in this major topic in 
physics. Index. Bibliography. 50 illustrations. x + 165pp. 5% x 82. 7978 Paperbound $1.15 


THE STORY OF ATOMIC THEORY AND ATOMIC ENERGY, J. G. Feinberg. Wider range of facts 
on physical theory, cultural implications, than any other similar source. Completely non- 
technical. Begins with first atomic theory, 600 B.C., goes through A-bomb, developments to 
1959. Avogadro, Rutherford, Bohr, Einstein, radioactive decay, binding energy, radiation 
danger, future benefits of nuclear power, dozens of other topics, told in lively, related, 
informal manner. Particular stress on European atomic research. ‘‘Deserves special mention 
_ , . authoritative,” Saturday Review. Formerly ‘‘The Atom Story.” New chapter to 1959. 
index. 34 illustrations. 251pp. 5% x 8. 1625 Paperbound $1.60 


CATALOGUE OF DOVER BOOKS 


RANGE STORY OF THE QUANTUM, AN ACCOUNT FOR THE GENERAL READER OF THE 
aROWTH OF IDEAS UNDERLYING OUR PRESENT ATOMIC KNOWLEDGE, B. Hoffmann. Presents 
lucidly and expertly, with barest amount of mathematics, the problems and theories which 
led to modern quantum physics. Dr. Hoffmann begins with the closing years of the 19th 
century, when certain trifling discrepancies were noticed, and with illuminating analogies 
and examples takes you through the brilliant concepts of Planck, Einstein, Pauli, de Broglie, 
Bohr, Schroedinger, Heisenberg, Dirac, Sommerfeld, Feynman, etc. This edition includes a 
new, long postscript carrying the story through 1958. ‘‘Of the books attempting an account 
of the history and contents of our modern atomic physics which have come to my attention, 
this is the best,’’ H. Margenau, Yale University, in ‘American Journal of Physics.’ 32 tables 
and line illustrations. Index. 275pp. 5% x 8. 7518 Paperbound $1.50 


THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d’Abro. Einstein’s 
special and general theories of relativity, with their historical implications, are analyzed in 
non-technical terms. Excellent accounts of the contributions of Newton, Riemann, Weyl, 
Planck, Eddington, Maxwell, Lorentz and others are treated in terms of space and time, 
equations of electromagnetics, finiteness of the universe, methodology of science. 21 dia- 
grams. 482pp. 536 x 8. T2 Paperound $2.25 


THE RISE OF THE NEW PHYSICS, A. d’Abro. A half-million word exposition, formerly titled 
THE DECLINE OF MECHANISM, for readers not versed in higher mathematics. The only thor- 
ough explanation, in everyday language, of the central core of modern mathematical physical 
theory, treating both classical and modern theoretical physics, and presenting in terms 
almost anyone can understand the equivalent of 5 years of study of mathematical physics. 
Scientifically impeccable coverage of mathematical-physical thought from the Newtonian 
system up through the electronic theories of Dirac and Heisenberg and Fermi’s statistics. 
Combines both history and exposition; provides a broad yet unified and detailed view, with 
constant comparison of classical and modern views on phenomena and theories. ‘‘A must for 
anyone doing serious study in the physical sciences,’’ JOURNAL OF THE FRANKLIN INSTITUTE. 
“Extraordinary faculty . . . to explain ideas and theories of theoretical physics in the lan- 
guage of daily life,’ ISIS. First part of set covers philosophy of science, drawing upon the 
practice of Newton, Maxwell, Poincaré, Einstein, others, discussing modes of thought, experi- 
ment, interpretations of causality, etc. In the second part, 100 pages explain grammar and 
vocabulary of mathematics, with discussions of functions, groups, series, Fourier series, etc. 
The remainder is devoted to concrete, detailed coverage of both classical and quantum 
physics, explaining such topics as analytic mechanics, Hamilton’s principle, wave theory of 
light, electromagnetic waves, groups of transformations, thermodynamics, phase rule, Brownian 
movement, kinetics, special relativity, Planck’s original quantum theory, Bohr’s atom, 
Zeeman effect, Broglie’s wave mechanics, Heisenberg’s uncertainty, Eigen-values, matrices, 
scores of other important topics. Discoveries and theories are covered for such men as Alem- 
bert, Born, Cantor, Debye, Euler, Foucault, Galois, Gauss, Hadamard, Kelvin, Kepler, Laplace, 
Maxwell, Pauli, Rayleigh, Volterra, Weyl, Young, more than 180 others. Indexed. 97 illustra- 
tions. ix + 982pp. 5% x 8. T3 Volume 1, Paperbound $2.25 

T4 Volume 2, Paperbound $2.25 


SPINNING TOPS AND GYROSCOPIC MOTION, John Perry. Well-known classic of science still 
unsurpassed for lucid, accurate, delightful exposition. How quasi-rigidity is induced in flexible 
and fluid bodies by rapid motions; why gyrostat falls, top rises; nature and effect on climatic 
conditions of earth’s precessional movement; effect of internal fluidity on rotating bodies, 
etc. Appendixes describe practical uses to which gyroscopes have been put in ships, com- 
passes, monorail transportation. 62 figures. 128pp. 5% x 8. T416 Paperbound $1.00 


THE UNIVERSE OF LIGHT, Sir William Bragg. No scientific training needed to read Nobel 
Prize winner’s expansion of his Royal Institute Christmas Lectures. Insight into nature of 
light, methods and philosophy of science. Explains lenses, reflection, color, resonance, 
polarization, x-rays, the spectrum, Newton’s work with prisms, Huygens’ with polarization, 
Crookes’ with cathode ray, etc. Leads into clear statement ot 2 major historical theories 
of light, corpuscle and wave. Dozens of experiments you can do. 199 illus., including 2 
full-page color plates. 293pp. 536 x 8. $538 Paperbound $1.85 


THE STORY OF X-RAYS FROM RONTGEN TO ISOTOPES, A. R. Bleich. Non-technical history of 
x-rays, their scientific explanation, their applications in medicine, industry, research, and 
art, and their effect on the individual and his descendants. Includes amusing early reactions 
to Rontgen’s discovery, cancer therapy, detections of art and stamp forgeries, potential 
risks to patient and operator, etc. Illustrations show x-rays of flower structure, the gall 
bladder, gears with hidden defects, etc. Original Dover publication. Glossary. Bibliography. 
Index. 55 photos and figures. xiv + 186pp. 538 x 8. T662 Paperbound $1.35 


ELECTRONS, ATOMS, METALS AND ALLOYS, Wm. Hume-Rothery. An introductory-level explana- 
tion of the application of the electronic theory to the structure and properties ot metals 
and alloys, taking into account the new theoretical work done by mathematical physicists. 
Material presented in dialogue-form between an ‘‘Old Metallurgist’’ and a ‘‘Young Scientist.” 
Their discussion falls into 4 main parts: the nature of an atom, the nature of a metal, 
the nature of an alloy, and the structure of the nucleus. They cover such topics as the 
hydrogen atom, electron waves, wave mechanics, Brillouin zones, co-valent bonds, radio- 
activity and natural disintegration, fundamental particles, structure and fission of the 
nucleus,etc. Revised, enlarged edition. 177 illustrations. Subject and name indexes. 407pp. 


53% x Bl. $1046 Paperbound $2.25 
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OUT OF THE SKY, H. H. Nininger. A non-technical but comprehensi i i 

BOR Be b ensive introduct sme- 
pevecles , the young science concerned with all aspects of the arrival of ee arr 
te a space. Written by one of the world’s experts on meteorites, this work shows how 
eesti e difficulties of observation and sparseness of data, a considerable body of knowledge 
as arisen. It defines meteors and meteorites; studies fireball clusters and processions 
meteorite composition, size, distribution, showers, explosions, Origins, craters, and much 
more. A true connecting link between astronomy and geology. More than 175 photos 22 other 
pectin: References. Bibliography of author’s publications on meteorites. Index. Viii “iF 

pp. 5¥8 x 8. 1519 Paperbound $1.85 


SATELLITES AND SCIENTIFIC RESEARCH, D. King-Hele. Non-technical account of t 

Satellites and the discoveries they have yielded up to the autumn of 1961. Boe 
information hitherto published only in hard-to-get scientific journals. Includes the life history 
of a typical satellite, methods of tracking, new information on the shape of the earth, zones 
of radiation, etc. Over 60 diagrams and 6 photographs. Mathematical appendix. Bibliography 
of over 100 items. Index. xii + 180pp. 53% x 81. 1703 Paperbound $2.00 


BOOKS EXPLAINING SCIENCE AND MATHEMATICS 


Mathematics 


CHANCE, LUCK AND STATISTICS: THE SCIENCE OF CHANCE, Horace C. Levinson. Theory of 
probability and science of statistics in simple, non-technical language. Part | deals with 
theory of probability, covering odd superstitions in regard to ‘‘luck,’’ the meaning of bet- 
ting odds, the law of mathematical expectation, gambling, and applications in poker, rou- 
lette, lotteries, dice, bridge, and other games of chance. Part II discusses the misuse of 
statistics, the concept of statistical probabilities, normal and skew frequency distributions, 
and statistics applied to various fields—birth rates, stock speculation, insurance rates, adver- 
tising, etc. ‘‘Presented in an easy humorous style which ! consider the best kind of exposi- 
tory writing,’ Prof. A. C. Cohen, Industry Quality Control. Enlarged revised edition. Formerly 
titled ‘‘The Science of Chance.’’ Preface and two new appendices by the author. Index. xiv 
+ 365pp. 5% x 8. T1007 Paperbound $1.85 


PROBABILITIES AND LIFE, Emile Borel. Translated by M. Baudin. Non-technical, highly read- 
able introduction to the results of probability as applied to everyday situations. Partial con- 
tents: Fallacies About Probabilities Concerning Life After Death; Negligible Probabilities and 
the Probabilities of Everyday Life; Events of Small Probability; Application of Probabilities 
to Certain Problems of Heredity; Probabilities of Deaths, Diseases, and Accidents; On 
Poisson's Formula. Index. 3 Appendices of statistical studies and tables. vi + 87pp. 5% 
xX 812. T7121 Paperbound $1.00 


GREAT IDEAS OF MODERN MATHEMATICS: THEIR NATURE AND USE, Jagjit Singh. Reader with 
only high school math will understand main mathematical ideas of modern physics, astron- 
omy, genetics, psychology, evolution, etc., better than many who use them as tools, but 
comprehend little of their basic structure. Author uses his wide knowledge of non-mathe- 
matical fields in brilliant exposition of differential equations, matrices, group theory, logic, 
statistics, problems of mathematical foundations, imaginary numbers, vectors, etc. Original 
publication. 2 appendices. 2 indexes. 65 illustr. 322pp. 5% x 8. $587 Paperbound $1.75 


MATHEMATICS IN ACTION, 0. G. Sutton. Everyone with a command of high school algebra 
will find this book one of the finest possible introductions to the application of mathematics 
to physical theory. Ballistics, numerical analysis, waves and wavelike phenomena, Fourier 
series, group concepts, fluid flow and aerodynamics, statistical measures, and meteorology 
are discussed with unusual clarity. Some calculus and differential equations theory is 
developed by the author for the reader’s help in the more difficult sections. 88 figures. 
Index. viii + 236pp. 5% x 8. T440 Clothbound $3.50 


THE FOURTH DIMENSION SIMPLY EXPLAINED, edited by H. P. Manning. 22 essays, Originally 
Scientific American contest entries, that use a minimum of mathematics to explain aspects 
of 4-dimensional geometry: analogues to 3-dimensional space, 4-dimensional absurdities and 
curiosities (such as removing the contents of an egg without puncturing its shell), possible 
measurements and forms, etc. Introduction by the editor. Only book of its sort on a truly 


level, excellent introduction to advanced works. 82 figures. 25lpp. 5% x 8. 
popes ou 1711 Paperbound $1.35 
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MATHEM \TICS—INTERMEDIATE TO ADVANCED 


General 


INTRODUCTION TO APPLIED MATHEMATICS, Francis D. Murnaghan. A practical and thoroughly 
sound introduction to a number of advanced branches of higher mathematics. Among the 
selected topics covered in detail are: vector and matrix analysis, partial and differential 
equations, integral equations, calculus of variations, Laplace transform theory, the vector 
triple product, linear vector functions, quadratic and bilinear forms, Fourier series, spherical 
harmonics, Bessel functions, the Heaviside expansion formula, and many others. Extremely 
useful book for graduate students in physics, engineering, chemistry, and mathematics. 
Index. 111 study exercises with answers. 41 illustrations. ix + 389pp. 5% x 8. 

$1042 Paperbound $2.00 


OPERATIONAL METHODS IN APPLIED MATHEMATICS, H. S. Carslaw and J. C. Jaeger. Explana- 
tion of the application of the Laplace Transformation to differential equations, a simple and 
effective substitute for more difficult and obscure operational methods. Of great practical 
value to engineers and to all workers in applied mathematics. Chapters on: Ordinary Linear 
Differential Equations with Constant Coefficients;; Electric Circuit Theory; Dynamical Appli- 
cations; The Inversion Theorem for the Laplace Transformation; Conduction of Heat; Vibra- 
tions of Continuous Mechanical Systems; Hydrodynamics; Impulsive Functions; Chains of 
Differential Equations; and other related matters. 3 appendices. 153 problems, many with 
answers. 22 figures. xvi + 359pp. 538 x 8¥2. $1011 Paperbound $2.25 


APPLIED MATHEMATICS FOR RADIO AND COMMUNICATIONS ENGINEERS, C. E. Smith. No 
extraneous material here!—only the theories, equations, and operations essential and im- 
mediately useful for radio work. Can be used as refresher, aS handbook of applications and 
tables, or as full home-study course. Ranges from simplest arithmetic through calculus, series, 
and wave forms, hyperbolic trigonometry, simultaneous equations in mesh circuits, etc. 
Supplies applications right along with each math topic discussed. 22 useful tables of func- 
tions, formulas, logs, etc. Index. 166 exercises, 140 examples, all with answers. 95 diagrams. 
Bibliography. x + 336pp. 5% x 8. $141 Paperbound $1.75 


Algebra, group theory, determinants, sets, matrix theory 


ALGEBRAS AND THEIR ARITHMETICS, L. E. Dickson. Provides the foundation and background 
necessary to any advanced undergraduate or graduate student studying abstract algebra. 
Begins with elementary introduction to linear transformations, matrices, field of complex 
numbers; proceeds to order, basal units, modulus, quaternions, etc.; develops calculus of 
linears sets, describes various examples of algebras including invariant, difference, nilpotent, 
semi-simple. ‘‘Makes the reader marvel at his genius for clear and profound analysis,’’ Amer. 
Mathematical Monthly. Index. xii + 241pp. 536 x 8. S616 Paperbound $1.50 


THE THEORY OF EQUATIONS WITH AN INTRODUCTION TO THE THEORY OF BINARY ALGEBRAIC 
FORMS, W. S. Burnside and A. W. Panton. Extremely thorough and concrete discussion of the 
theory of equations, with extensive detailed treatment of many topics curtailed in later texts. 
Covers theory of algebraic equations, properties of polynomials, symmetric functions, derived 
functions, Horner’s process, complex numbers and the complex variable, determinants and 
methods of elimination, invariant theory (nearly 100 pages), transformations, introduction to 
Galois theory, Abelian equations, and much more. Invaluable supplementary work for modern 
students and teachers. 759 examples and exercises. Index in each volume. Two volume set. 
Total of xxiv + 604pp. 5% x 8. S714 Vol | Paperbound $1.85 
$715 Vol Il Paperbound $1.85 

The set $3.70 


COMPUTATIONAL METHODS OF LINEAR ALGEBRA, V. N. Faddeeva, translated by C. D. Benster. 
First English translation of a unique and valuable work, the only work in English present- 
ing a systematic exposition of the most important methods of linear algebra—classical 
and contemporary. Shows in detail how to derive numerical solutions of problems in mathe- 
matical physics which are frequently connected with those of linear algebra. Theory as well 
as individual practice. Part | surveys the mathematical background that is indispensable 
to what follows. Parts Il and Ill, the conclusion, set forth the most important methods 
of solution, for both exact and iterative groups. One of the most outstanding and valuable 
features of this work is the 23 tables, double and triple checked for accuracy. These tables 
will not be found elsewhere. Author’s preface. Translator’s note. New bibliography and 
index. x + 252pp. 538 x 8. S424 Paperbound $1.95 


ALGEBRAIC EQUATIONS, E. Dehn. Careful and complete presentation of Galois’ theory of alge- 
braic equations; theories of Lagrange and Galois developed in logical rather than historical 
form, with a more thorough exposition than in most modern books. Many concrete applica- 
tions and fully-worked-out examples. Discusses basic theory (very clear exposition of the 
symmetric group); isomorphic, transitive, and Abelian groups; applications of Lagrange’s and 
Galois’ theories; and much more. Newly revised by the author. Index. List of Theorems. 
xi + 208pp. 53¥8 x 8. S697 Paperbound $1.45 
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Differential equations, ordinary and partial; integral equations 


INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF PHYSICS, L. Hopf. E i 
| , wok . Espec 
to the engineer with no math beyond elementary calculus. pmiphasizine intuitive teie ane 
formal aspects of concepts, the author covers an extensive territory. Partial contents: Law 
of causality, energy theorem, damped oscillations, coupling by friction cylindrical and 
spherical coordinates, heat source, etc. Index. 48 figures. 160pp. 53% x 8. 

$120 Paperbound $1.25 


INTRODUCTION TO THE THEORY OF LINEAR DIFFERENTIAL EQUATIONS, E. G. Pool i 

tive discussions of important topics, with methods of solution more ‘detailed thai mess 
students with background of elementary course in differential equations. Studies existence 
theorems, linearly independent solutions; equations with constant coefficients; with uniform 
analytic coefficients; regular singularities; the hypergeometric equation; conformal repre- 
sentation; etc. Exercises. Index. 210pp. 5% x 8. $629 Paperbound $1.65 


DIFFERENTIAL EQUATIONS FOR ENGINEERS, P. Franklin. Outgrowth of a course given 
years at M. |. T. Makes most useful branch of pure math accessible for practical aie 
Theoretical basis of D.E.’s; solution of ordinary D.E.’s and partial derivatives arising from 
heat flow, steady-state temperature of a plate, wave equations; analytic functions; con- 
vergence of Fourier Series. 400 problems on electricity, vibratory systems, other topics. 
Formerly ‘‘Differential Equations for Electrical Engineers.’’ Index 41 illus. 307pp. 5% x 8. 
$601 Paperbound $1.65 


DIFFERENTIAL EQUATIONS, F. R. Moulton. A detailed, rigorous exposition of all the non- 
elementary processes of solving ordinary differential equations. Several chapters devoted to 
the treatment of practical problems, especially those of a physical nature, which are far 
more advanced than problems usually given as illustrations. Includes analytic differential 
equations; variations of a parameter; integrals of differential equations; analytic implicit 
functions; problems of elliptic motion; sine-amplitude functions; deviation of formal bodies; 
Cauchy-Lipschitz process; linear differential equations with periodic coefficients; differential 
equations in infinitely many variations; much more. Historical notes. 10 figures. 222 prob- 
lems. Index. xv + 395pp. 5% x 8. $451 Paperbound $2.00 


DIFFERENTIAL AND INTEGRAL EQUATIONS OF MECHANICS AND PHYSICS (DIE DIFFERENTIAL- 
UND INTEGRALGLEICHUNGEN DER MECHANIK UND PHYSIK), edited by P. Frank and R. von 
Mises. Most comprehensive and authoritative work on the mathematics of mathematical 
physics available today in the United States: the standard, definitive reference for teachers, 
physicists, engineers, and mathematicians—now published (in the original German) at a rela- 
tively inexpensive price for the first time! Every chapter in this 2,000-page set is by an 
expert in his field: Carathéodory, Courant, Frank, Mises, and a dozen others. Vol |, on 
mathematics, gives concise but complete coverages of advanced calculus, differential equa- 
tions, integral equations, and potential, and partial differential equations. Index. xxiii + 
916pp. Vol. II (physics): classical mechanics, optics, continuous mechanics, heat conduction 
and diffusion, the stationary and quasi-stationary electromagnetic field, electromagnetic 
oscillations, and wave mechanics. Index. xxiv + 1106pp. Two volume set. Each volume avail- 
abie separately. 598 x 8%. $787 Vol | Clothbound $7.50 
$788 Vol 11 Clothbound $7.50 

The set $15.00 


LECTURES ON CAUCHY’S PROBLEM, J. Hadamard. Based on lectures given at Columbia, Rome, 
this discusses work of Riemann, Kirchhoff, Volterra, and the author’s own research on the 
hyperbolic case in linear partial differential equations. It extends spherical and cylindrical 
waves to apply to all (normal) hyperbolic equations. Partial contents: Cauchy’s problem, 
fundamental formula, equations with odd number, with even number of independent var- 
iables; method of descent. 32 figures. Index. iii + 316pp. 5% x 8. $105 Paperbound $1.75 


THEORY OF DIFFERENTIAL EQUATIONS, A. R. Forsyth. Out of print for over a decade, the 
complete 6 volumes (now bound as 3) of this monumental work represent the most com- 
prehensive treatment of differential equations ever written. Historical presentation includes 
in 2500 pages every substantial development. Vol. 1, 2: EXACT EQUATIONS, PFAFF'S 
PROBLEM; ORDINARY EQUATIONS, NOT LINEAR: methods of Grassmann, Clebsch, Lie, Dar- 
boux; Cauchy’s theorem; branch points; etc. Vol. 3, 4: ORDINARY EQUATIONS, NOT LINEAR; 
ORDINARY LINEAR EQUATIONS: Zeta Fuchsian functions, general theorems on algebraic 
integrals, Brun’s theorem, equations with uniform periodic coffiecients, etc. Vol. 4, 5: 
PARTIAL DIFFERENTIAL EQUATIONS: 2 existence-theorems, equations of theoretical dynamics, 
Laplace transformations, general transformation of equations of the 2nd order, much more. 
Indexes. Total of 2766pp. 5% x 8. $576-7-8 Clothbound: the set $15.00 


PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, A. G. Webster. A keystone 
work in the library of every mature physicist, engineer, researcher. Valuable sections on 
elasticity, compression theory, potential theory, theory of sound, heat conduction, wave 
propagation, vibration theory. Contents include: deduction of differential equations, vibra- 
tions, normal functions, Fourier’s series, Cauchy’s method, boundary problems, method of 


i Volterra. Spherical, cylindrical, ellipsoidal harmonics, applications, etc. 97 figures. 
a Ee A4OPO bye x 8. : a $263 Paperbound $2.00 
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ARY CONCEPTS OF TOPOLOGY, P. Alexandroff. First English translation of the famous 
Coe reanetlOn to topology for the beginner or for the mathematician not undertaking 
extensive study. This unusually useful intuitive approach deals primarily with the concepts of 
complex, cycle, and homology, and is wholly consistent with current investigations. Ranges 
from basic concepts of set-theoretic topology to the concept of Betti groups. ‘Glowing 
example of harmony between intuition and thought,’’ David Hilbert. Translated by A. E. Farley. 
Introduction by D. Hilbert. Index. 25 figures. 73pp. 5% x 8. S747 Paperbound $1.00 


Number theory 


INTRODUCTION TO THE THEORY OF NUMBERS, L. E. Dickson. Thorough, comprehensive ap- 
proach with adequate coverage of classical literature, an introductory volume beginners 
can follow. Chapters on divisibility, congruences, quadratic residues & reciprocity, Diophantine 
equations, etc. Full treatment of binary quadratic forms without usual restriction to integral 
coefficients. Covers infinitude of primes, least residues, Fermat’s theorem, Euler’s phi 
function, Legendre’s symbol, Gauss’s lemma, automorphs, reduced forms, recent theorems 
of Thue & Siegel, many more. Much material not readily available elsewhere. 239 prob- 
lems. Index. | figure. viii + 183pp. 5% x 8. $342 Paperbound $1.65 


ELEMENTS OF NUMBER THEORY, I. M. Vinogradov. Detailed 1st course for persons without 
advanced mathematics; 95% of this book can be understood by readers who have gone no 
farther than high school algebra. Partial contents: divisibility theory, important number 
theoretical functions, congruences, primitive roots and indices, etc. Solutions to both 
problems and exercises. Tables of primes, indices, etc. Covers almost every essential formula 
in elementary number theory! Translated from Russian. 233 problems, 104 exercises. vill + 
227pp. 536 x 8. $259 Paperbound $1.60 


THEORY OF NUMBERS and DIOPHANTINE ANALYSIS, R. D. Carmichael. These two complete 
works in one volume form one of the most lucid introductions to number theory, requiring only 
a firm foundation in high school mathematics. ‘‘Theory of Numbers,’’ partial contents: 
Eratosthenes’ sieve, Euclid’s fundamental theorem, G.C.F. and L.C.M. of two or more integers, 
linear congruences, etc ‘‘Diophantine Analysis’: rational triangles, Pythagorean triangles, 
equations of third, fourth, higher degrees, method of functional equations, much more. ‘‘Theory 
of Numbers’: 76 problems. Index. 94pp. ‘‘Diophantine Analysis’: 222 problems. Index. 118pp. 
5% x 8. $529 Paperbound $1.35 


Numerical analysis, tables 


MATHEMATICAL TABLES AND FORMULAS, Compiled by Robert D. Carmichael and Edwin R. 
Smith. Valuable collection for students, etc. Contains all tables necessary in college algebra 
and trigonometry, such as five-place common logarithms, logarithmic sines and tangents of 
small angles, logarithmic trigonometric functions, natural trigonometric tunctions, four-place 
antilogarithms, tables for changing from sexagesimal to circular and from circular to sexa- 
gesimal measure of angles, etc. Also many tables and formulas not ordinarily accessible, 
including powers, roots, and reciprocals, exponential and hyperbolic functions, ten-place 
logarithms of prime numbers, and formulas and theorems from analytical and elementary 
geometry and from calculus. Explanatory introduction. viii + 269pp. 5% x 8¥2. 

$111 Paperbound $1.00 


MATHEMATICAL TABLES, H. B. Dwight. Unique for its coverage in one volume of almost every 
function of importance in applied mathematics, engineering, and the physical sciences. 
Three extremely fine tables of the three trig functions and their inverse functions to 
thousandths of radians; natural and common logarithms; squares, cubes; hyperbolic functions 
and the inverse hyperbolic functions; (a2 + b*) exp. a; complete elliptic integrals of the 
1st and 2nd kind; sine and cosine integrals; exponential integrals Ei(x) and Ei( —x); binomial 
coefficients; factorials to 250; surface zonal harmonics and first derivatives; Bernoulli and 
Euler numbers and their logs to base of 10; Gamma function; normal probability integral; 
over 60 pages of Bessel functions; the Riemann Zeta function. Each table with formulae 
generally used, sources of more extensive tables, interpolation data, etc. Over half have 
columns of differences, to facilitate interpolation. Introduction. Index. viii + 231pp. 5% x 8. 

S445 Paperbound $2.00 


TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Jahnke & F. Emde. The world’s most 
comprehensive l-volume English-text collection of tables, formulae, curves of transcendent 
functions. 4th corrected edition, new 76-page section giving tables, formulae for elementary 
functions—not in other English editions. Partial contents: sine, cosine, logarithmic integral; 
factorial function; error integral; theta functions; elliptic integrals, functions; Legendre, 
Bessel, Riemann, Mathieu, hypergeometric functions, etc. Supplementary books. Bibliography. 
Indexed. ‘‘Out of the way functions for which we know no other source,’’ SCIENTIFIC COM- 
PUTING SERVICE, Ltd. 212 figures. 400pp. 538 x 8. $133 Paperbound $2.00 
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CHEMISTRY AND PHYSICAL CHEMISTRY 


ORGANIC CHEMISTRY, F. C. Whitmore. The entire subject of organic chemistry for the practic- 
ing chemist and the advanced student. Storehouse of facts, theories, processes found else- 
where only in specialized journals. Covers aliphatic compounds (500 pages on the properties 
and synthetic preparation of hydrocarbons, halides, proteins, ketones, etc.), alicyclic com- 
pounds, aromatic compounds, heterocyclic compounds, organophosphorus and organometallic 
compounds. Methods of synthetic preparation analyzed critically throughout. Includes much of 
biochemical interest. ‘“‘The scope of this volume is astonishing,’’ INDUSTRIAL AND ENGINEER- 
ING CHEMISTRY. 12,000-reference index. 2387-item bibliography. Total of x + 1005pp. 5% x 8. 
Two volume set. $700 Vol | Paperbound $2.25 
$701 Vol I! Paperbound $2.25 

The set $4.50 


THE MODERN THEORY OF MOLECULAR STRUCTURE, Bernard Pullman. A reasonably popular 
account of recent developments in atomic and molecular theory. Contents: The Wave Func- 
tion and Wave Equations (history and bases of present theories of molecular structure); 
The Electronic Structure of Atoms (Description and classification of atomic wave functions, 
etc.); Diatomic Molecules; Non-Conjugated Polyatomic Molecules; Conjugated Polyatomic 
Molecules; The Structure of Complexes. Minimum of mathematical background needed. New 
translation by David Antin of ‘“‘La Structure Moleculaire.’’ Index. Bibliography. vii + 87pp. 
5% x 8Y2. $987 Paperbound $1.00 


CATALYSIS AND CATALYSTS, Marcel Prettre, Director, Research Institute on Catalysis. This 
brief book, translated into English for the first time, is the finest summary of the principal 
modern concepts, methods, and results of catalysis. Ideal introduction for beginning chem- 
istry and physics students. Chapters: Basic Definitions of Catalysis (true catalysis and 
generalization of the concept of catalysis); The Scientific Bases of Catalysis (Catalysis 
and chemical thermodynamics, catalysis and chemical kinetics); Homogeneous Catalysis 
(acid-base catalysis, etc.); Chain Reactions; Contact Masses; Heterogeneous Catalysis 
(Mechanisms of contact catalyses, etc.); and Industrial Applications (acids and fertilizers, 
petroleum and petroleum chemistry, rubber, plastics, synthetic resins, and fibers). Trans- 
lated by David Antin. Index. vi + 88pp. 5¥8 x 842. $998 Paperbound $1.00 


POLAR MOLECULES, Pieter Debye. This work by Nobel laureate Debye offers a complete guide 
to fundamental electrostatic field relations, polarizability, molecular structure. Partial con- 
tents: electric intensity, displacement and force, polarization by orientation, molar polariza- 
tion and molar refraction, halogen-hydrides, polar liquids, ionic saturation, dielectric con- 
stant, etc. Special chapter considers quantum theory. Indexed. 172pp. 5% x 8. 

S64 Paperbound $1.65 


THE ELECTRONIC THEORY OF ACIDS AND BASES, W. F. Luder and Saverio Zuffanti. The first 
full systematic presentation of the electronic theory of acids and bases—treating the 
theory and its ramifications in an uncomplicated manner. Chapters: Historical Background; 
Atomic Orbitals and Valence; The Electronic Theory of Acids and Bases; Electrophilic and 
Electrodotic Reagents; Acidic and Basic Radicals; Neutralization; Titrations with Indicators; 
Displacement; Catalysis; Acid Catalysis; Base Catalysis; Alkoxides and Catalysts; Conclu- 
sion. Required reading for all chemists. Second revised (1961) eidtion, with additional 
examples and references. 3 figures. 9 tables. Index. Bibliography xii + 165pp. 5% xX 8. 

$201 Paperbound $1.50 


KINETIC THEORY OF LIQUIDS, J. Frenkel. Regarding the kinetic theory of liquids as a gen- 
eralization and extension of the theory of solid bodies, this volume covers all types of 
arrangements of solids, thermal displacements of atoms, interstitial atoms and ions, 
orientational and rotational motion of molecules, and transition between states of matter. 
Mathematical theory is developed close to the physical subject matter. 216 bibliographical 
footnotes. 55 figures. xi + 485pp. 5% x 8. $95 Paperbound $2.55 


ES OF ELECTROCHEMISTRY, D. A. Macinnes. Basic equations for almost every 
Le ai racieswracliouistty from first principles, referring at all times to the soundest ane 
most recent theories and results; unusually useful as text or as reference. Covers coulome oe 
and Faraday’s Law, electrolytic conductance, the Debye-Hueckel method for the thaesenicd 
calculation of activity coefficients, concentration cells, standard electrode potentials, a se 
dynamic ionization constants, pH, potentiometric titrations, irreversible phenomena, are 
equation, and much more. “Excellent treatise,” AMERICAN CHEMICAL SOCIETY JO Ave 
“Highly recommended,’’ CHEMICAL AND METALLURGICAL ENGINEERING. <2 Indices. Appendix. 


, rae 7 ii . 55 X 8%. 
585-item bibliography. 137 figures. 94 tables. ii + 478pp. 5% ¥e $52 Paperbound $2.45 


LE AND ITS APPLICATION, Alexander Findlay. Covering chemical phenomena 
ek bad multiple component systems, this ‘‘standard work on the subject 
(NATURE, London), has been completely revised and brought up to date by A. N. Campbell 
and N. O. Smith. Brand new material has been added on such matters as binary, tertiary 
liquid equilibria, solid solutions in ternary systems, quinary systems of salts and water. 
Completely revised to triangular coordinates in ternary systems, clarified graphic (aah 
sentation, solid models, etc. 9th revised edition. Author, subject indexes. 236 figures. oe 
footnotes, mostly bibliographic. xii + 494pp. 538 X 8. $91 Paperbound $2. 
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PHYSICS 


General physics 


OF PHYSICS, R. B. Lindsay & H. Margenau. Excellent bridge between semi- 
bi fee & technical’ treatises. A discussion ot methods of physical description, con- 
struction of theory; valuable tor physicist with elementary calculus who is interested in 
ideas that give meaning to data, tools of modern physics. Contents include symbolism, math- 
ematical equations; space & time foundations of mechanics; probability; physics & con- 
tinua; electron theory; special & general relativity; quantum mechanics; causality. “Thor- 
ough and yet not overdetailed. Se ee eee ead a arse hy 

iti i readings. illustrati 5 Fi () 2 
corrected edition. List of recommende g S77 Pape bencaeeo te 


ENTAL FORMULAS OF PHYSICS, ed. by D. H. Menzel. Highly useful, fully inexpensive 
Serre study text, ranging trom simple to highly sophisticated operations. Mathematics 
integrated into text—each chapter stands as short textbook ot field represented. Vol. 1: 
Statistics, Physical Constants, Special Theory of Relativity, Hydrodynamics, Aerodynamics, 
Boundary Value Problems in Math. Physics; Viscosity, Electromagnetic Theory, etc. Vol. 2: 
Sound, Acoustics, Geometrical Ae Sa eee a alge raya ede obs sk 
j i 1 . Total o . 53% X 8. ol. A 
Biophysics, much more. Index. To pp Volo coerce anenelind 


MATHEMATICAL PHYSICS, D. H. Menzel. Thorough one-volume treatment of the mathematical 
techniques vital for classic mechanics, electromagnetic theory, quantum theory, and rela- 
tivity. Written by the Harvard Protessor of Astrophysics for junior, senior, and graduate 
courses, it gives clear explanations of all those aspects of function theory, vectors, matrices, 
dyadics, tensors, partial differential equations, etc., necessary tor the understanding of the 
various physical theories. Electron theory, relativity, and other topics seldom presented 
appear here in considerable detail. Scores of definitions, conversion factors, dimensional 


constants, etc. ‘‘More detailed than normal for an advanced text . . . excellent set of sec- 
tions on Dyadics, Matrices, and Tensors,’’ JOURNAL OF THE FRANKLIN INSTITUTE. Index. 
193 problems, with answers. xX + 412pp. 536 x 8. S56 Paperbound $2.00 


THE SCIENTIFIC PAPERS OF J. WILLARD GIBBS. All the published papers of America’s outstand- 
ing theoretical scientist (except for ‘‘Statistical Mechanics’ and ‘“‘Vector Analysis’’). Vol | 
(thermodynamics) contains one of the most brilliant of all 19th-century scientific papers—the 
300-page ‘‘On the Equilibrium of Heterogeneous Substances,’’ which tounded the science of 
physical chemistry, and clearly stated a number of highly important natural laws for the first 
time; 8 other papers complete the first volume. Vol II includes 2 papers on dynamics, 8 on 
vector analysis and multiple algebra, 5 on the electromagnetic theory of light, and 6 miscella- 
neous papers. Biographical sketch by H. A. Bumstead. Total of xxxvi + 718pp. 556 x 8%. 
$721 Vol | Paperbound $2.50 
$722 Vol Il Paperbound $2.00 
The set $4.50 


BASIC THEORIES OF PHYSICS, Peter Gabriel Bergmann. Two-volume set which presents a 
critical examination of important topics in the major subdivisions of classical and modern 
physics. The first volume is concerned with classical mechanics and electrodynamics: 
mechanics of mass points, analytical mechanics, matter in bulk, electrostatics and magneto- 
statics, electromagnetic interaction, the field waves, special relativity, and waves. The 
second volume (Heat and Quanta) contains discussions of the kinetic hypothesis, physics and 
statistics, stationary ensembles, laws of thermodynamics, early quantum theories, atomic 
spectra, probability waves, quantization in wave mechanics, approximation methods, and 
abstract quantum theory. A valuable supplement to any thorough course or text. 

Heat and Quanta: Index. 8 figures. x + 300pp. 53@ x 81. S968 Paperbound $2.00 
Mechanics and Electrodynamics: Index. 14 figures. vii + 280pp. 5368 x 81h, 


S969 Paperbound $1.75 


THEORETICAL PHYSICS, A. S. Kompaneyets. One of the very few thorough studies of the 
subject in this price range. Provides advanced students with a comprehensive theoretical 
background. Especially strong on recent experimentation and developments in quantum 
theory. Contents: Mechanics (Generalized Coordinates, Lagrange’s Equation, Collision of 
Particles, etc.), Electrodynamics (Vector Analysis, Maxwell’s equations, Transmission of 
Signals, Theory of Relativity, etc.), Quantum Mechanics (the Inadequacy of Classical Mechan- 
ics, the Wave Equation, Motion in a Central Field, Quantum Theory of Radiation, Quantum 
Theories of Dispersion and Scattering, etc.), and Statistical Physics (Equilibrium Distribution 
of Molecules in an Ideal Gas, Boltzmann statistics, Bose and Fermi Distribution, 
Thermodynamic Quantities, etc.). Revised to 1961. Translated by George Yankovsky, author- 
ized by Kompaneyets. 137 exercises. 56 figures. 529pp. 538 x 8/2, $972 Paperbound $2.50 


ANALYTICAL AND CANONICAL FORMALISM IN PHYSICS, André Mercier. A survey, in one vol- 
ume, of the variational principles (the key principles—in mathematical form—from which 
the basic laws of any one branch of physics can be derived) of the several branches of 
physical theory, together with an examination of the relationships among them. Contents: 
the Lagrangian Formalism, Lagrangian Densities, Canonical Formalism, Canonical Form of 
Electrodynamics, Hamiltonian Densities, Transformations, and Canonical Form with Vanishing 
Jacobian Determinant. Numerous examples and exercises. For advanced students, teachers 
etc. 6 figures. Index. viii + 222pp. 536 x 81, $1077 Paperbound $1.75 
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MATHEMATICAL PUZZLES AND RECREATIONS 


AMUSEMENTS IN MATHEMATICS, Henry Ernest Dudeney. The foremost British originator of 
mathematical puzzles is always intriguing, witty, and paradoxical in this classic, one of the 
largest collections of mathematical amusements. More than 430 puzzles, problems, and 
paradoxes. Mazes and games, problems on number manipulation, unicursal and other route 
problems, puzzles on measuring, weighing, packing, age, kinship, chessboards, joining, 
crossing river, plane figure dissection, and many others. Solutions, More than 450 illustra- 
tions. vii + 258pp. 5% x 8. T7473 Paperbound $1.25 


SYMBOLIC LOGIC and THE GAME OF LOGIC, Lewis Carroll. ‘‘Symbolic Logic’ is not concerned 
with modern symbolic logic, but is instead a collection of over 380 problems posed with 
charm and imagination, using the syllogism, and a fascinating diagrammatic method of draw- 
ing conclusions. In “The Game of Logic,” Carroll’s whimsical imagination devises a logical 
game played with 2 diagrams and counters (included) to manipulate hundreds of tricky syl- 
logisms. The final section, ‘‘Hit or Miss” is a lagniappe of 101 additional puzzles in the 
delightful Carroll manner. Until this reprint edition, both of these books were rarities cost- 
ing up to $15 each. Symbolic Logic: Index, xxxi + 199pp. The Game of Logic: 96pp. Two 
vols. bound as one. 5% x 8. T492 Paperbound $1.50 


MAZES AND LABYRINTHS: A BOOK OF PUZZLES, W. Shepherd. Mazes, formerly associated with 
mystery and ritual, are still among the most intriguing of intellectual puzzles. This is a 
novel and different collection of 50 amusements that embody the principle of the maze: 
mazes in the classical tradition; 3-dimensional, ribbon, and Mobius-strip mazes; hidden mes- 
sages; spatial arrangements; etc.—almost all built on amusing story situations. 84 illustra- 
tions. Essay on maze psychology. Solutions. xv + 122pp. 5% x 8. 1731 Paperbound $1.00 


MATHEMATICAL RECREATIONS, M. Kraitchik. Some 250 puzzles, problems, demonstrations of 
recreational mathematics for beginners & advanced mathematicians. Unusual historical prob- 
lems from Greek, Medieval, Arabic, Hindu sources: modern problems based on ‘‘mathematics 
without numbers,” geometry, topology, arithmetic, etc, Pastimes derived from figurative 
numbers, Mersenne numbers, Fermat numbers; fairy chess, latruncles, reversi, many topics. 
Ful! solutions. Excellent for insights into special fields of math. 181 illustrations. 330pp. 
5% x 8. T7163 Paperbound $1.75 


MATHEMATICAL PUZZLES OF SAM LOYD, Vol. 1, selected and edited by M. Gardner. Puzzles 
by the greatest puzzle creator and innovator. Selected from his famous ‘‘Cyclopedia ot 
Puzzles,” they retain the unique style and historical flavor of the originals. There are posers 
based on arithmetic, algebra, probability, game theory, route tracing, topology, counter, 
sliding block, operations research, geometrical dissection. Includes his famous 14-15" 
puzzle which was a national craze, and his “Horse of a Different Color’’ which sold millions 
of copies. 117 of his most ingenious puzzles in all, 120 line drawings and diagrams. Solu- 
tions. Selected references. xx + 167pp. 53¥e X 8. T7498 Paperbound $1.00 


MY BEST PUZZLES IN MATHEMATICS, Hubert Phillips (‘Caliban’’). Caliban is generally con- 
sidered the best of the modern problemists. Here are 100 of his best and wittiest puzzles, 
selected by the author himself from such publications as the London Daily Telegraph, and 
each puzzle is guaranteed to put even the sharpest puzzle detective through his paces. Per- 
fect for the development of clear thinking and a logical mind. Complete solutions are pro- 
vided for every puzzle. xX + 107pp. 5% x 8Y2. T91 Paperbound $1.00 


EST PUZZLES IN LOGIC AND REASONING, H. Phillips (‘‘Caliban’’). 100 choice, hitherto 
eons puzzles by England’s best-known _problemist. No special knowledge needed to 
solve these logical or inferential problems, just an unclouded mind, nerves of steel, and 
fast reflexes. Data presented are both necessary and just sufficient to allow one unambiguous 
answer. More than 30 different types of puzzles, all ingenious and varied, many one of a 
kind, that will challenge the expert, please the beginner. Original publication. 100 puzzles, 
full solutions. x + 107pp. 5% Xx 81/2. T119 Paperbound $1.00 


MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS, G. Mott-Smith. 188 mathematical 
puzzles to test mental agility. Inference, interpretation, algebra, dissection of plane figures, 
geometry, properties of numbers, decimation, permutations, probability, all enter these 
delightful problems. Puzzles like the Odic Force, How to Draw an Ellipse, Spider's Cousin, 
more than 180 others. Detailed solutions. Appendix with square roots, triangular numbers, 
primes, etc. 135 illustrations. 2nd revised edition. 248pp. 53% xX 8. 7198 Paperbound $1.00 


MATHEMATICS, MAGIC AND MYSTERY, Martin Gardner. Card tricks, feats of mental mathe- 

matics, stage mind-reading, other ‘‘magic’’ explained as applications of probability, sets, 

theory of numbers, topology, various branches of mathematics. Creative examination of laws 

and their applications with scores of new tricks and insights. 115 sections discuss tricks 

wtih cards, dice, coins; geometrical vanlicaite haiee eotens of ae pointes of hand 
; tics guarantees success. 115 illustra ions. xii pp. a xX 8. 

SE ee itt 7335 Paperbound $1.00 
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RECREATIONS IN THE THEORY OF NUMBERS: THE QUEEN OF MATHEMATICS ENTERTAINS, Albert 
H. Beiler. The theory of numbers is often referred to as the ‘‘Queen of Mathematics.’’ In 
this book Mr. Beiler has compiled the first English volume to deal exclusively with the 
recreational aspects of number theory, an inherently recreational branch of mathematics. 
The author’s clear style makes for enjoyable reading as he deals with such topics as: 
perfect numbers, amicable numbers, Fermat's theorem, Wilson’s theorem, interesting proper- 
ties of digits, methods of factoring, primitive roots, Euler’s function, polygonal and figurate 
numbers, Mersenne numbers, congruence, repeating decimals, etc. Countless puzzle problems, 
with full answers and explanations. For mathematicians and mathematically-inclined laymen, 
etc. New publication. 28 figures. 9 illustrations. 103 tables. Bibliography at chapter ends. 
vi + 247pp. 538 x 842. T1096 Paperbound $1.85 


PAPER FOLDING FOR BEGINNERS, W. D. Murray and F. J. Rigney. A delightful introduction to 
the varied and entertaining Japanese art of origami (paper folding), with a full crystal-clear 
text that anticipates every difficulty; over 275 clearly labeled diagrams of all important 
stages in creation. You get results at each stage, since complex figures are logically devel- 
oped from simpler ones. 43 different pieces are explained: place mats, drinking cups, bonbon 
boxes, sailboats, frogs, roosters, etc. 6 photographic plates. 279 diagrams. 95pp. 558 xX 8%. 

1713 Paperbound $1.00 


1800 RIDDLES, ENIGMAS AND CONUNDRUMS, Darwin A. Hindman. Entertaining collection rang- 
ing from hilarious gags to outrageous puns to sheer nonsense—a welcome respite from 
sophisticated humor. Children, toastmasters, and practically anyone with a funny bone will 
find these zany riddles tickling and eminently repeatable. Sample: ‘‘Why does Santa Claus 
always go down the chimney?” ‘‘Because it soots him.” Some old, some new—covering a 
wide variety of subjects. New publication. iii + 154pp. 59@ x 842. T1059 Paperbound $1.00 


EASY-TO-DO ENTERTAINMENTS AND DIVERSIONS WITH CARDS, STRING, COINS, PAPER AND 
MATCHES, R. M. Abraham. Over 300 entertaining games, tricks, puzzles, and pastimes for 
children and adults. Invaluable to anyone in charge of groups of youngsters, for party givers, 
etc. Contains sections on card tricks and games, making things by paperfolding—toys, deco- 
rations, and the like; tricks with coins, matches, and pieces of string; descriptions of games; 
toys that can be made from common household objects; mathematical recreations; word 
games; and 50 miscellaneous entertainments. Formerly ‘‘Winter Nights Entertainments.” 
Introduction by Lord Baden Powell. 329 illustrations. v + 186pp. 5% x 8. 

T921 Paperbound $1.00 


DIVERSIONS AND PASTIMES WITH CARDS, STRING, PAPER AND MATCHES, R. M. Abraham. 
Another collection of amusements and diversion for game and puzzle fans of all ages. 
Many new paperfolding ideas and tricks, an extensive section on amusements with knots 
and splices, two chapters of easy and not-so-easy problems, coin and match tricks, and 
lots of other parlor pastimes from the agile mind of the late British problemist and gamester. 
Corrected and revised version. Illustrations. 160pp. 5368 x 82. 71127 Paperbound $1.00 


STRING FIGURES AND HOW TO MAKE THEM: A STUDY OF CAT’S-CRADLE IN MANY LANDS, 
Caroline Furness Jayne. In a simple and easy-to-follow manner, this book describes how to 
make 107 different string figures. Not only is looping and crossing string between the 
fingers a common youthful diversion, but it is an ancient form of amusement practiced in 
all parts of the globe, especially popular among primitive tribes. These games are fun for 
all ages and offer an excellent means for developing manual dexterity and coordination. 
Much insight also for the anthropological observer on games and diversions in many different 
cultures. Index. Bibliography. Introduction by A. C. Haddon, Cambridge University. 17  full- 
page plates. 950 illustrations. xxiii + 407pp. 53% x 81. T7152 Paperbound $2.00 


CRYPTANALYSIS, Helen F. Gaines. (Formerly ELEMENTARY CRYPTANALYSIS.) A standard ele- 
mentary and intermediate text for serious students. It does not confine itself to old material 
but contains much that is not generally known, except to experts. Concealment, Transposi- 
tion, Substitution ciphers; Vigenere, Kasiski, Playfair, multafid, dozens of other techniques. 
Appendix with sequence charts, letter frequencies in English, 5 other languages, English 
word frequencies. Bibliography. 167 codes. New to this edition: solution to codes. vi + 
230pp. 5% x 8. 197 Paperbound $2.00 


MAGIC SQUARES AND CUBES, W. S. Andrews. Only book-length treatment in English - 
ough non-technical description and analysis. Here are nasik, overlapping, Pan tisconal ee 
rated squares; magic circles, cubes, spheres, rhombuses. Try your hand at 4-dimensional 
magical figures! Much unusual folklore and tradition included. High school algebra is suffi- 
cient. 754 diagrams and illustrations. viii + 419pp. 5% x 8. T658 Paperbound $1.85 


CALIBAN’S PROBLEM BOOK: MATHEMATICAL, INFERENTIAL, AND CRYPTOGR 

Hi Hi “ce i ” , 
tes (‘‘Caliban’’), S. T. Shovelton, G. S. Marshall. 105 ingenious Lith daonti a Rater 
est living creator of puzzles based on logic and inference. Rigorous, modern piquant, and 
erectile their author’s unusual personality, these intermediate and advanced puzzles all 
Lvs ve the ability to reason clearly through complex situations; some call for mathematical 
nowledge, ranging from algebra to number theory. Solutions. xi + 180pp. 536 x 8 


1736 Paperbound $1.25 
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THE LAND THAT TIME FORGOT and THE MOON MAID, Edgar Rice Burroughs. In the opinion of 
many, Burroughs’ best work. The first concerns a strange island where evolution is indi- 
vidual rather than phylogenetic. Speechless anthropoids develop into intelligent human 
beings within a single generation. The second projects the reader far into the future and 
describes the first voyage to the Moon (in the year 2025), the conquest of the Earth by the 
Moon, and years of violence and adventure as the enslaved Earthmen try to regain posses- 
sion of their planet. ‘“‘An imaginative tour de force that keeps the reader keyed up and 
expectant,’’ NEW YORK TIMES. Complete, unabridged text of the original two novels (three 
parts in each). 5 illustrations by J. Allen St. John. vi + 552pp. 536 x 81. 

T1020 Clothbound $3.75 

7358 Paperbound $2.00 


AT THE EARTH’S CORE, PELLUCIDAR, TANAR OF PELLUCIDAR: THREE SCIENCE FICTION NOVELS 
BY EDGAR RICE BURROUGHS. Complete, unabridged texts of the first three Pellucidar novels. 
Tales of derring-do by the famous master of science fiction. The locale for these three 
related stories is the inner surface of the hollow Earth where we discover the world of 
Pellucidar, compiete with all types of bizarre, menacing creatures, strange peoples, and 
alluring maidens—guaranteed to delight all Burroughs fans and a wide circle of advenutre 
lovers. Illustrated by J. Allen St. John and P. F. Berdanier. vi + 433pp. 5% x 81. 

T1051 Paperbound $2.00 


THE PIRATES OF VENUS and LOST ON VENUS: TWO VENUS NOVELS BY EDGAR RICE BURROUGHS. 
Two related novels, complete and unabridged. Exciting adventure on the planet Venus with 
Earthman Carson Napier broken-field running through one dangerous episode after another. 
All lovers of swashbuckling science fiction will enjoy these two stories set in a world of 
fascinating societies, fierce beasts, 5000-ft. trees, lush vegetation, and wide seas. IIlustra- 
tions by Fortunino Matania. Total of vi + 340pp. 5% x 8Y,2. T1053 Paperbound $1.75 


A PRINCESS OF MARS and A FIGHTING MAN OF MARS: TWO MARTIAN NOVELS BY EDGAR 
RICE BURROUGHS. ‘‘Princess of Mars’’ is the very first of the great Martian novels written 
by Burroughs, and it is probably the best of them all; it set the pattern for all of his later 
fantasy novels and contains a thrilling cast of strange peoples and creatures and the 
formula of Olympian heroism amidst ever-fluctuating fortunes which Burroughs carries off 
so successfully. ‘Fighting Man’’ returns to the same scenes and cities—many years later. 
A mad scientist, a degenerate dictator, and an indomitable defender of the right clash— 
with the fate of the Red Planet at stake! Complete, unabridged reprinting of original edi- 
tions. Illustrations by F. E. Schoonover and Hugh Hutton. v + 356pp. 5% xX 842. 

T1140 Paperbound $1.75 


THREE MARTIAN NOVELS, Edgar Rice Burroughs. Contains: Thuvia, Maid of Mars; The Chessmen 
of Mars; and The Master Mind of Mars. High adventure set in an imaginative and intricate 
conception of the Red Planet. Mars is peopled with an intelligent, heroic human race which 
lives in densely populated cities and with fierce barbarians who inhabit dead sea bottoms. 
Other exciting creatures abound amidst an inventive framework of Martian history and 
geography. Complete unabridged reprintings of the first edition. 16 illustrations by J. Allen 
St. John. vi + 499pp. 5% x 842. T39 Paperbound $1.85 


PROPHETIC NOVELS BY H. G. WELLS, edited by E. F. Bleiler. Complete texts of 
yen the Sleeper Wakes’”’ (1st book printing in 50 years), ‘‘A Story of the Days to Come, 
“The Time Machine’ (1st complete printing in book form). Exciting adventures in the 
future are as enjoyable today as 50 years ago when first printed. Predict TV, movies, 
intercontinental airplanes, prefabricated houses, air-conditioned cities, etc. First important 
author to foresee problems of mind control, technological dictatorships. Absolute best of 
imaginative fiction,” N. Y. Times. Introduction. 335pp. 538 x 8. T605 Paperbound $1.50 


ON STORIES OF H. G. WELLS. Two full unabridged novels, MEN LIKE GODS 
Fe ee GOTTEN, plus 26 short stories by the master science-fiction writer of all time. 
Stories of space, time, invention, exploration, future adventure—an indispensable part of 
the library of everyone interested in science and adventure. PARTIAL CONTENTS: Men Like 
Gods, The Country of the Blind, In the Abyss, The Crystal Egg, The Man Who Could Work 


i , The Valley of Spiders, and 21 more! 928pp. 5% x 8. 
Miracles, A Story of the Days to Come y p ee ciniimound e456 


IN THE AIR, IN THE DAYS OF THE COMET, THE FOOD OF THE GODS: THREE SCIENCE 
Peyine. NevELs BY H. G. WELLS. Three exciting Wells offerings bearing on vital social and 
philosophical issues of his and our own day. Here are tales of air power, strategic bomb- 
ing, East vs. West, the potential miracles of science, the potential disasters from outer 
space, the relationship between scientific advancement and moral progress, etc. First 
reprinting of ‘‘War in the Air’ in almost 50 years. An excellent sampling of Wells at his 


i bridged reprintings. 16 illustrations. 645pp. 5% x 8p. 
storytelling best. Complete, unabridg p g Fie pace cuima's2 00 
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SEVEN SCIENCE FICTION NOVELS, H. G. Wells. Full unabridged texts of 7 science-fiction 
novels of the master. Ranging from biology, physics, chemistry, astronomy to sociology and 
other studies, Mr. Wells extrapolates whole worlds of strange and intriguing character. 
“One will have to go far to match this for entertainment, excitement, and sheer pleas- 


ure... ,’ NEW YORK TIMES. Contents: The Time Machine, The Island of Dr. Moreau, 
First Men in the Moon, The Invisible Man, The War of the Worlds, The Food of the 
Gods, In the Days of the Comet. 1015pp. 5% x 8. T7264 Clothbound $4.50 


BEST GHOST STORIES OF J. S. LE FANU, Selected and introduced by E. F. Bleiler. LeFanu is 
deemed the greatest name in Victorian supernatural fiction. Here are 16 of his best horror 
stories, including 2 nouvelles: ‘‘Carmilla,’’ a classic vampire tale couched in a perverse 
eroticism, and ‘‘The Haunted Baronet.’ Also: ‘‘Sir Toby’s Will,’ ‘Green Tea,” “Schalken the 
Painter,’’ ‘‘Ultor de Lacy,’ ‘The Familiar,’ etc. The first American publication of about half 
of this material: a long-overdue opportunity to get a choice sampling of LeFanu’s work. New 
selection (1964). 8 illustrations. 538 x 8%. T415 Paperbound $1.85 


THE WONDERFUL WIZARD OF OZ, L. F. Baum. Only edition in print with all the original W. W. 
Denslow illustrations in full color—as much a part of ‘The Wizard’? as Tenniel’s drawings 
are for “Alice in Wonderland.’ ‘The Wizard’ is_ still America’s best-loved fairy tale, in 
which, as the author expresses it, ‘The wonderment and joy are retained and the heartaches 
and nightmares left out.’’ Now today’s young readers can enjoy every word and wonderful 
picture of the original book. New introduction by Martin Gardner. A Baum bibliography. 23 
full-page color plates. viii + 268pp. 5% x 8. T7691 Paperbound $1.50 


GHOST AND HORROR STORIES OF AMBROSE BIERCE, Selected and introduced by E. F. Bleiler. 
24 morbid, eerie tales—the cream of Bierce’s fiction output. Contains such memorable 
pieces as ‘‘The Moonlit Road,’ “The Damned Thing,” ‘‘An Inhabitant of Carcosa,”’ ‘‘The Eyes 
of the Panther,’ ‘“‘The Famous Gilson Bequest,” ‘‘The Middle Toe of the Right Foot,’’ and 
other chilling stories, plus the essay, ‘Visions of the Night” in which Bierce gives us a 
kind of rationale for his aesthetic of horror. New collection (1964). xxii + 199pp. 53 X 
83. 1767 Paperbound $1.00 


HUMOR 


MR. DOOLEY ON IVRYTHING AND IVRYBODY, Finley Peter Dunne. Since the time of his appear- 
ance in 1893, ‘‘Mr. Dooley,’ the fictitious Chicago bartender, has been recognized as Amer- 
ica’s most humorous social and political commentator. Collected in this volume are 102 of 
the best Dooley pieces—all written around the turn of the century, the height of his popu- 
larity. Mr. Dooley’s Irish brogue is employed wittily and penetratingly on subjects which are 
just as fresh and relevant today as they were then: corruption and hypocrisy of politicans, 
war preparations and chauvinism, automation, Latin American affairs, superbombs, etc. Other 
articles range from Rudyard Kipling to football. Selected with an introduction by Robert 
Hutchinson. xii + 244pp. 536 x 81/2. 1626 Paperbound $1.00 


RUTHLESS RHYMES FOR HEARTLESS HOMES and MORE RUTHLESS RHYMES FOR HEARTLESS 
HOMES, Harry Graham (‘‘Col. D. Streamer’’). A collection of Little Willy and 48 other poetic 
“disasters.’”’ Graham’s funniest and most disrespectful verse, accompanied by original illus- 
trations. Nonsensical, wry humor which employs stern parents, careless nurses, uninhibited 
children, practical jokers, single-minded golfers, Scottish lairds, etc. in the leading roles. 
A precursor of the ‘“‘sick joke’’ school of today. This volume contains, bound together for 
the first time, two of the most perennially popular books of humor in England and America. 
Index. vi + 69pp. 53% x 8. T930 Paperbound 75¢ 


A WHIMSEY ANTHOLOGY, Collected by Carolyn Wells. 250 of the most amusing rhymes ever 
written. Acrostics, anagrams, palindromes, alphabetical jingles, tongue twisters, echo verses, 
alliterative verses, riddles, mnemonic rhymes, interior rhymes, over 40 limericks, etc. by 
Lewis Carroll, Edward Lear, Joseph Addison, W. S. Gilbert, Christina Rossetti, Chas. Lamb, 
James Boswell, Hood, Dickens, Swinburne, Leigh Hunt, Harry Graham, Poe, Eugene Field, 
and many others. xiv + 221pp. 53% x 8¥2. T195 Paperbound $1.25 


MY PIOUS FRIENDS AND DRUNKEN COMPANIONS and MORE PIOUS FRIENDS AND DRUNKEN 
COMPANIONS, Songs and ballads of Conviviality Collected by Frank Shay. Magnificently 
illuminated by John Held, Jr. 132 ballads, blues, vaudeville numbers, drinking songs, cow- 
boy songs, sea chanties, comedy songs, etc. of the Naughty Nineties and early 20th century. 
Over a third are reprinted with music. Many perennial favorites such as: The Band Played On, 
Frankie and Johnnie, The Old Grey Mare, The Face on the Bar-room Floor, etc. Many others 
unlocatable elsewhere: The Dog-Catcher’s Child, The Cannibal Maiden, Don’t Go in the 
Lion’s Cage Tonight, Mother, etc. Complete verses and introductions to songs. Unabridged 
republication of first editions, 2 Indexes (song titles and first lines and choruses). Intro- 
duction by Frank Shay. 2 volumes bounds as 1. Total of xvi + 235pp. 5% x 812 


1946 Paperbound $1.25 
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MAX AND MORITZ, Wilhelm Busch. Edited and annotated by H. Arthur Klein. Translated b 
H. Arthur Klein, M. C. Klein, and others. The mischievous high jinks of Max and Morite, 
Peter and Paul, Ker and Plunk, etc. are delightfully captured in sketch and rhyme. (Com- 
Ppanion volume to ‘‘Hypocritical Helena.’’) In addition to the title piece, it contians: Ker and 
Plunk; Two Dogs and Two Boys; The Egghead and the Two Cut-ups of Corinth; Deceitful 
Henry; The Boys and the Pipe; Cat and Mouse; and others. (Original German text with accom- 
panying English translations.) Afterword by H. A. Klein. vi + 216pp. 536 x 8%. 

T181 Paperbound $1.15 


THROUGH THE ALIMENTARY CANAL WITH GUN AND CAMERA: A FASCINATING TRIP TO THE 
INTERIOR, Personally Conducted by George S. Chappell. In mock-travelogue style, the amus- 
ing account of an imaginative journey down the alimentary canal. The ‘‘explorers’’ enter the 
esophagus, round the Adam’s Apple, narrowiy escape from a fierce Amoeba, struggle through 
the impenetrable Nerve Forests of the Lumbar Region, etc. Illustrated by the famous cartoonist, 
Otto Soglow, the book is as much a brilliant satire of academic pomposity and _ pro- 
fessional travel literature as it is a clever use of the facts of physiology for supremely 
comic purposes. Preface by Robert Benchley. Author’s Foreword. 1 Photograph. 17 illustra- 
tions by 0. Soglow. xii + 114pp. 538 x 8. T376 Paperbound $1.00 


THE BAD CHILD’S BOOK OF BEASTS, MORE BEASTS FOR WORSE CHILDREN, and A MORAL 
ALPHABET, H. Belioc. Hardly an anthology of humorous verse has appeared in the last 50 
years without at least a couple of these famous nonsense verses. But one must see the 
entire volumes—with all the delightful original illustrations by Sir Basil Blackwood—to 
appreciate fully Belloc’s charming and witty verses that play so subacidly on the platitudes 
of life and morals that beset his day—and ours. A great humor classic. Three books in one. 
Total of 157pp. 5% x 8. T749 Paperbound $1.00 


THE DEVIL’S DICTIONARY, Ambrose Bierce. Sardonic and irreverent barbs puncturing the 
pomposities and absurdities of American politics, business, religion, literature, and arts, 
by the country’s greatest satirist in the classic tradition. Epigrammatic as Shaw, piercing 
as Swift, American as Mark Twain, Will Rogers, and Fred Allen. Bierce will always remain 
the favorite of a small coterie of enthusiasts, and of writers and speakers whom he supplies 
with ‘some of the most gorgeous witticisms of the English language.’’ (H. L. Mencken) 
Over 1000 entries in alphabetical order. 144pp. 536 x 8. T487 Paperbound $1.00 


THE COMPLETE NONSENSE OF EDWARD LEAR. This is the only complete edition of this master 
of gentle madness available at a popular price. A BOOK OF NONSENSE, NONSENSE SONGS, 
MORE NONSENSE SONGS AND STORIES in their entirety with all the old favorites that have 
delighted children and adults for years. The Dong With A Luminous Nose, The Jumblies, The 
Owl and the Pussycat, and hundreds of other bits of wonderful nonsense. 214 limericks, 3 sets 
of Nonsense Botany, 5 Nonsense Alphabets. 546 drawings by Lear himself, and much more. 
320pp. 5% x 8. T167 Paperbound $1.00 


SINGULAR TRAVELS, CAMPAIGNS, AND ADVENTURES OF BARON MUNCHAUSEN, R. E. Raspe, 
with 90 illustrations by Gustave Doré. The first edition in over 150 years to reestablish 
the deeds of the Prince of Liars exactly as Raspe first recorded them in 1785—the genuine 
Baron Munchausen, one of the most popular personalities in English literature. Included 
also are the best of the many sequels, written by other hands. Introduction on Raspe by 
J. Carswell. Bibliography of early editions. xliv + 192pp. 5% x 8. 1698 Paperbound $1.00 


HOW TO TELL THE BIRDS FROM THE FLOWERS, R. W. Wood. How not to confuse a carrot 
with a parrot, a grape with an ape, a puffin with nuffin. Delightful drawings, clever puns, 
absurd little poems point out farfetched resemblances in nature. The author was a leading 
physicist. Introduction by Margaret Wood White. 106 illus. 60pp. 5% xX 8. 

1523 Paperbound 75¢ 


JOE MILLER’S JESTS OR, THE WITS VADE-MECUM. The original Joe Miller jest book. Gives 
a keen and pungent impression of life in 18th-century England. Many are somewhat on the 
bawdy side and they are still capable of provoking amusement and good fun. This volume 
is a facsimile of the original ‘‘Joe Miller’ first published in 1739. It remains the most 
popular and influential humor book of all time. New introduction by Robert Hutchinson. 
xxi + 7Opp. 5% x 8Y2. T423 Paperbound $1.00 


Prices subject to change without notice. 


Dover publishes books on art, music, philosophy, literature, languages, 
history, social sciences, psychology, handcrafts, orientalia, puzzles and 
entertainments, chess, pets and gardens, books explaining science, inter- 
mediate and higher mathematics, mathematical physics, engineering, 
biological sciences, earth sciences, classics of science, etc. Write to: 


Dept. catrr. 
Dover Publications, Inc. 
180 Varick Street, N.Y. 14, N.Y. 
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THE THEORY OF FUNCTIONS. 


OF REAL VARIABLES 


BY JAMES PIERPONT = 


7 


These two volumes comprise an authorities exposition of the theory of functions of 
real variables, based on a highly=< meee *n at Yale University 
by one of the foremost matheme 3 basic, with careful’ 
proofs. Unlike many later texts, { o the general case, 
rather than the reverse. They ar read and understand, 
without excessive generality or 


VOLUME |: Chapters: Rational Nu uals and Logarithms, 
The Elementary Functions, Notio) potions Concerning 
Point Aggregates, Limits of Functions ntin ar scontir Functions, Differ- 
entiation, Implicit . Functions, Indeterminate Fons; Maxima and Minima, Integration, 
Proper Integrals, Improper Integrals, Integrand Infinite, iiss Integrals, Interval of 
Integration Infinite, Multiple Proper Integrals. 
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Each theorem, with all its conditions, is stated and followed -by its proof. Thus there is 
no need to go through complicated reasoning to discover conditions added along the 
way without explicit mention. There is a careful examination of the limits of usefulness 
of theorems and processes of the calculus, with their applicability extended as far as 
possible. Index. 95 illustrations. xii + 560pp. 5% x 8. 


VOLUME II: This continues a theory of integration resting on the notion of a cell and the 
division of space, or-any set, into unmixed partial sets.“ particularly complete and 
rigorous presentation of the theory of measure is included. The author also presents his 
own original work on a theory of Lebesgue integrals and on the treatment of the area 
of a curved surface. Chapters: Point Sets and oy Integrals, Improper Multiple 
Integrals, Series, Multiple Series, Series of ” Power Series, Infinite Multiple 
Series, Series of Functions, Power Series, Infinssss ts, Aggregates, Ordinal Numbers, 
Point Sets, Measure, Lebesque Integrals, Fis x ‘ries, Discontinuous Functions, 


Derivatives, Extremes, Variation, Sub- and infra = aio Geometric Notions. 
- Index. xii + 645pp. 5% x 8. = i |: $558 Paperbound $2.75 
= \ ol. Il: $559 Paperbound: $3.00 
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A DOVER EDITION DESIGNED o OF USE: 


We have made every effort to make this the best =| ~ le. Our paper is opaque, with 
minimal show-through; it will not discolor or becor ss % with age. Pages are sewn in 
signatures in the’method traditionally used for the == ~$, and will not drop out, as 
often happens with paperbacks held together with i —— pen flat for easy reference. 
The binding will not crack or split. This is a aeiienant be be th 
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